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Bridge reliability analyses form the basis of modern bridge design provisions. Such
analyses are also used to evaluate bridge condition and assess future maintenance needs.
The majority of these reliability assessments are based on evaluating risks associated with
the various load effects exceeding their corresponding resistance. However, bridge
components such as decks and superstructures typically do not reach the end of their
service lives by exceeding the strength limit states (structural failure). Survival analyses,
which are commonly used in biomedical research, consider different factors affecting
survival time (or service life) by analyzing large-scale data on survival time and
corresponding factors. The survival (reliability) and hazard (failure rate) functions of the
bridge (elements) are then determined by fitting the data to an appropriate statistical
distribution. Only a few bridge reliability evaluations have been based on survival analyses.
ii

In this research, reliability of bridge superstructures in Wisconsin was investigated through
the hypertabastic accelerated failure time survival model. The 2012 National Bridge
Inventory (NBI) data were used in the survival analysis. The parameters of the model were
determined using the maximum likelihood method.
The type of bridge superstructure, bridge age, maximum span length (MSL) and average
daily traffic (ADT) were taken into account to evaluate superstructure survival time. A
recorded NBI superstructure condition rating of 5 was considered to be the end of service
life for the superstructure.
The results show that the type of superstructures, (ADT), and (MSL) are important factors
in survival time of bridge superstructures. The mean age of steel superstructures at the end
of service life was larger than that for concrete superstructures. At a given age, as the
maximum span length increases, the reliability of the superstructure decreases and the
failure rate increases. Similarly, increasing ADT has a significant effect on reducing the
superstructure reliability and increasing the failure rate. Although the code-specified bridge
design life is 75 years, results showed a very small level of superstructure reliability at that
age.
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Chapter 1.

Introduction

1.1 Background
Based on the National Bridge Inventory database, there are approximately 600,000 public
road bridges in the United States transportation network (Kirt, 2007), of which more than
9700 are located in the State of Wisconsin. Most of these bridges were built between 1930s
and 1960s. According to the American Association of State Highway and Transportation
Officials (AASHTO) Standard Specification for Highway Bridges, the design life for
bridges is 75 years. This indicates that many U.S bridges are at or near the end of their
design service life.
In addition to serving as economic lifelines, bridges also provide crucial evacuation
linkages at the time of natural disasters and extreme conditions. Bridge decks and
superstructures deteriorate due to long-term effects of environmental exposure, traffic load
(live load), and deficient maintenance. Engineers have an interest in seeking better
maintenance and repair methods to achieve a desirable bridge conditions. Each bridges
must be evaluated by inspectors at least once every two years. Inspectors give numerical
ratings to different components of each bridge through visual inspection and sometimes
NDT1 methods.

1

Nondestructive Testing consists of techniques used to evaluate material properties and structure condition
without causing damage or altering the structure (Yehia et al, 2007).
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Occasional catastrophic bridge collapses refocus bridge engineers’ keen attention on the
topic of bridge reliability and safety assessment. Numerous research effects have focused
in recent years on reliability and probability of failure of bridge structures.
Reliability of bridge structure have been frequently studied using the strength limit states
as the governing criterion. Serviceability limit states have also been used as the basis for
reliability analysis of bridges and bridge elements, but to a much smaller extent than the
strength limit states.
Reliability analyses can be performed based on time-dependent or time-independent
approaches. A general reliability-based model uses different random variables to assess
various strength limit states. Reliability analysis using strength limit states can be used to
calculate a reliability index β, which is a relative indication of the probability of load
exceeding resistance (failure).
In recent years, the concept of survival analysis, which is used mostly in bio-medical
research, has been introduced into bridge reliability engineering. The term “survival”
commonly used in biomedical research is synonymous with “reliability” used in
engineering. Similarly, the term “hazard” has the same meaning as “failure rate”. Some
research has been done to develop survival models for bridges decks and superstructures
through survival analysis (Tabatabai et al, 2011; Beng et al, 2012; and Yang et al, 2013).
Survival analysis takes into account the time that takes it to reach an event such as corrosion
initiation, cracking, or the end of service life. Time is a characteristic variable in this
approach. In general, “survival time” is a non-negative random variable indicating the
elapsed time from a reference time to the occurrence of a given event (Lee and Go, 1997).
Examples of survival time are: time to recurrence of cancer after administration of a drug,
2

time until an electronic device breaks down, time until a bridge deck is no longer
serviceable, etc. In general, survival analyses are based on an assumption of the type and
shape of the hazard function.
Survival analyses typically require availability of large datasets. The survival time as well
as other variables of interest (covariates) are included in the analyses. Results of survival
analyses can be used to determine the probability of survival (reliability) and instantaneous
failure rates (hazard).

1.2 Objective
This research is aimed at developing survival models for bridge superstructures in
Wisconsin using data obtained from the NBI database. In this regard, survival (reliability)
and hazard (failure rate) equations were developed for bridge superstructures as a function
of maximum span length (MSL) and average daily traffic (ADT).

1.3 Outline of Thesis
This thesis is organized into five chapters.
Chapter 1 provides a brief background about reliability and survival analyses, objective of
the research, and an outline of the thesis.
Chapter 2 reviews reliability analyses and their application to bridge engineering. Different
reliability methods are presented through literature review of research in the field of
reliability of bridges.

3

Chapter 3 discusses conventional reliability modeling, reliability index β, time dependent
and independent reliability, and survival models. The basic attributes of each method are
presented.
Chapter 4 includes results of survival analyses for Wisconsin’s bridge superstructures using
the hypertabastic model and discusses different factors affecting the survival time.
Finally, Chapter 5 summarizes the research, presents conclusions, and outlines ideas for
future studies.
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Chapter 2.

Literature Review

2.1 Introduction
Although extensive studies have been performed on bridge reliability engineering, the great
majority of such works are reliability assessments that are based on strength limit states
(load exceeding resistance). However, many bridge components (such as decks and
girders) typically do not reach the end of their service lives by exceeding a strength limit
state.
Survival analysis, which is a type of reliability analysis, has its root in biomedical
applications and has not been widely utilized in bridge engineering. In this chapter, a
review of general reliability engineering is presented followed by discussion of strengthbased, time-dependent, and serviceability-based approaches including survival analysis.
In section 2.2 of this chapter, the general concept of reliability in engineering is introduced.
In section 2.3, a very brief introduction to reliability of bridges is presented based on the
safety index β. Section 2.4 discusses studies on reliability methods versus load rating. Other
studies involving application of strength-based or serviceability-based reliability are
summarized in section 2.5. Finally, in section 2.5, the survival model used in this study is
discussed and distinguished from other approaches.

2.2 General Concept of reliability
As a general term, reliability is a desirable characteristic of any system, which is associated
with trustworthiness and dependability. However, in engineering applications, reliability is
a parameter that can be evaluated, and predicted for various engineering elements or
systems. Although a system may be designed for a specific level of performance, it may
5

not reach or sustain those performance targets under some circumstances. Engineering
reliability analysis is an important tool that is commonly used to estimate the likelihood of
a system or component ceasing to perform its intended function (i.e. failure) under different
circumstances. Reliability engineering helps product developers, engineers, and
maintenance personal understand and quantify the potential for failure. This can help
improve safety and effectiveness of products and systems in various fields including
aerospace, transportation, etc (Bazovsky, 2005; and Elsayed, 2012).
Any system may fail to operate properly under one of three different circumstances. First,
early failures can occur due to quality issues in manufacturing or construction. Second,
longer-term failures can occur as a consequence of component aging and wear, or due to
inadequate maintenance. And finally, there are also “chance” or random failures
(Bazovsky, 2005).
Reliability can be defined as probability of a product or system continuing to operate
without failure for a given time period (Bazovsky, 2005).
Considering a time interval (t-∆t, t), reliability R(t) at any time t can be formulated as
(Elsayed, 2012):
𝑅(𝑡) = 𝑛

𝑛𝑠 (𝑡)

𝑠 (𝑡)+𝑛𝑓 (𝑡)

=

𝑛𝑠 (𝑡)

(2.1)

𝑛𝑜

Where 𝑛𝑠 (𝑡) is quantity of surviving or operating components at the time t, 𝑛𝑓 (𝑡) is the
number of failed components during the time interval (t- ∆t, t), and 𝑛𝑜 is the total number
of identical elements in the time interval (t- ∆t, t).

6

2.3 Bridge reliability
Modern safety and reliability models has been extensively applied to the highway bridge
engineering systems in past decades. The reliability models have been the foundation for
development of the Load and Resistance Factor Design (LRFD) (Frangopol, 1999).
However, reliability aspects are not explicitly treated in the LRFD bridge specifications
(Frangopol, 1999). Thus, bridge engineers may not be aware of the underlying reliability
concepts for bridge design provisions (Frangopol, 1999).
Due to uncertainties in design, loading, construction procedures, material properties and
strength parameters, there is always a slight risk of failure in structure. Although absolute
safety is not realistic, an acceptable risk level consistent with safety and economic
considerations is inherent in the design provisions for bridges (AASHTO, 2012), buildings
(AISC, 14th edition), and offshore platforms (API, 7th edition) (Frangopol, 1999).
Developments in probability theory and risk analysis along with available statistical data
on load and resistance has changed the traditional approach for structural design. In the
traditional design method, a single safety factor is used to determine allowable stresses.
The traditional allowable stress design, however, generally resulted in a widely nonuniform level of reliability across all elements of a structure. The newer reliability-based
approaches aim for a more uniform level of reliability cross all elements and components
of the bridge (M. Frangopol, 1999).

2.3.1 Reliability index, β
The basic random variables, for a strength-based reliability model, are resistance (R) and
load or load effect (L). Each of these two parameters may be dependent on other random

7

variables. For example, resistance is dependent on a structural member’s dimensions,
material properties, reinforcement detail, and construction procedures. Variable L consists
of several load types including dead load, live load, wind load, etc. Live load has
uncertainties related to magnitude of truck loads and positions of those loads on a bridge.
A function representing each random variable can be expressed based on available
statistical information, (Frangopol, 1999).
In general, a failure function g is defined as follows (Frangopol, 1999):
𝑔 =𝑅−𝐿

(2.2)

If 𝑔 > 0, resistance of the element under consideration exceeds the corresponding load
effect, and thus failure would not occur. When 𝑔 < 0, the applied load exceeds the
resistance of the element under consideration and the element would fail.
The failure probability may be written as (𝑃𝑓 ):
𝑃𝑓 = 𝑃[𝑔 < 0]

(2.3)

Strength-based reliability depends on evaluating the risk associated with load exceeding
resistance considering the variability of both parameters. The probability of failure can be
controlled through the choice of load and resistance factors in the specifications. Risks are
measured based on a comparison of demand and capacity and the uncertainties related to
these parameters (Frangopol, 1999). This approach is not intended to completely eliminate
the risk of failure, but to realize an “acceptable” level of risk.

8

Strength-based reliability in structures including bridges is usually calculated through an
assumption of normal (or log-normal) distributions for random variables. The reliability
index, β, can be determined using the following equation (Nowak, 2000):
𝛽=

𝑔⁄
𝜎𝑔

(2.4)

Where, 𝑔 is the mean of the failure function g and 𝜎𝑔 is standard deviation of g. The
reliability index β indicates the number of standard deviations that the mean of the failure
function is distanced from g=0 (failure). A larger β value is representative of higher
reliability.

2.4 Load rating versus reliability analysis
Wardhana and Hadipriono (2008) investigated factors contributing to failure in more than
500 bridges between 1989 and 2000. They determined that the most frequent causes of
bridge failure were floods and collisions, overloading of trucks on bridges and impact
forces from trucks and barges. Bridge owners perform periodic load ratings of bridges to
assess strength and permissible truck weights (Estes and Frangopol, 2005; Hwang, 2008).
Akgul and Frangopol (2003) explored load ratings to determine the bridge reliability index
based on AASHTO LRFD bridge design specifications and AASHTO Guide for Condition
Evaluation of Bridges. Two load rating criteria – inventory and operating – are typically
considered. The inventory rating is associated with the maximum load that is expected to
be applied on a routine basis. The operating rating indicates the maximum load that can be
applied during the lifetime of a bridge.
Akgul and Frangopol (2004) showed interdependence between load-rating and reliability
indices through analysis of a network of bridges for different limit states. They reported
9

that correlation existed between load rating and reliability indices for some of limit states
in steel or concrete superstructures.
Akgul and Frangopol (2003) utilized load ratings and illustrated reliability assessment
procedures at different stages from design through construction to maintenance. By
comparing bridge ratings at discrete time intervals with probability-based prediction
models, they related rating and reliability results (Hwang, 2008). Akgul and Frangopol
(2004) also proposed a basis for allocating federal highway funds to bridge maintenance
and rehabilitation based on NBI bridge ratings.

2.5 Practical application of conventional bridge reliability analysis
Most recent reliability-based optimization of bridge management tasks such as inspection,
maintenance, and rehabilitation strategies for deteriorated bridges are based on
serviceability and strength limit states (e.g., Mori and Ellingwood 1994a,b; ThoftChristensen 1995; Estes and Frangopol 1999; Faber and Sorensen 1999) ( Stewart. et al,
2004). Although most bridge reliability research is based on time-independent analyses,
some have focused on time-dependent reliability analysis. Furthermore, some researchers
took into account both strength and serviceability limit states when considering timedependent reliability (e.g., Stewart and Rosowsky 1998; Vu and Stewart 2000). Others
worked on the serviceability limit alone in reliability assessments (e.g., Troive and
Sundquist 1998; Holicky and Mihashi 1999; Estes and Frangopol 2000).
According to Lu et al. (2012), there are four types of time-dependent reliability assessment:
time-integrated method; time discretized method; time discretized-integrated method; and
first passage probability method.
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In the time-integrated approach, resistance, R(t), and load changes, S(t), are evaluated
within the service time period of 0 to T years (entire standard service period). In this
method, the resistance parameter is considered to be the minimum resistance in the full
service period, while the load or load effect is the maximum applied in the same service
period.
In the time integrated method, the system failure probability can be written as:
𝑝𝑓 (𝑇) = P[𝑅𝑚𝑖𝑛 < 𝑆𝑚𝑎𝑥 ]

(2.7)

Whereas, 𝑆𝑚𝑎𝑥 = max 𝑆(𝑡) indicates the maximum load effect in the entire service life and
0≤𝑡≤𝑇

𝑅𝑚𝑖𝑛 = min 𝑅(𝑡) indicates the minimum resistance in the service period.
0≤𝑡≤𝑇

In the time-discretized approach, the entire service time is split into discrete periods, and
the resistance within each period is estimated and compared with corresponding maximum
load effects within the same period. Thus, the time-dependent evaluation is converted into
a series of time-independent problems (Lu et al., 2012).
Gong and Zhao (1998) proposed a combination of time-integrated and time-discretized
methods described as time integrated-discretized approach (Lu et al., 2012).
In the time integrated-discretized approach, the failure probability would be (Lu et al.,
2012):
𝑍(𝑡) = 𝑅(𝑡) − 𝑆𝐺 − 𝑆𝑄 (𝑡)

(2.13)

Where, R (t) is time-dependent resistance, 𝑆𝐺 is dead load effect, and 𝑆𝑄 (𝑡) is the live load
effect. Therefore, failure probability in any desired period during structure lifetime:
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𝑝𝑓 (𝑇) = P [ min [𝑅(𝑡) − 𝑆𝐺 − 𝑆𝑄 (𝑡)] < 0]
0≤𝑡≤𝑇

(2.14)

The design period is then divided into m equal periods and the structural failure probability
is calculated.
Kong et al. (2003) used the reliability index β (t) to optimize life-cycle cost and evaluate
the reliability of deteriorating structures. Instead of considering a fixed value for the
reliability index at a certain point in time, the reliability index profile is defined as a
probability distribution. The quality and quantity of the information used as input data is
very important in this approach (Kong et al., 2003).
Lee (2011), used FRP composites to rehabilitate bridges. In this work, a time-dependent
reliability method was used to evaluate safety and approximate remaining service life of
the strengthened deck. The β index for a reinforced concrete bridge deck strengthened with
FRP was determined.
Lu et al. (2011) conducted time-dependent reliability assessments of deteriorated
reinforced concrete bridges under service load. To calculate the reliability index, the firstpassage probability method was used for the concrete crack and deflection limit states.
They compared the calculated reliability index to the target reliability index. The remaining
bridge service life was predicted and compared based on both concrete crack and
component deflection criteria.
In 2004, Stewart et al performed research on the effect of strength and serviceability limit
states on life-cycle costs and bridge replacement strategies related to corrosion (Akgul and
Frangopol, 2004). They concluded that considering strength limit state without
serviceability analysis would result in unrealistic repair cost estimates. They concluded that
12

multiple limit states should be considered under aggressive environments when analyzing
bridge deck life-cycle costs (Akgul and Frangopol, 2004).
In 2001, Sun and Hong performed time-dependent reliability research on the effect of
corrosion on reliability of bridge girders. They included the effects of parameters
uncertainties on bridge girder’s reliability. Reinforcement corrosion’s influence on the
bridge lifetime was established through a corrosion model in two phases: 1) time to
corrosion initiation, and 2) corrosion development or propagation. They used strength limit
states in their research, but took into account time-variant parameters in failure probability
functions. The effects of corrosion initiation, corrosion growth, and modelling error were
incorporated in the flexural and shear capacity (resistance) of the members.
They concluded that ignoring the uncertainties in surface chloride concentration and
diffusion coefficient do not significantly vary the reliability estimation. The most important
factor dominating the outcomes related to the nonlinear behavior of the corrosion growth
model.
Giorgio and Frangopol (2013) investigated probabilistic approaches based on the annual
reliability index, annual risk, and two lifetime distributions (reliability and hazard function)
in order to determine the optimized maintenance time for aging structures. They
investigated correlations between failure modes and concluded that for correlated failure
modes, both annual reliability index and annual risk approaches result in approximately the
same time for maintenance of deteriorating components.
Saydam and Frangopol (2011) studied time-dependent performance indicators on
deteriorated bridge superstructures. They investigated vulnerability, redundancy and
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robustness of bridge superstructures. The developed framework was then applied to a
bridge located in Wisconsin. Results showed that the main factors affecting reliability are
due to corrosion and live load effects. At early years of service life, live load effects have
a greater effect on reliability while at late stages, corrosion would become a more
significant factor.
In 1998, Stewart and Rosowsky conducted a study on time-dependent reliability of
deteriorating reinforced concrete bridge decks. They used a reliability model to assess the
probability of flexural failure of a concrete slab bridge under corrosion. The Monte Carlo
simulation was used to simulate 75 years of service life. The authors showed that
reinforcement corrosion could cause a significant drop in resistance, and long-term
reduction in safety.

2.6. Survival analysis
In spite of substantial research performed on the topic of reliability of bridges, limited
studies exist regarding time-dependent survival analysis on bridge superstructures.
The reliability index approach (resistance versus load) is commonly utilized for future
(remaining) service life prediction. However, the vast majority of bridge deterioration / end
of service life cases do not relate to exceeding the strength limit state. Bridge structures
commonly reach the end of their service life without any structural failure. The extent of
deterioration renders the bridge not serviceable. Therefore, survival analysis may be more
appropriate as the contributing factors are studied without a direct causal relationship
between one factor (load) and failure.
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Survival analyses could be used through non-parametric, semi-parametric, and parametric
approaches. For simple data and failure patterns, non-parametric approach would work
efficiently. However, as variables in the failure process increase, the need for parametric
approach becomes more evident.
In survival analyses, the time to any event is considered a random variable T, (survival
time) with probability density function 𝑓(𝑡), where t is time. Survival function, 𝑆(𝑡), and
hazard function, ℎ(𝑡) are defined below (Elsayed, 2012):
𝑆(𝑡) = 𝑃(𝑇 ≥ 𝑡) = 1 − 𝐹(𝑡)

(2.17)

Where 𝐹(𝑡) is defined as:
𝑡

𝐹(𝑡) = 𝑃(𝑇 < 𝑡) = ∫0 𝑓(𝑡)𝑑𝑡
𝑃(𝑡≤𝑇≤𝑡+𝛿𝑡|𝑇≥𝑡

ℎ(𝑡) = lim {
𝛿𝑡→0

𝛿𝑡

}

(2.18)

(2.19)

Hazard function, survival function, and probability function are related to each other as
below:
𝑓(𝑡)

ℎ(𝑡) = 𝑆(𝑡)

(2.20)

Hazard is referred to as probability of failure per unit time at any given time assuming
survival up to that time. Commonly used survival models include Weibull, log-normal, and
log-logistic distributions. Each model follows a specific probability distribution as
discussed in the chapter 3.
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Yang et al. (2013) and Beng et al. (2012) used survival analysis to evaluate bridge
infrastructure performance. They used Weibull probability distribution and Kaplan-Meier
approaches for censored survival data.
Sobanjo et al. (2010) conducted research on reliability-based modelling of bridge
deterioration in Florida. They used Florida’s bridge NBI data to predict the “natural
deterioration” for bridges without rehabilitation during their lifetime, with uncensored and
right censored data. Unlike reliability studies discussed earlier, this study followed the
survival analysis approach. The authors conducted reliability assessments of bridge deck
and superstructure based on the type of roadway (interstate roadway or non-interstate
roadway) and materials (steel or concrete). They determined that the Weibull distribution
was the best fit for the data. All Weibull reliability parameters were established through
the maximum likelihood estimation method. The NBI rating range used was 7 to 9
(utilizing the 1992 to 2005 NBI data), and the effective mean service life estimated based
on the NBI condition rating of 7. Based on their results, most bridges remain a minimum
time of 1 or 2 years in their excellent condition (rating 9), 5 to 10 years in the rating 8 (very
good condition), and usually below 6 years in the rating 7 (good condition). It was also
concluded that interstate highway bridges deteriorate more rapidly than non-interstate
roadway bridges.
Tabatabai et al. (2011) used the hypertabastic survival model, which has been used in
medical research, for survival analysis of bridge decks in Wisconsin. This model is a twoparameter continuous probability distribution, first proposed by Tabatabai et al. (2007). A
special feature of the hypertabastic distribution model is its varying hazard shapes that can
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be compatible with different failure patterns. These hazard shapes include monotonically
increasing, monotonically decreasing, and single humped shapes.
In this research, the performance of superstructures of Wisconsin bridges is evaluated
through the hypertabastic survival model. The NBI records for Wisconsin is used as input
data as described in chapter 3 of this thesis.
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Chapter 3.

Reliability and Survival Methods

3-1 Strength based reliability methods:
Strength-based reliability methods depend on assessing risks associated with loads
exceeding resistance capacity of a member in light of the variability of both parameters.
Typically, the risk of failure is controlled in the design specifications using prescribed load
and resistance factors. Risks are measured based on a comparison of demand (applied load
or load effect) with capacity (resistance) and considering uncertainties related to these
parameters (Frangopol, 1998). The general approach is to identify an “acceptable” level of
risk. This acceptable risk is managed by using appropriate safety and resistance factors,
which are based on a knowledge of load and resistance variability.
Strength-based reliability in structures including bridges is usually calculated through an
assumption of normal (or log-normal) distributions for random variables, and using the
mean and variance of the failure function g described previously. The probability of failure
can be determined from (Frangopol, 1998),
𝑔
𝑃𝑓 = ϕ [ ⁄𝜎𝑔 ]

(2.4)

Where, Φ is a cumulative standard normal distribution function, 𝑔 is the mean of failure
function, and 𝜎𝑔 is standard deviation of g. The risk of failure is measured through a safety
index, β, where:
𝛽=

𝑔⁄
𝜎𝑔

(2.5)
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The reliability index β is an indication of the number of standard deviation that the mean
of the failure function is distanced from the failure condition (g=0). A larger β value is
representative of higher reliability.

3-2 Survival Analysis
Survival analysis is a technique primarily developed and utilized for bio-medical research.
However, this method has also been used in other fields including social studies,
economics, engineering, etc. The term “Survival” which is mostly used in health-related
fields, is equivalent to the term “reliability” used in engineering. The key variable is the
“survival time”, which does not necessarily mean time to death. In general, “survival time”
is a non-negative random variable indicating the elapsed time from a reference time to the
occurrence of a given event (Lee and Go, 1997). Examples of survival time are: time to
recurrence of cancer after administration of a drug, lifetime of an electronic component,
etc.
In survival analysis, the study time may not cover the entire survival time. For instance, a
patient may leave the clinical investigation early and the researchers are unable to follow
up and determine the actual survival time. In other cases, reasons unrelated to the study
may lead to the end of survival. These kinds of observations are called “censored”
observation. Censoring corresponds to missing data within the observation time. When
survival extends beyond the observation period, this is referred to as right censored data.
When a component fails before the observation interval begins, the associated data is called
“left censored”. The right censored data are more common (Sobanjo et al. 2010).
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A normal distribution is not appropriate for survival analysis because, survival data are
usually censored and incomplete, and the shape of the survival time distribution is skewed.
Therefore, distributions such as exponential, Weibull, lognormal, gamma, Gompertz, and
log logistic are typically considered for survival analyses (Lee and Go, 1997).
Three distinct functions are commonly used in survival analysis. These functions are
defined below (Lee and Go, 1997):
1) The survival function is represented by:
𝑆(𝑡) = 𝑃(𝑇 > 𝑡) = 1 − 𝐹(𝑡)

(3.1)

Where T indicates the survival time as a random variable, t is the time, and 𝐹(𝑡)
denotes the cumulative probability of failure at various times.
𝑆(𝑡) = 1 𝑎𝑡 𝑡 = 0 𝑎𝑛𝑑 𝑆(𝑡) = 0 𝑎𝑡 𝑡 = ∞.

2) The probability density function represents the unconditional failure rate at any
given time, and is defined as:
𝑓(𝑡) = lim 𝑃(𝑡 < 𝑇 < 𝑡 + ∆𝑡)/∆𝑡
∆𝑡→0

(3.2)

3) The hazard function is a conditional failure rate (failure rate at any given time
assuming survival up to that time), and is represented as:
ℎ(𝑡) = lim 𝑝(𝑡 < 𝑇 < 𝑡 + ∆𝑡|𝑇 > 𝑡)/ ∆𝑡
∆𝑡→0

(3.3)

Parametric, nonparametric, and semi-parametric approaches can be utilized in survival
analyses. A brief description of each approach is given below (Lee and Go, 1997).
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3.2.1 Nonparametric Model - The Kaplan-Meier or Product Limit
Method
The Kaplan-Meier method is one of the most common methods used to estimate the
empirical distribution of survival time. This non-parametric method is mostly used in
medical research. This is called non-parametric approach because potential parameters
contributing to outcomes are not considered. In this method, the observation time is divided
into a series of time intervals such that only one failure occurs at the beginning of each
time interval (survival times are first sorted, and ranked from lowest to highest).
The probability of survival at time t, can be estimated using the Kaplan-Meier method as
follows (Lee and Go, 1997):
𝑛−𝑟𝑖 𝛿
𝑆̂(𝑡) = ∏𝑡𝑖 <𝑡(𝑛−𝑟 +1
) 𝑖 , 𝑡 ≤ 𝑡(𝑛)
𝑖

(3.4)

Where 𝑡𝑖 displays the ith survival time (can be censored or uncensored), 𝛿𝑖 is a parameter
taken as 0 for censored data and 1 for uncensored data, 𝑟𝑖 is the rank of 𝑡𝑖 , n is the total
number of observation intervals, and 𝑡(𝑛) indicates the longest survival time (Lee and Go,
1997).

3.2.2 Semi-Parametric Model - Cox Regression Model
It is important to consider risk factors that may affect a certain survival time in both medical
research and engineering failure analyses. For example, in the health sciences, it is usually
of interest to understand how covariates such as smoking, cholesterol amount, and genetic
characteristics (referred to as risk factors) may be related to heart disease. In bridge
engineering, we may be interested in in the influence of factors such as, average daily
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traffic, span length, span width, type of the superstructure, etc. on service life of bridge
components. In addition to having a complete set of risk factors, it is important to determine
the most influential risk factors. The Cox Regression Model is an effective method to
determine how a specific risk factor is related to probability of survival at various times.
In the Cox Regression Model, there is no limitation regarding the presence of censored
data. For a total of p risk factors (covariates) , 𝑿 = (𝑋1 , 𝑋2 , … , 𝑋𝑝 ), the hazard function
would be given as shown below (Lee and Go, 1997):
ℎ(𝑡, 𝑿) = ℎ0 (𝑡)exp(𝒃𝑇 𝑿)

(3.5)

Where, ℎ0 (𝑡) is the baseline hazard function, and 𝒃 is a vector of multipliers for various
covariates. The Cox model is defined as a semi-parametric model because it does not have
a specified survival function.
The hazard function above can be shown in logarithmic form (Lee and Go, 1997):
ln ℎ(𝑡, 𝑿) = ln ℎ0 (𝑡) + 𝒃𝑇 𝑿

(3.6)

In this equation, the ratio of two hazard functions with risk factor 𝑿𝟏 and 𝑿𝟐 is calculated
as (Lee and Go, 1997):
ℎ1 (𝑡, 𝑋1 )/ℎ2 (𝑡, 𝑋2 ) = exp[𝒃𝑇 (𝑋1 − 𝑋2 )]

(3.7)

From the above, it could be concluded that the ratio of the two hazard functions are
independent of the baseline hazard function, and the two hazard functions would not
intersect each other. This condition is referred to as proportional hazard. However, the Cox
Models are not restricted to proportional hazard models and non-proportional models can
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be developed through time-dependent covariates. For more details refer to Lee and Go,
(1997).

3.2.3. Parametric method:
The parametric method is the most elaborate form of survival analysis. This was developed
as a consequence of computer technology advancements and promotion of statistical data
analyses. A comparison of parametric and non-parametric methods are summarized below:
Biomedical researchers have been using non-parametric survival analyses because there
are fewer assumptions made in non-parametric approaches compared to parametric
approaches. In non-parametric methods, there are no assumed baseline hazard functions
(hazard shapes).
The parametric method can be a good substitute for the Cox model when the proportional
hazard assumptions is not valid, and a distribution function is available for the survival
time and the baseline hazard. In such cases, parametric calculations are more descriptive
and concise in comparison to non-parametric and semi-parametric methods. In addition,
the maximum likelihood2 approach could be employed for calculating survival function
parameters (Lee and Go, 1997).
The six commonly used distribution functions used in survival analyses are shown in Table
3.1.

2

Maximum Likelihood Estimation (MLE) is an approach to estimate parameters for a statistical model.
Basically maximum likelihood method estimates a set of model parameters to maximize the likelihood of
selected model to fit a dataset (Myung, 2002).
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Table 3.1 Common distribution functions in survival analysis (Lee and Go, 1997)

Distribution

Parameter

Probability density function

Hazard function

Exponential

λ>0

f(t) = λ exp(−λt)

h(t) = λ

S(t) = exp (−λt)

Weibull

λ,γ > 0

f(t) = λγ(λt)^(γ−)1 exp(−λt)^γ

h(t) = λγ(λt)^(γ−1)

S(t) = exp(−λt) γ

Gamma

λ,γ > 0

f(t) = [λ/Γ(γ)](λγ)^(γ−1) exp(−λt)

h(t) = f(t)/S(t)

∞

𝑆(𝑡) = ∫ 𝑓(𝑥)𝑑𝑥
𝑡

Gompertz

λ,γ > 0

f(t) = exp[(λ + γt) − 1/γ(e^λ+γt – e^λ )]

h(t) = exp(λ + γt)

S(t) = exp[−e^λ /γ(e^γt − 1)]

Lognormal

µ,σ > 0
a = exp(−µ)

𝐺(𝑦) =

1
√ 2𝜋

𝑦

∫ 𝑒𝑥𝑝(−𝑢 2 /2)𝑑𝑢
0

f(t) = 1/tσ √ 2π exp[−1/2σ^2 (ln at)^2 ]

h(t) = {1/tσ √ 2π
× exp[−1/2σ 2 (ln at)^2 ]}
× {1 − G(ln (at/σ))} −1

S(t) = 1 − G(ln at/σ)

Loglogistic

λ,γ > 0

f(t) = λγ(λt)^(γ−1) [1 + (λt)^γ ]^−2

h(t) = λγ(λt)^γ−1

S(t) = [1 + (λt)^γ ]^−1

[1 + (λt)^γ ] −1

The exponential distribution model is a special case of more complex distribution functions
such as Weibull and Gamma distributions.
For the exponential distribution, the natural logarithm of the survival function is ln S(t)= λt, which is a linear function of time. Therefore, the exponential distribution could be
determined by plotting ln S (t) against t. If the plot has a constant slope, the slope represents
the hazard rate λ. This kind of distribution has had vast applications in medical research
such as cancer studies where effects of different variables (risk factors) are evaluated.
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The Weibull distribution has two characteristic parameters, γ and λ, which are the shape
and scale parameters, respectively. The hazard rate is constant if γ=1 (the same as
exponential function). The hazard rate would increase with time when γ>1.0, and decrease
with time when γ<1.0. The Weibull model could be effective in modelling data sets with
constant, increasing, or decreasing hazards. It is thus broader than the Exponential
distribution. The Weibull distribution has been used expansively in medical research and
other applications. Examples include (Go et al, 1997) carcinogenesis tests by Williams
(1978), radiation response characterization by Scott et al (1980), time to return to prison
by released convicts by Schmidt and Witte (1988), and human death modelling by Juckett
et al (1993).
The Gamma distribution is another parametric model that has both shape (γ) and scale (λ)
parameters. The Gamma function shows a decreasing hazard rate when 0<γ<1, and
increasing hazard rate when γ>1. It also shows a constant hazard rate (the exponential
distribution) when 𝛾=1. A large numbers of studies have used this distribution ((Lee and
Go (1997), Galli et al (1983), Niederjohn et al (1986), Bolin et al (1986), Meyer et al
(1991), Hendriks (1993)).
The Gompertz distribution also uses the λ and γ parameters as in the two distributions
discussed earlier. The special characteristics of this function are: constant hazard rate of
exp (λ) when γ=0, increasing hazard rate when γ>0 and decreasing when γ<0. The Gompetz
distribution has been used to investigate mortality due to lung cancer, prostate cancer,
stroke and so on, (Lee and Go, 1997).
When the logarithm of a variable approximates a normal distribution, the distribution is
known as a lognormal distribution. The lognormal hazard function first follows an
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increasing pattern up to a maximum, followed by a decreasing hazard. Researchers have
widely used lognormal distribution in reliability engineering and biomedical studies.
Ahmed et al (1993) used the lognormal distribution to illustrate the effect of consumption
of chemically contaminated sea-foods on human health.
The Log-logistic distribution is used when the logarithm of T follows a logistic distribution.
Similar to other survival model distributions, the log-logistic model has two parameters as
λ and γ. The hazard function would be decreasing from infinity to zero when γ<1, and
decreasing from λ to 0 when γ=1. When γ>1, the hazard function first increases and then
decreases.
The log-logistic distribution can be a substitute for other distribution functions such as
Weibull, lognormal and Gamma distribution. The log-logistic distribution has been used in
studies on recidivism of released prisoners (Lee and Go (1997), Schmidt et al (1988)) and
time to resumption of smoking after quitting (Lee and Go (1997), Elketroussi et al (1991).

3.2.3.1 Goodness of fit:
An important step in survival analyses is to determine how well a dataset follows a
particular distribution. Goodness-of-fit is a test that uses the Anderson Darling (AD)
statistic to identify how well a data meets assumption of a probability distribution. The AD
statistic evaluates difference between hypothesized (null hypothesis) and empirical
cumulative distribution. A smaller AD statistic represents better fit to the data.
A null hypothesis (𝐻0 ) can also be evaluated through P-value, which has a value between
0 and 1. P-value shows the strength of evidence provided by the sample against a null
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hypothesis. The smaller the P-value, the stronger the evidence to reject a null hypothesis.
In other words, the smaller the P-value, the better the data fits the assumed distribution.
The maximum likelihood method can be used to estimate parameters of the selected
distribution function. The maximum likelihood method is a widely used approach that
determine parameters such that the likelihood of the selected model fitting the data is
maximized.
The likelihood function is shown in equation (3-8) (Lee and Go, 1997).
𝐿 = ∏𝑟𝑖=1 𝑓(𝑡) ∏𝑛−𝑟
𝑖=1 𝑆(𝑡)

(3.8)

Where:
𝑓(𝑡): Probability density function
𝑆(𝑡): Survival function
n: Total number of observations
r: Number of uncensored observations

3.2.4 Hypertabastic distribution:
The hypertabastic distribution is a relatively new type of distribution, introduced by
Tabatabai et al. (2007). It has been used in several applications including studying the
effect of covariates on the survival time of cancer patients (Tabatabai et al, 2007). The
random variable T is following hypertabastic distribution if its cumulative distribution
function could be formulated as shown below (Tabatabai, 2011):



  

1  Sech  (1  t  Coth t  ) / 
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for t  0

𝐹(𝑡) =

(3.9)
for t  0

0

The parameters α and β are both positive and Sech and Coth are hyperbolic secant
and hyperbolic cotangent functions, respectively. The probability density function of
hypertabastic distribution is given as below (Tabatabai, 2011):



 

 

SechW t  t 2  1Csch 2 t   t  1Coth t  TanhW t  for t  0
f (t ) 

(3.10)
for t  0

0



 

Where, Csch is hyperbolic cosecant and W t    1  t  Coth t  / 
Considering continuous random variable t representative of time to event (waiting time
for the occurrence of the event), the Hypertabastic survival function is defined as
(Tabatabai, 2011):

 

S  t   Sech  (1  t  Coth t  ) /  

(3.11)

Where, S(t) (survival function) is the probability that waiting time exceeds t.
The hypertabastic hazard function ht  , which represents the instantaneous failure rate at
time t, given survival up to time t, is defined as (Tabatabai, 2011):



 

 

ht    t 2  1Csch 2 t   t  1Coth t  TanhW t 

(3.12)

And the cumulative hazard function H(t) is defined as :
𝐻(𝑡) = − ln(𝑆𝑒𝑐ℎ[𝑊(𝑡)])
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(3.13)

As discussed earlier, the commonly used survival models are Weibull, lognormal, log
logistic, etc. An important consideration affecting the choice of a distribution type is related
to the shape of the baseline hazard function. The Weibull hazard function has
monotonically increasing, monotonically decreasing or constant shapes as shown in Figure
3.1, depending on the choice of parameters used.
The lognormal hazard function increases with time until it reaches a maximum point and
then decreases. The log logistic hazard function either monotonically decreases or has
single-mode shapes. Unlike the distributions described above, a significant feature of the
hypertabastic hazard function is its capability to model a wide variety of hazard shapes.
These diverse hazard shapes offer versatility to apply the model to different biological and
engineering problems when conventional hazard models do not properly represent the real
hazard patterns. A list of possible shapes for the hypertabastic hazard function using
equation (3.12) is described below (Tabatabai at al, 2011):
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Figure 3.1 Weibull distribution with different values of γ and λ
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1. When 0    0.25 , the hypertabastic baseline failure rate function follows
monotonically decreasing pattern (Fig. 3.2a).
2.

When 0 .25    1 , the hypertabastic baseline hazard function first follows
increasing pattern with time up to a maximum point and then decreases (uni-modal)
(Fig. 3.2b).

3. When   1 , the hypertabastic baseline hazard function increases with time at the
start and then approaches a horizontal asymptote  (Fig. 3.2c).
4. When 1    2 , the hypertabastic baseline hazard function increases with upward
concavity until it reaches an inflection point at which point it increases continuously
with downward concavity thereafter (Fig. 3.2d).
5. When   2 , the hypertabastic baseline hazard function increases with upward
concavity a followed by a linear increase with slope  . (Fig. 3.2e).
6. When   2 , the hypertabastic baseline hazard function increases monotonically
with upward concavity. (Fig. 3.2f).
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Figure 3.2 Hypertabastic hazard function with different values of parameters α and β (Tabatabai
et al, 2011)
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As described earlier, in proportional hazard models, it is assumed that the hazard functions
for two groups of risk factors are proportional within the observation time, which means
that hazard function curves are not intersecting over time. Accelerated hazard functions, as
an alternative for proportional hazard models, are introduced where the effect of covariates
on the failure time is multiplicative with time.

3.2.5 Hypertabastic Proportional Hazard Models:
The hypertabastic proportional hazard function is defined as (Tabatabai et al, 2011):

ht x,   h0 t g x  

(3.14)

Whereas  is a vector of unknown parameters, vector x is a vector containing p covariates,
and h0 t  is the baseline hazard function, equation (3.12).
It is assumed that g x   is a non-negative function of x defined as (Tabatabai et al, 2011):
p

k xk

g  x    e k 1

(3.15)

The hypertabastic survival function S t x,  and the probability density function f t x, 
for the proportional hazards function could be defined respectively in equations (3-16) and
(3-17) (Tabatabai et al, 2011):

S t x,   S 0 t 

g x  

(3.16)

f t x,   f 0 t S 0 t 

g  x  1
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g x  

(3.17)

Where f 0 t  and S 0 t  were introduced earlier in equations (3-10) and (3-11), as the
baseline probability density function, and the baseline survival function, respectively. To
estimate the model parameters, the method of maximum likelihood and a log-likelihood
function are used based on the type of censoring.
The log-likelihood function for right censored data is shown below (Tabatabai et al, 2011):
𝛽

𝑛

𝐿𝐿(𝜃, 𝛼, 𝛽: 𝑥) = ∑(ln[Sech(

𝛽

𝑖=1
−1+2𝛽

+ 𝛿𝑖 ln[𝑡𝑖 (( 𝛼𝑡𝑖

𝛽

2

)]𝑔(𝑥𝑖 |𝜃)
−1+𝛽

𝐶𝑠𝑐ℎ(𝑡𝑖 ) − 𝛼𝑡𝑖

𝛽

∗ tanh(

𝛽

𝛼(1 − 𝑡𝑖 𝐶𝑜𝑡ℎ(𝑡𝑖 ))

𝛽

𝐶𝑜𝑡ℎ(𝑡𝑖 ))

𝛽

𝛼 [1 − 𝑡𝑖 𝐶𝑜𝑡ℎ(𝑡𝑖 )]
𝛽

))𝑔(𝑥𝑖 |𝜃)]

(3.18)

0 𝑖𝑓 𝑡𝑖 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑒𝑛𝑠𝑜𝑟𝑒𝑑 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛
Where, 𝛿𝑖 = {
1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

3.2.6 Hypertabastic Accelerated Failure Time Model:
The hypertabastic accelerated failure hazard function is defined as (Tabatabai et al, 2011):

ht x,   h0 tg x  g x  

(3.19)

The hypertabastic survival function S t x,  for the accelerated failure hazards function is
defined as (Tabatabai et al, 2011):

S t x,   S 0 tg x  

(3.20)
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The hypertabastic probability density function for the accelerated failure time model is
(Tabatabai et al, 2011):

f t x,   f 0 tg x  g x  

(3.21)

When right censored data is used, the log-likelihood function for the hypertabastic
accelerated failure time model is defined as (Tabatabai et al, 2011):
𝐿𝐿(𝜃, 𝛼, 𝛽: 𝑥)
𝑛

𝛼(1 − [𝑍(𝑡𝑖 )]𝛽 𝐶𝑜𝑡ℎ([𝑍(𝑡𝑖 )]𝛽 ))
= ∑(ln[Sech(
)]
𝛽
𝑖=1

2

+ 𝛿𝑖 ln[𝑡𝑖 (( 𝛼[𝑍(𝑡𝑖 )]−1+2𝛽 𝐶𝑠𝑐ℎ([𝑍(𝑡𝑖 )]𝛽 ) − 𝛼[𝑍(𝑡𝑖 )]−1+𝛽 𝐶𝑜𝑡ℎ([𝑍(𝑡𝑖 )]𝛽 ))
𝛼[1 − [𝑍(𝑡𝑖 )]𝛽 𝐶𝑜𝑡ℎ([𝑍(𝑡𝑖 )]𝛽 )]
∗ tanh(
))𝑔(𝑥𝑖 |𝜃)]
𝛽

(3.22)

Where 𝑍(𝑡𝑖 ) = 𝑡𝑖 𝑔(𝑋𝑖 |𝜃)
Tabatabai et al (2011) report the log likelihood functions for data with other types of
censoring.
Using the proposed hypertabastic accelerated failure model, the calculations of survival
time and failure rates are performed using Eq. (3-23) and Eq. (3-24). Since the first term
inside the parenthesis in Eq. (3-12) is very close to zero (for bridge deck data), it is
neglected for parameter calculations in this dataset. Therefore, the equations used for this
dataset are as follows:



  

S t g   Sech  1  t g Coth t g / 



 



(3.23)



ht g     t g 1Coth t g Tanh W t g  e c SPAN d  ADT hTYPE 
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(3-24)

t g   AGE e cMSLd  ADT hTYPE 

(3-25)

AGE: age of bridge superstructure,
MSL: maximum span length
ADT: average daily traffic
TYPE: type of bridge superstructure, equal to 1 for steel, 0 for concrete (when steel and
concrete superstructures are distinguished), and 2 for both types of superstructures
combined (when superstructure types not distinguished)
c: numerical coefficient for variable MSL
d: numerical coefficient for variable ADT
h: numerical coefficient for variable TYPE
The parameters α, β, c, d, and h are determined using the maximum likelihood. These
parameters and the results of analyses are presented in Chapter 4.
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Chapter 4.

Results and Discussion

In this chapter, the effect of various factors (covariates) on bridge superstructure reliability
and failure rates are studied. These covariates included maximum span length, average
daily traffic (ADT), and the type of superstructure (steel or concrete). The hypertabastic
survival model (Tabatabai et al., 2011) was used to develop the governing equations for
reliability (survival) and failure rate. The 2012 NBI bridge data for Wisconsin were used
in the analysis. A description of the data selection and processing is given in section 4.1.

4.1 National Bridge Inventory (NBI) data
In this research, the basic data are derived from the National Bridge inventory database
(NBI) for Wisconsin bridges. NBI was established in 1967 after the catastrophic failure of
the Silver River Bridge (Shenton and Seymour, 2013). NBI database includes numerical
ratings for the condition of major bridge components. The numerical ratings range from 0
to 9, and are given to individual components by bridge inspectors based on the Federal
Highway Administration (FHWA) guidelines (Tabatabai et al, 2011). The 0 rating for a
bridge component indicates a failed condition, while other ratings are described as follows:
imminent failure condition (1), critical condition (2), serious condition (3), poor condition
(4), fair condition (5), satisfactory condition (6), good condition (7), very good condition
(8), and excellent condition (9).
The inspections are usually conducted once every 2 years, and the results of these
inspections form the basis for some of the 117 data entries in the NBI records. These
include descriptive bridge information such as bridge location and geometry as well as
recorded ratings for various bridge components.
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The 2012 NBI data record was used in this study to assess the reliability (survival) of bridge
superstructures.
The following procedures were used to filter the 2012 NBI data for Wisconsin for use in
this study:
1. Bridge records without a superstructure rating and/or construction date were
eliminated. Item 27 of NBI database provides the year when construction was
completed. Item 59 provides the superstructure rating.
2. All reconstructed or rehabilitated superstructures were removed. Item 106 provides
the reconstruction data, when applicable.
3. Uncommon bridge types and superstructures were excluded. Steel superstructures
(NBI item 43A, code 1, 2, 5, or 6), concrete and pre-stressed concrete
superstructures (NBI item 43A, code 3 or 4) were retained for analysis. All other
structural materials and superstructures were excluded from the data.
4. Bridges with more common structural systems such as slab, multi-beam, girder, tee
beam, floor beam, and box beam (NBI item 43B, code 1 to 6) were retained for the
analysis. Data from bridges with less common structural systems such as trusses,
arches, and cable-stayed were removed.
5. The target superstructure rating representing the end of service life was chosen as
rating 5. Bridges with other superstructure ratings were thus excluded from the data
set. The deck or superstructure ratings of 4 or 5 are generally considered to be the
practical end of service life for that element (Tabatabai et al, 2011).
6. The retained bridge records were then classified based on their superstructure
material type (NBI, 59) (steel or concrete).
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There are several parameters that could potentially affect the bridge superstructure
performance. These include: deck area, which is the product of structure length (NBI item
49) times bridge roadway width curb to curb (NBI item 51); ADT (NBI item 29); and MSL
(NBI item 48).
Tabatabai et al. (2011) showed that deck area was an important factor in reliability of bridge
decks. This parameters was initially considered for inclusion in this study because a large
deck area indicates a large superstructure member length. With a large length, the
probability of appearance of defects would increase. The ADT was also included because
of its direct influence on superstructure load. The maximum span length could also be a
relevant parameters as it has direct influence on bending moment. The type of
superstructure (steel or concrete) can also be a parameter with possible impact on
superstructure reliability. As discussed earlier, the deck area was removed from
consideration as a covariates because of its moderate correlation with MSL.

4.2. Analysis of bridge superstructure ratings
The data extracted from the NBI database were used as the required statistical data for the
survival analysis. Table 4.1 shows basic statistical information on the NBI data for the steel
and concrete superstructure as well as combination of all superstructures types.
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Table 4.1 Statistical information on the Wisconsin NBI data used in the analyses

Mean
Median
Mode
Standard
deviation
Kurtosis
Skewness
No. of
bridges

Wisconsin bridge with superstructure rating of 5
Steel superstructure
Concrete superstructure
Both superstructure types
ADT
Max
Age
ADT
Max
Age
ADT
Max
Age
Span (m) (year)
span(m) (year)
Span
(year)
(m)
1911
14.02
61.8
6014
14.54
50.9
14.2
56.6
3879
210
9.8
60
1200
12.8
47
450
11.9
52
40
9.4
60
80
12.2
47
80
9.4
47
4971
13.0
17.0
11035
8.43
20.6
8682
11.06
19.6
33.6
4.9
472

102.3
8.2
472

-0.3
0.21
472

16.0
3.6
435

49.7
4.8
435

-0.5
0.5
435

26.0
4.4
907

109.64
7.96
907

-0.6
0.2
907

Tabatabai et al. (2011) compared a number of survival models such as Weibull,
hypertabastic, lognormal, etc. with respect to their closeness of fit to the NBI bridge deck
data. The Akaike Information Criterion (AIC) and the maximum log-likelihood method
were used. This best fit model was determined to be the hypertabastic accelerated failure
model (Tabatabai et al, 2011). The same model is used here for the superstructure reliability
analysis in this thesis.
The Kaplan-Meier nonparametric method was first applied to the NBI dataset. Figures 4.1
and 4.2 show the non-parametric reliability and failure rate for Wisconsin bridge
superstructures using the Kaplan-Meier method. The failure rate function for steel, concrete
and both superstructure type intersect each other in several points, which is an indication
that the accelerated failure time model should be used in lieu of the proportional hazard
model.
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Figure 4.1 Kaplan-Meier cumulative reliability for Wisconsin bridge superstructures
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Figure 4.2 Kaplan-Meier cumulative failure rate for Wisconsin bridge superstructures

For the bridge superstructure parameters, a discrete covariate is assigned with a value of 0
for the case of concrete superstructures and 1 for the steel superstructures. When both
superstructure types are combined, the value of this parameter is 2. The other covariates
considered were ADT, and MSL (m). Initially, the deck area was also included as a
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parameter. However, a correlation analysis was performed among all covariates to
determine if they are correlated, as shown in table 4.2.

Table 4.2 Correlation evaluation between covariates
Maximum
span
length

ADT

Age

ADT
Maximum span
length

0.240

1

Age

-0.229

-0.207

1

Deck area

0.385

0.665

-0.217

Deck
area

1

1

The correlation analysis between maximum span length and deck area showed that there is
moderate correlation between deck area and maximum span length (Pearson correlation
coefficient of 0.665), and therefore, the two parameters are not independent of each other.
This indicates that both parameters cannot be used simultaneously and one has to be
selected. In the preceding study on reliability of bridge decks (Tabatabai et al. 2011), the
deck area was used and maximum span length was not used. The magnitude of maximum
span length can significantly affect the overall structural response (including dynamic
response) of the bridge. Therefore, in this study, the maximum span length is included as
a parameter (in lieu of deck area) for the survival analysis of bridge superstructures.

As discussed in chapter 3, the reliability and failure rate for the hypertabastic accelerated
failure time model can be calculated through equations (3.23) through (3.25).
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(3.24)

t g   AGE e c SPAN d  ADT hTYPE 

(3.25)

In the above equations parameters , , c, d, and h are determined through the maximum
likelihood method. This was determined using the Mathematica software program. The
code used is shown in the Appendix B. The units for the maximum span length and age are
meter (m) and year, respectively. All calculated parameters for the three superstructure
types (steel, concrete and both superstructure types) are shown in the Table 4.3.
Table 4.3 Reliability and Failure rate parameters
Parameters used in survival analysis equation
Type (superstructure)
Steel
Concrete
1
0
Parameters
0.000583
0.000583
α
2.11745
2.11745
β
0.00374
0.00374
c
6.2848e-6
6.2848e-6
d
-0.14984
-0.14984
h

Both
2
0.000536
2.09096
0.00337
8.308e-6
0.00

It is important to emphasize that all the parameters shown in Table 4.3 are calculated for
Wisconsin bridges only. In table 4.3, the parameters α, β, c, d, and h are identical for steel
and concrete superstructures. The value of type parameter (0 or 1) describes the different
between the two.
The calculated P-values are shown in Table 4.4. Smaller P-values corresponding to a
variable indicates that the effect of that parameters is statistically significant. The P- values
in Table 4.3 indicate that covariates type, maximum span length (MSL) and ADT are all
statistically significant parameters.
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4-2. Results
The developed hypertabastic survival model (equations 3.23, 3.24, 3.25) can estimate the
reliability and failure rates at any age as a function of superstructure type, ADT and MSL.
The estimated age (corresponding to a reliability of 0.5) at the end of service life for steel
and concrete superstructures was 59 and 51 years, respectively, when means of covariates
were used. Table 4.5 shows bridge corresponding to various reliability levels when either
mean and median values of covariates (ADT and MSL) are used for concrete and steel
bridges.
Table 4.4 Parameter and Standard Error Estimate for hypertabastic Accelerated Failure Time
model
Parameter

Estimate

Standard error

Wald

p-value

α

0.000583336

0.000117414

24.683

6.75767×10-7

β

2.11745

0.0535047

1566.19

1.624625188330933×10-342

Type

-0.14984

0.0225231

44.259

2.87676×10-11

0.00374751

0.000661487

32.0953

1.4679×10-8

6.28482×10-6

1.1636×10-6

29.1729

6.61971×10-8

Max span
length
ADT
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Table 4.5 Deciles for Estimated Age corresponding to different reliability levels at the End of
Service Life Using hypertabastic Accelerated Failure Time Model
Mean (ADT and MSL)

Median (ADT and MSL)

Reliability
Percentiles

Concrete(years)

Steel(years)

Concrete(years)

Steel(years)

0.1

83

86

77

89

0.2

66

76

68

79

0.3

60

69

62

72

0.4

55

64

57

66

0.5

51

59

52

61

0.6

47

54

48

56

0.7

42

49

44

51

0.8

38

44

39

45

0.9

31

36

32
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The reliability curves associated with steel, concrete, and all superstructures are shown as
a function of age in Figure 4.3 and 4.4. In Figure 4.3, the ADT and maximum span length
are assumed to be at their mean values (ADT=3878 and maximum span length=14.27 m).
In Figure 4.4, these covariates are assumed to be at their median values (ADT=450 and
maximum span length=11.9 m).
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Figure 4.3 Hypertabastic reliability curves for bridge superstructures (ADT=3878 and Maximum
Span length= 14.2 m)
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Figure 4.4 Hypertabastic reliability curves for bridge superstructures (ADT=450 and Maximum
Span length= 11.9 m)
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Based on the results shown in the Figure 4.3 and 4.4, the reliability (survival) of steel
superstructure are slightly higher than concrete superstructures in Wisconsin. Reliability
starts from a value of 1 or 100% at the beginning of the service life and reduces as the age
increases. At 75 years of age, the reliability of steel, concrete, and all bridges (with mean
of covariates) are 0.22, 0.10, and 0.16, respectively. The reliability results at the age of 75
years (with covariates at their median values) are 0.25, 0.12, and 0.19 for steel, concrete,
and both superstructures combined, respectively.
Figure 4.5 and 4.6 show failure rate curves for three superstructures type with covariates
at their mean and median values, respectively.

Failure Rate (per year)

Superstructure Failure Rate with Covariates at Mean Values
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Figure 4.5 Hypertabastic failure curves for steel and concrete bridges (ADT=3878 and Maximum
Span length= 14.2)
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Figure 4.6 Hypertabastic failure curves for steel and concrete bridges (ADT=450and Maximum
Span length= 11.9)

The failure rates are generally slightly larger for the concrete superstructures for the
covariate values considered. Failure rate is relatively small prior to 20 years of age, after
which the rate rises more rapidly. During the age of 20 to 40 the failure rate increases more
rapidly. At more advanced ages, the superstructure failure rate increases are nearly linear
with respect to time.
Figure 4.7 and 4.8 illustrate the probability density functions (pdf) for the steel, concrete,
and both superstructure types as a function of age.
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Figure 4.7 Hypertabastic PDF for steel and concrete bridges
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Figure 4.8 Hypertabastic PDF for steel and concrete bridges
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4-3. Discussion
To investigate the effect of MSL on the reliability and failure rate of superstructures, the
maximum span lengths of 10m to 50m, were analyzed for a constant ADT of 5000. The
results are shown in the figures 4.9 through 4.12. As expected, the reliability values
decrease and failure rates increase at a given age as the MSL is increased.
The importance of the maximum span length is clearly indicated in these figures. As the
maximum span length increases, the reliability of the superstructures decreases and the
failure rate increases.
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Figure 4.9 Steel superstructure reliability versus age at different maximum span lengths with
ADT=5000

50

Steel Superstructure Failure Rate for ADT=5000
0.20

max span 10 m

Failure Rate (per year)

0.18
0.16

max span 20 m

0.14
0.12

max span 30 m

0.10
0.08

max span 40 m

0.06
0.04

max span 50 m

0.02
0.00

0

20

40

60

80

100

Age (years)

Figure 4.10 Steel superstructure failure rate versus age at different maximum span length with
ADT=5000
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Figure 4.11 Concrete superstructure reliability versus age at different maximum span
length with ADT=5000
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Figure 4.12 Concrete superstructure failure rate versus age at different maximum span
length with ADT=5000

Figure 4.13 through 4.16 show the reliability and failure rate of steel and concrete
superstructures as a function of ADT at the bridge age of 50 years. The analysis was run
for different MSL values.
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Figure 4.13 Steel superstructure reliability versus ADT at different maximum span length at the
age of 50 years

Steel Superstructure Failure Rate for Age=50yrs
0.20

Failure Rate (per year)

0.18

Max span 10 m

0.16
0.14

max span 20 m

0.12

0.10

max span 30 m

0.08
0.06

max span 40 m

0.04
0.02

max span 50 m

0.00

0

10000

20000

30000

40000

50000

ADT(vehicles)

Figure 4.14 Steel superstructure failure rate versus ADT at different maximum span length at the
age of 50 years
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Concrete Superstructure Reliability for Age=50 yrs
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Figure 4.15 Concrete superstructure reliability versus ADT at different maximum span length at
the age of 50 years
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Figure 4.16 Concrete superstructure failure versus ADT at different maximum span length at the
age of 50 years
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As expected, at the age of 50 years, the reliability decreases rapidly as ADT increases.
Similarly, increasing ADT increases the failure rate, as well. Increasing ADT means
increasing traffic load and deicing salt usage during the winter (chloride exposure). The
reinforcing steel bars embedded in concrete are at increased risk of corrosion due to
exposure to chlorides. In figures 4.13 and 4.15, reliability values range from 0.72 to 0.21,
and from 0.56 to 0.09 for steel and concrete superstructures, respectively depending on the
ADT and MSL.
Figures 4.13 through 4.16 show a nearly linear relationship for reliability and failure rate
versus ADT (with different MSL) at the age of 50 years. The slope of the reliability
decrement for steel superstructure is approximately 0.8% per 1000 vehicles (Figure 4.13).
The slope of the failure rate for the same superstructures is estimated as 0.08% per 1000
vehicles (Figure 4.14).
Figure 4.17 through 4.20 show the reliability and failure rate of steel and concrete
superstructures as a function of Maximum span length at the bridge age of 50 years. The
analysis was run for different ADT ranges.
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Figure 4.17 Steel superstructure reliability versus maximum span length with different
ADT at the age of 50 years
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Figure 4.18 Steel superstructure failure versus maximum span length with different ADT at the
age of 50 years
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concrete Superstructure Reliability for Age=50 yrs
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Figure 4.19 Concrete superstructure reliability versus maximum span length with different ADT
at the age of 50 years
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Figure 4.20 Concrete superstructure failure versus maximum span length with different ADT at
the age of 50 years

The reliability and failure rate of bridge superstructures are also examined at the age of 75
(years). The analyses were done for different maximum span length and different ADTs.
The results for steel and concrete superstructures are shown in the figures 4.21 through
4.24.
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Figure 4.21 Steel superstructure reliability versus ADT at different maximum span length at the
age of 75 years
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Figure 4.22 Steel superstructure failure rate versus ADT at different maximum span length at the
age of 75 years
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Concrete Superstructure Reliability for Age=75 yrs
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Figure 4.23 Concrete superstructure reliability versus ADT at different maximum span length at
the age of 75 years
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Figure 4.24 Concrete superstructure failure versus ADT at different maximum span
length at the age of 75 years
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Figure 4.25 through 4.28 show the reliability and failure rate of steel and concrete
superstructures as a function of maximum span length at the bridge age of 75 years. The
analysis was run for different ADT ranges.
The reliability and failure rate change with respect to the maximum span length. As
expected, reliability decreases rapidly with increases in the maximum span length, and
failure rate increases as maximum span length increases. Increasing ADT has a significant
negative effect on reliability, as shown in the figures 4.25 and 4.27. At the age of 75 years,
concrete superstructure reliability can range between 0.15 to less than 0.01 for ADT of 500
and 50k, respectively. Similarly, for steel superstructures, reliability ranges from 0.29 to
less than 0.05 as ADT increases from 500 to 50k.
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Figure 4.25 Steel superstructure reliability against maximum span length with different ADT at
the age of 75 years
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Figure 4.26 Steel superstructure failure rate against maximum span length with different ADT at
the age of 75 years
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concrete Superstructure Reliability for Age=75 yrs
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Figure 4.27 Concrete superstructure reliability against maximum span length with different ADT
at the age of 75 years
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Figure 4.28 Concrete superstructure failure against maximum span length with different ADT at
the age of 75 years
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As expected, comparison of 50 and 75 years results show a higher range of reliability for
both concrete and steel superstructure at the age of 50 years. For example, maximum
reliability values at the age of 75 years with respect to ADT and maximum span length of
20 m are 22% and 10% for steel and concrete superstructures, respectively. Whereas, the
corresponding reliability values increase to 70% for steel superstructure and 52% for
concrete superstructure at the age of 50 years.
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Chapter 5.

Summary and conclusion

5.1 Summary
Reasonably accurate estimates of service lives of bridge components are crucial for
effective long-term bridge management and timely repair and rehabilitation. Utilization of
available information on bridges allows the development of survival analysis tools that can
provide statistical information on reliability (survival) and failure rates (hazard) at various
ages of bridge. Survival analyses have long been used in medical research, but have
recently found their ways into bridge engineering.
In this research, the hypertabastic survival model was used to conduct analyses of bridge
superstructure reliability and failure rates in Wisconsin. The 2012 NBI data was used for
statistical analysis and parameter estimations for the survival model. The included
variables were: average daily traffic (ADT), type of superstructure (steel or concrete), age
of superstructures (last inspection year minus the year built), and maximum span length.
The NBI superstructure rating of 5 was considered as the end of service life. According to
Tabatabai et al (2011), a recorded NBI bridge rating of 5 is an indicator of end of service
life representing the time bridge rehabilitation or repair would be required. Data were
filtered for reconstructed bridges and less common bridge types.
In a study designed to develop survival models for bridge decks in Wisconsin. Tabatabai
et al. (2011) determined that the hypertabastic accelerated failure time model was the best
fit model compared to other models based on the AIC criterion. The most important feature
of the hypertabastic survival model is its capability to represent a variety of hazard shapes.
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Survival analysis were run through the Mathematica software. The model parameters were
determined using the method of maximum likelihood.

5.2 Conclusions
Survival time of steel and concrete superstructure were evaluated through the hypertabastic
accelerated failure time model with covariates (ADT and maximum span length) set at their
mean and median values for Wisconsin. Steel superstructures (distinguished by code 1)
showed relatively higher levels of reliability at ages of 50 and 75 years, while concrete
superstructure (distinguished by code 0) presented higher level of failure rate at those same
ages.
Age is an important factor in bridge superstructures reliability. As bridges age, the
reliability decreases and failure rate increases. Failure rate is relatively small prior to 20
years of age, after which the rate rises more rapidly. During the age of 20 to 40 the failure
rate increases more rapidly. At more advanced ages, the superstructure failure rate
increases are nearly linear with respect to time.
Results indicates that both ADT and maximum span length influence the bridge survival
time and failure rate significantly. Effect of increasing maximum span length were studied
for a fixed ADT of 5000. Results showed that with increase in maximum span length, the
superstructures reliability at ages of 50 and 75 years decreases, and the failure rate
increases. Similarly, effect of varying ADT was studied for a fixed MSL. Results indicated
that superstructure reliability decreased while failure rate increased at ages of 50 and 75
years.
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Results for superstructures show a nearly linear relationship between reliability and ADT
(with different MSL) at the age of 50 years. The reliability for distinguished steel
superstructure decreases by the rate of approximately 0.7% per 1000 vehicles. Similarly,
the slope of the failure rate for the same superstructures is estimated as 0.08% per 1000
vehicles.
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Appendix A
Notations
The following symbols are used in this thesis:
ADT = Average Daily Traffic (vehicles per day)
MSL = Maximum Span Length (m)
c = Numerical coefficient for variable MSL
d = Numerical coefficient for variable ADT
h = Numerical coefficient for variable TYPE
F(t) = hypertabastic distribution function
f(t) = hypertabastic probability density function
f0(t) = Baseline hypertabastic probability density function
g(x|) = A non-negative function of x and 
h(t) = hypertabastic hazard (failure rate) function
h0(t) = Baseline hypertabastic proportional hazard function
LL(|x) = The log-likelihood function for the hypertabastic proportional or
accelerated failure models
n = Number of observations
p = Number of covariates
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S(t) = hypertabastic survival (reliability) function
S0(t) = Baseline hypertabastic survival function
x = A p-dimensional vector of covariates
 = A p-dimensional vector of constant multipliers for the covariates
t = Age (years)
ti = Age for the ith observation (years)
tg = Z(t), a function of , x, and t
TYPE = Type of bridge superstructure [steel (1) or concrete (0)]
W(t) = A function of , , and t
Z(t) = A function of , x, and t
 = A positive constant
 = A positive constant
i = constant (0 or 1); depends on whether ti is a right censored observation
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Appendix B
The log-likelihood equation coded in Mathematica software is shown in this appendix.
The code was used to find the parameters for hypertabastic survival model using NBI
2012 dataset.
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