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ABSTRACT

THE STRONG LAW OF LARGE NUMBERS FOR U-STATISTICS
UNDER SEMI-PARAMETRIC RANDOM CENSORSHIP

by

Jan Hoft

The University of Wisconsin-Milwaukee, 2018
Under the Supervision of Professor Gerhard Dikta and Professor Jay H. Beder

We introduce a semi-parametric U-statistics estimator for randomly right censored
data. We will study the strong law of large numbers for this estimator under proper
assumptions about the conditional expectation of the censoring indicator with re-
spect to the observed life times. Moreover we will conduct simulation studies, where
the semi-parametric estimator is compared to a U-statistic based on the Kaplan-
Meier product limit estimator in terms of bias, variance and mean squared error,

under different censoring models.
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Chapter 1

Introduction

Assume that X7, ..., X, are independent and identically distributed (i.i.d.) random
variables (r.v.) on R, which are defined on a common probability space (2, A, P).
Denote their common probability distribution function (d.f.) by F. For some
1 <k<nlet¢:R¥ — R be a symmetric Borel-measurable function. Define the

target value
k
O =Elp]= [-- [ o || dF. (1.1)
[T

Examples of this kind of parameters include the expected value, variance and any
higher moments of X, depending on how ¢ is set. One approach to estimate those
integrals is given by the so called U-statistics. To obtain this estimator we need to

replace the true d.f. F' by the empirical d.f. F,, which is defined by

1 n
=1

Now plugging F,, into (1.1) yields

[ oTLam = 33 o

i1=1 =1

The expression on the right hand side in the equation above is known as V-statistic.
It includes repeated observations. An unbiased estimate of #*, based on distinct

observations only, can be introduced as

Upn(0) = (Z)_l % A(Xi, s Xi) | (1.2)

1



where the sum iterates over all sets {i,...,ix} s.t. 1 < iy < ip < ... < i, < n. We
call (1.2) U-statistics of order k. In Lee (1990) it was shown that the U-statistics
is the unbiased minimum variance estimator for (1.1). Observe that for k = 2,

equation (1.2) simplifies to

2(9) = s 3 30 015 X))

1<i<j<n

and we have

E[Us.n(¢)] = / / ¢dFdF .

We will call ¢ the kernel of the U-statistics. Consider the following examples for

different kernels ¢.

Example 1.1. Suppose X ~ F's.t. the second moment of X is finite. Moreover let

é(x1, 1) =271 (1 — x9)?. Then we have

o — /_ Z /_ : %(xl — 202 F(day) Fday)
~ Var(X)

The corresponding U-statistics is therefore estimating the variance in this case.

Example 1.2. Suppose X ~ F s.t. the expectation of X is finite. Then the r-th

probability weighted moment of X is defined by

B = / " a(F () F(da)

oo

for r > 1. Now consider that the following holds true

Bro1 = /---/%max(ml,...,xT)F(dxl)...F(dxr) )
Rr



compare Lee (1990), page 9. Thus we can estimate (,_; by choosing the kernel

1

o(x1,...,x,) = ;max(:z:l, ey Ty)

for the corresponding U-statistics. Now let r = 2. Then the U-statistics with kernel
d(x1,79) := 271 - max(xy,27) is an estimator for 3y, the first probability weighted

moment.

In lifetime analysis, one often deals with the problem of incomplete observations.
The incompleteness is often caused by censoring. In this thesis we are concerned
with right censored data. A framework to model this kind of data is provided by
the Random Censorship Model (RCM). Here we observe data of the form (Z;, 9;)i<n
where the Z; are the observed sample values, which might include censoring and
the ¢; indicate whether the corresponding Z; was censored or not. Here the se-
quence (Z;, 6;)i<n is assumed to be independent and identically distributed (i.1.d.).

Furthermore we can write for i =1,...,n

Zi = mm(Xl, Y;) and 51 = [XiSYi

where X; denotes the true lifetime and Y; is the so called censoring time. The se-
quences (X;);<n and (Y;);<, are assumed to be i.i.d.and to be independent of each
other. Throughout this work the probability distribution functions (d.f.) of X, Y
and Z will be denoted F', G and H respectively. We assume that those d.f.’s are

continuous and concentrated on R, := R N[0, co].

One way to derive new estimators for #*, based on our observations (Z;,d;)i<n
instead of (X;)i<,, is to substitute the true d.f. F' by an appropriate estimate.

Following the calculations in Chapter 7 of Shorack and Wellner (2009), one may



find those estimators by considering the cumulative hazard function of F'

Az) = /0 %MF(dt) _ /0 %mHl(dt) |

with H'(2) = P(§ = 1,Z < z). An estimator for the cumulative hazard rate was

introduced by Nelson (1972) and Aalen (1978), i.e.

: 1 "N 0ilizi<n
ME) = —— HY(dt) = =
(2) /0 1— H,(t-) adt) Zn—Ri,nH ’

=1

where

1 n
Hy(2) = - D lizi<s
i=1

is the empirical version of H' and R;,, denotes the rank of Z; in a sample of n. Noting
the fact that 1 — F'(x) = exp(—A(z)) and using the approximation exp(—z) ~ 1 —z

yields the following estimator

1-Fz) = ] (”—_Rw)%exp(_%(z)),

n— R; 1
i Z;<z im T

The estimator above is the well known Kaplan-Meier product limit estimator (PLE).
It was introduced by Kaplan and Meier (1958). If one can not make any further
assumptions about the censorship, in addition to the RCM, then the Kaplan-Meier
PLE is the commonly used estimator of the true d.f. F. Note that F*™ can be

expressed in terms of ordered observations as
n 1
Ofiin) {Zin <2}
1— FF(z) = - —
n(2) H ( n—1i+1
=1
where Z1., < ... < Z,., and J|;.,) denotes the concomitant of the i-th order statistics,

i.e. O] = 0; whenever Z;.,, = Z;.

Let’s go back to our integral equation (1.1) and consider the case k& = 1. In this



case we have

0*::/¢dF. (1.3)

Replacing the true F in the integral equation above by F*™ yields
Sin(e) = [ odEim =3 6(Zu)WE
0 i=1
where I/Vfg"” denotes the weight placed on Z;.,, by F¥™, that is,

WEm = FF™(Zy) — E¥™(Ziz1.)

(s )
n—i+1lai\n—j+1 '

It is easy to see that the Kaplan-Meier estimator only puts mass at uncensored

Z-values, since

VVi,rT = i—1 s .
1 H[L—“”]>O if Oji = 1

n—i+1 n—k+1
k=1

The strong law of large numbers (SLLN) for S{7(¢) has been established by Stute
and Wang (1993). Let’s now consider the case k = 2. Define the following estimator

for n > 2

SE(0) = SN 6 Zim, Zim) WEEWER

1<i<j<n
The above estimator will be called Kaplan-Meier U-Statistics of degree 2. The strong
law of large numbers for Ué‘;’;} has been established by Bose and Sen (1999). The

asymptotic distribution of this estimator has been derived in Bose and Sen (2002).

Remark 1.3. In Bose and Sen (1999) the normalized version of S§7(¢) was intro-



duced as

m ¢ Zi:n> Zn VVrkaTkaT
sin(g) 2z, O G L)W Wi

Siw) 20 W

1<i<j<n

The normalizing factor (S57'(1))~' was motivated by the fact that the following

holds true for uncensored data

kmyy/km -1
Wi Wi B <n)
Emiy/km '
> WanWwin 2
1<u<vn

This normalization, under proper conditions, leads to a smaller asymptotic bias, as

shown in Remark 2 of Bose and Sen (1999).

In addition to the assumptions of the RCM, we make the further assumption
that

m(z) =P =1|Z =2) =E(§|Z = z2)

belongs to some parametric family, i. e.
m(z) = m(z,0)

where 0y = (0o, ...,60,) € © C RP. This framework is called the semi-parametric

Random Censorship Model (SRCM). Dikta (1998) introduced the following PLE

X 1 m(Z;,6n)
- = 11 (1_n—R«~|—1> '

0:2;<z

Uniform consistency and a functional CLT result were established for F“! by Dikta

(1998). Here 0, denotes the Maximum Likelihood Estimate (MLE) of 6. That is,

~

6,, is the maximizer of



Later in Dikta (2000) another semi-parametric estimator was introduced, i. e.

mZ“én
1-Fz) = [] (1—#) .

0:2;<z

In this thesis we will consider integrals of measurable functions w.r.t. £°°. By
replacing again the true d.f. F' by F?¢ in equation (1.3), we obtain the following

semi-parametric estimator

/ ¢dFse_Z¢ W

where

m(Z”L én) = m(Zn én)
se __ ) 1— ATy nJ
Win n—i+1H n—j+1

j=1
is the mass assigned to Z;, by F;°. WD will be called i-th semi-parametric weight
throughout this document. The SLLN and the CLT for the semi-parametric estima-
tor 575, have been established in Dikta (2000) and Dikta et al. (2005) respectively. In
Dikta (2014) it is shown that Sy, is asymptotically efficient. Moreover Dikta et al.
(2016) shows a way to derive strongly consistent, asymptotically normal and effi-
cient estimators from solving a Volterra type integral equation by different numeric

schemes. One of the estimators derived is

sicdo) = [ earzee - Zcb W
0

where

W§e,2 _ m(Zi:na én) ﬁ 1— m(Zj:na én)
o n—i+1 n—j+m(Z,) |

j=1
This estimator is a proper distribution function, while 575, and S ™ are sub-distribution

functions if the largest observation is censored.



During this thesis we will establish the strong law of large numbers, under proper

conditions, for the following estimator

S;fn(Qb) = Z Z ¢(Zzna Zjn)Wz‘ffLVVﬁfz :

1<i<j<n

We will call S35, semi-parametric U-Statistic or semi-parametric estimator through-

out this work.

The main result of this thesis is stated in the following theorem.

Theorem 1.4. Suppose that conditions (A1) through (A4), (M1) and (M2) hold

(see Chapter 2). Then the following statement holds with probability one

1 TH TH
tim sp0) =5 [ [T elspasF@

In the remark below, we will compare the limit above to the target value E[¢].

Remark 1.5. Suppose the conditions in Theorem 1.4 holds. Recall the target value

_ /0 ” /0 " (s ) F(ds)F(dt) .

Now let’s compare the limit in Theorem 1.4. Since ¢ is non-negative by condition

from Chapter 1

(A1), we have

//¢st (ds)F(dt) //¢st (ds) (dt)—%E[gb]

Therefore the following holds

26%@%+Amlm¢@ﬂﬂ%ﬁWﬂéEM~

8



Remark 1.3 shows a normalized version of S§™ which was discussed in Bose and

Sen (1999), Remark 2. Similarly we will extend the result of Theorem 1.4 to the

normalized version of the semi-parametric estimator, in the following remark.

Remark 1.6. Assume conditions (A1) through (A4), (M1) and (M2) are satisfied.

Consider that, according to Theorem 1.4, we have

1 [ [T 1
Sse(1) = ZZWMWM — 5/0 /0 F(ds)F(dt) = 5Fz(m) :

1<i<j<n

almost surely. Therefore the following statement holds true

i 38 - [ [ oo

almost surely.



Chapter 2

Notation and assumptions

In this chapter we will state the main definitions and assumptions used throughout
this work. We will start by defining the estimator to be considered and introduce

all necessary notation for the remaining chapters.

2.1 Definitions and notation

Define for n > 2

and

S50(9) =D Y N Zim Zin) WiW s, -

1<i<j<n

Furthermore let

_ 4Zw) T7[,_ _4Zen)
Wl =5 1 =

and

Su(a) =Y Y W Zins Zin) Win (@) Win(9)

1<i<j<n

for some measurable function ¢ s.t. ¢(t) € [0, 1] for all t € R, . Next define

]:n = O-{leny RS Z’VZI’VH Zn+17 Zn+2’ e } ’

10



The following quantities will be needed in section 4.1. Define for n > 2 and s <t

n 1— Z {Z},<s}
=11 [1 ] ’“)]

n—Rkn

=

—_

3

Cls,q) == {1—_%9)

1z s<Z:.
- n — 7/ _'_ 2‘| {Zz—l:n< SZzn}

)

n 1 q(Zk) 21z, <53 ™ 1 — q(Zk) Lis<zy, <t}
D = 14— 14—
n(s,t,q) H|: +n—Rkn+2} +n—Rkn+1
k=1 ’ k=1 ’
A, (s,t,q) :==E[D,(s,t,q)]
An(s,t,q) =E[Cy(s,q)Dy(s,t,q)]

and

D(s,t,q) :=exp (2 /05 L_—%H(dx) +/ f:—%f[(dm)) :
We will write B,,(s) = By(s,q), Cn(s) = Cn(s,q), Du(s,t) = Dp(s,t,q), Ap(s,t) =
An(s,t,q), An(s,t) = An(s,t,q) and D(s,t) = D(s,t,q). Next let

= Z Z ¢(Zzn7 Z]n)mn(Q)W]n(q)

1<i<j<n

where

W)= = 11 (-2

Moreover define for s < ¢

5 [ [ s oeawes ([0 )
X exp ( /O t L_—%H(dxo H(ds) H (dt)

and

11



X exp ( /0 t f:—%ﬂ(d@) H(ds)H(dt) .

We will write S, = S,(q), Wi, = Win(q), S = S(q) and S = S(q) throughout this

thesis. Moreover we define 7y = inf{z|H(2) = 1}.

2.2 Assumptions

The following assumptions will be needed, in order to establish Theorem 1.4:

(A1) The kernel ¢ : R?> — R is measurable, non-negative and symmetric in its

arguments. In effect ¢(s,t) = ¢(t, s) for all s, € R,.
(A2) H is continuous and concentrated on the non-negative real line.

(A3) The following statement holds true

TH [TH <;5(5,t)
/0 /o m(s, 0o)m(t,6)(1 — H(s))e(1— H(t))eF<d3)F(dt) <00

for some 0 < e < 1.

(A4) m(z,0) is non-decreasing in z.

Here condition (Al) is a standard assumption for U-Statistics (c.f. Lee (1990)).
Assumptions (A2) is the same as in Dikta (2000). (A3) is here the 2-dimensional
equivalent to the condition in Theorem 1.1 of Dikta (2000). Condition (A4) poses
an additional restriction on the censoring model m here. We will discuss the restric-
tions imposed by (A4) and see examples of different models for m, which satisfy
this condition in Chapter 5. Moreover, Chapter 6 shows simulation studies under

different choices for m.

We will need the following assumptions about the Censoring Model m and the

Maximum Likelihood estimate én:

12



(M1) 6, is measurable and tends to  almost surely.

(M2) For any ¢ > 0 there exists a neighborhood V (e, 6y) C © of 6y s.t. for all
RS V(E, 90)

sup |m(z,0) —m(z,6p)| < €.
2>0

Condition (M1) above guarantees the strong consistency of the MLE. (M1) and
(M2) are identical to (A1) and (A2) in Dikta (2000).

13



Chapter 3

Existence of the limit

In this chapter we will establish basic properties of E[S,|F,+1]. A representation for
E[S,|Fn+1], which is similar to the result established in Bose and Sen (1999), Lemma
1, is derived in Section 3.1. In Stute and Wang (1993) the proof of existence of the
limit of the considered estimator was based on the fact that the conditional expec-
tation above was a reverse supermartingale in their case. Later in Dikta (2000) and
in Bose and Sen (1999) the same type of argument was used for the estimators they
considered. We will not be able to establish the reverse supermartingale property
for S5, in general. But we will be able to state a condition on ¢, s. t. Sy (¢) is indeed
a supermartingale. This will be discussed in more detail in Section 3.2. Section 3.3
will show how this implies the almost sure existence by the same argument as in

Stute and Wang (1993).

3.1 Preliminary Considerations

We will first derive an explicit representation for E[S,,|F, 1], which is similar to the

one established in the proof of Bose and Sen (1999), Lemma 1.

Lemma 3.1. Define for1 <i<j<n

Qi ji<n
Q=
n+1 _ ("+1)7Ti7fn(1—Q(Zn:n+1)) -
Q; it D@y J =0t

14



where

) i—1 o ? TTi+1

r=1

and

i—1
—k+1—q(Zim
m— [ Akt L )
el n — k + 2 — Q(Zk:n—i—l)

Then we have

S “’T_-?H-l ZZ zn-i—la ]n+l)Wzn+1VV]n+lQn+l .

1<i<j<n41

Proof. We will need the following result for the proof of lemma 3.1. Let

i—1
T,
A= .
T Z |:’I’L —r+2- Q(Zrzn-i-l)

r=1

for 1 <14 < n with 7; as defined above. Note that m; = 1, since the product is empty
and hence taken as 1. Therefore we have A; = m; = 1. Moreover the following holds

true forany 1 <:<n-—1

. e
Aip1 = -
+1 7T+1+Tzl{n—r+2—Q(Zr:n+1)}

n—i+1 —q(Zz-:m)} — { m } { m
=T - + + -
|:n—7/+2—Q(Zi:n+1) rzl n—T‘—i—Q—q(ZT:nH) n—2—|—2—q(Zi:n+1)

i—1
T,
; |:n —r+ 2 - Q(Zr:n+1):|

=A; .

And therefore

1 == Al - AQ C = Anfl - An . (32)

Now let’s establish the statement of Lemma 3.1. Let F)? denote the measure that

15



assigns mass to Zi.,, . .., Znn, then

S ‘fnJrl = ZZQS zn; j,n|fn+1]

1<i<j<n

- ZZ Zints Zjins ) Fi{ Zina 1 R Zjina H F]

1<i<j<n+1

= ZZ zn—i—lv ]’Vl+1) [Fg{Zi:n-&-l}Fg{Zj:n-&-l}|]:n+1] :

1<i<j<n+1

Consider for 1 <i< j7<n

EIFS Zina P Zjin1 } P
n+1

r=1

Define the set A,,, :={Z,411 = Z,.ns1}. Note that on A,,, we have for 1 <[ <n+1

Zln l<r
Zl:n+1 —
Zl—l:n I >r
and therefore )
Wi U<
F{Zin1} =40 l=r -
M/l—lzn l >r
\
We have
n+1
Z Fg{Zzn+1}F’g{Zjn+1}I{Zn+1:Zrn+l}
n+1
= FHZini1}YFH{ Zjnir Ha,,
r=1
i—1 -1 n+1
— ZW’L 1nVVj 1n]A7n + Z VVanj 1nIA7nn + Z VVZTLW] nIArn
r=i+1 r=j+1

16
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== T1 -+ T2 + T3 . (35)

Let’s now consider each of the sums 7}, T», and T3 in the above equation individually.

First consider T;. We have

r—1 i—2
in+1 q<Zk:n+1) q<Zk:+1:n+1)
= 1 — ATt/ 1 — Dkl
Sy e T e T
r—1 j—2
(Z ) (Zrs1ns1)
jin+1 kin+1 q\Lk+1:n+1
1—-— |1
n—j—I—ZH{ n—k—kl]]!_[r{ n—k+1] Arn

using (3.3). Next we will continue to find an expression for 7} in terms of W41

and W, 1. We have

i—2

r—1 —
zn—H) Zk n+1 Zk+1 n—i—l)
hi= Zn—z—I—Qk_l[l n—k—kl}H{ n—k—i—l]

k=r
r—1 Jj—2

Q(Zj:n+1) Zk n+1 Zk+1 n+1)

intl) 1 — -1
Xn—j—i—ZH n—k:—i—l H n—k+1 |

k=1 k=r
i—1 r—1 i—2

_ ¢(Zin+1) H 1_ 4(Zin41) U Zis1m+1)

n—i+2k: n—k:+2 Con—k+1

r— 2
4(Zjn+1) : q(Zy. n+1 = ¢(Zks1:n+1)
w DZint) TT 1y Whrrni) |
n—=~k+2 n—k+1 m

r—1 Zkima1
| [1 - q;—kkﬁ)}
X
r—1 Zroima1
[T |1 - 2]
i—1 r—1 1—2
_ Q(Zmﬂ) 1_ Q<Zk:n+1) 1— Q<Zk+1:n+1)
Tzln—i+2k: n—k+2 n—k+1
r—1 i—2
o q(Zjnt1) 1_ q(Zrny1) ]1—[ 1 q(Zrt1:n11) 7
n—j+2.4 n—k+2]L n—k+1 | 4

17



. r—1 |:n—k+1—Q(Zk;n+1>:|2rl |:n_k+2:|2
k=1 n_k+2_Q(Zk:n+1) k .

Using index transformation on the products [[;_~[...] and [[J_2[. . ] yields

r—1

— in Z n ) 3 Q(an 1)
T — +1) kn+1 B +
! n—2+2kl_[1{ n—=Fk+2 kgrl n—=Fk+2
r—1 j—1
q<Zj:n+1) (an+1) Q<Zk:n+1)
EASVECa Y 1 — TRt/ _
Xn—j+2l£[1 n—k+2 knl n—k+2| 4

y 1:[1 {n—k+1 —q(z,mﬂ)rﬁ [n—kmr
Pl n—k+2—q(Zyni1) - n—k+1
_ — q(Zi:nJrl) ﬁ |:1 _ Q(Zk:n+1):| |:1 o q(Zr:n+1) :| -

:ln—z+2k:1 n—k+2

M) TT 1 )] [, )] B

n—j+2k:1 n—=k+2

Xﬁ{n_kﬂLl_Q(Zk:nﬂ)rﬁ{n—k‘vLQr
U=z L
-1 r-1 2r—1 2
n—k’+1—q(Zk:n+1)} H{n—k’+2}
|

i—1
:‘/Vzn W'n

[ n—r+2 r
Ia,,
n—r+2-— Q(Zr:n-i-l)

Note that

n—k+2 n+1 n n—r+4 n—r-+3
n n—1 n—r+3 n—r+2
n+1
n—r+2°

and recall the following definition

m = ﬁ [n —k+1—-q(Zn+1)

L Ln= k+2—q(Zens)
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Now we finally get

i1 -1 2
n—k+1—q(Zyni1)
Ty = Wi Win
1 n+1 W, +1;k_1 [n_k—|—2—q(Zk;n+1>
n+1 17 n—r+?2 2
n—r+2| (n—r+2—q(Zns1) o

n+1 ’
- i\n Wn : I '
n+1VV g, +1;7TT, |:77,—7’+2—Q(Zr:n+1)} Are

Next consider T;. We will, again, firstly express T» completely in terms of the

ordered Z values w.r.t. order n + 1 using (3.3). Consider

j-1 -
an)
T:
? n—z—i—lH{ n—k—l—l]

r=i+1 k=1

A )]

n—j+2 P n—k+1

i—1
_ Z zn—i—l H 1— q<Zk:n+1>
i n—z—l—lk: n—=kFk+1

r—1 j—2
q(Z] n+1) Q(Zk:n—i-l) q<Zk+1:n+1)
D2t TT |y — LZhentd) | — Lokt U
Xn—j+2U n—k+1 g n—k+1 |

Now let’s find a representation of 175 which relies on W; ,, 11 and W; .41 only. Consider

i—1 . i1
T, — ]Z n—1i+2 (](Zi:n-i-l) H 1— Q(Zk:n-l—l)
2 - n—it+1| |n—i+2 P n—=~kk+2

=1

r—1 j—2
Q(Zj:n+1) q(Z.: n+1) Q(Zk+1:n+1)
A A | | AR 1 — 2R/
8 1= n—k+1 La,

n—j—|—2k:1 n—=k-+2 -
ﬁ{n—kle—q(anH)]i—[{ —k+2]
Pl n—k+2—q(Zyn1) Pt n—k+1
ﬁ{n—lﬁtl—q(Z nﬂ)} - {n—k%—Q]
k=1 n—=k+2—=q(Zrni k=1 n—k+1
o n—1+2 Q(Zi:n—‘rl) ﬁ 1_(](an+1)
n—i+1| |[n—17+2 Py n—k+2
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i1 i1
n—k‘+1—q(Z;m+1)} [n—k—{—?}

X
Hln—k—l—Q—q(Zk:nH) H n—k+1

k=1 k=1
i1 r—1 i—2
) j Q(Zj:.n—i-lg H [1 B Q(Zk];n—&—l;] ]1—[ {1 _ Q(Zk+];:n+i):| Iu.
ST T neRkT2l n— R
Xﬁ [”—k+1—Q(Zk:n+1)} ﬁ {n—k+2}
U=y ze ) L ]

Applying (3.6) to H;;ll[. ..] yields

T, — n+1 q zn+1 o an-l—l)

2 n—i+1||(n—17+2 P T n—k+2
XH{n—k+1—Q(an+1)]
n—k+2—q(Zrn1)

q q(Z ) o q(Z )
jn+1 kn+1 k+1:n+1

1 — DZemtl) ” 1 — DEerlmrl)
XZ —j—i—ZH[ n—k—i—Z]kr[ n—k’+1] "

r=i+1

n—k+1—q(an+1)} i [n—k%—Q}
XH{n—k‘jLQ—q(anH) kl_[l n—k+1

_{ n+1

n—i+1} sk

q + i q(Z ) o q(Z )
jn+1 kn+1 k+1:n+1
1 — DZemtl) ” 1 — DEerlmrl)
. Z _]+21H[ n—k:—l—Z]kr[ n—k’+1] Arn

r=i+1

XH{n—kle—qanH}ﬁ[n—k%—Q}
n—k+2—q(Zyn) e n—k+1|"

Again doing an index transformation on Hij[ ..] yields
n+1
= |———| Winnm
[n—i+1] i
r—1 7j—1
n Q(Zk:n—H) Q(Zk::n-l—l)
o3 W) Ty )] ] [ )],
LTIt 2 n—Fk+2 k=r+1 n—k+2
r—1 r—1
—k+1—q(Zgp —k+2
XHF + q(Zy: H)}H[n + ][Am
Pl n—k+2—q(Zyni1) P n—k+1
_ mHZn*‘ ZC] g+1H1_Q( kn+1) 1_(]( nt1)
z+1 = n—j+2k 1 n—=k+2 n—r+2
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X

r1{n—k+1—q(ka+1)}Tl—[{n—k+2
1 n_k+2_Q<an+l)

n+1
n—i+1

j—1 r—1 r—1

n—k+1—=q(Zeni)] g [n—k+2
S e
r=i+1 k=1 kent 1)1 320
n—r-+2

X
n_r+2_Q(Zr:n+1)

k=

= m,n+1Wj,n+17Ti

Arn :

Now applying (3.6) to the latter product yields

j—1
n+1 < n+l
I = WinaWjnpmi———— r Lara -
2 = Wi a:+1Wn_z+1r§fn—r+z—q<zm+l>AT"

We will proceed similarly for T3. Consider

n+1
Ty= Y WinWinlia,y -

r=j+1
Note that for j = n+ 1 the sum above is empty and hence zero. Consider for j <n

i—1

=% MHP_M]

r:j+1n—z+1k: n—k+1

=

L Zin) 7 [[1- 2% 1

n—]—l—l i n—k+1
n+1 1—1
_ Z zn—i—l H 1— Q(Zk:n—l-l)
n—1+1 n—k+1
r=j7+1
i—1
Q(Zj;n+1) ] Q(Zk:n+1)
X ——" 1l——=11
n—j—i-lk[[l n—k+1] @
n+1 . i—1
_ Z n—1+2q¢Zins1) H 1 4 Zrint1)
—~ n—1t+1n—3i+2 n—=~k+2
r=j+1 k=1

‘ i—1
Xn_J+2Q(Zj:n+l)h 1_Q(Zk:n+1)
n—j—l—ln—j—I—Q n—=k+2

XH n—k+1—q(Zrni1) ﬁ n—=k+2

n—k+2—q(Zrni1) n—k+l

k=1

21



j1 i
n—kf‘l—l—Q(Zk:n-i-l)} [n—k+2}
) — 1
l}ill {n_k+2_Q(Zk:n+1) g n—k1| At

r=j+1
= n—k+2 i1 n—k+2
B — — |1 )
X}H{n—k—i—l}ﬂ{n—k—i—l} {den}

Again, by (3.6), we have

n+1
(n + 1)271'@'77']'

T = Wi naiWina11 .
=) (n—i+1)(n—j+1) mHr7amtiiidm)

r=j-+1
Therefore
n 2 n+1 )
WinciWipamim; % Z ]]‘{Arn} J<n
0 j=n+1

for 1 < i < 7 <n. Next, substituting the expressions for 77, T, and T3 in equation

(3.5) together with the fact that

1
n+1

]E[[A «Fn-i-l] -

’r’n|

yields

B Zin 1 S Z o} P

= E[T\ + T + T3 Fry1]

i—1 2
n+1
r=1

n—r+2-— Q<Zr:n+l

7j—1
n+1 n+1
- E[l4. |Fn
+r§17r7r |:TL—Z—{—1:| |:n_r+2_Q(Zr:n+1):| [Arn‘ +1]
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+7TZ"/Tj

(n—i inlj(i)—j +1) (1= Tynin] D EUAm\an]}

i=j+1
1—1 2
1 n+1
- in Wn X 2
1YY jnt1 |:n+1:| {Zﬂr [H—T—FQ—Q(ZMLH)]

r=1
7j—1
n-+1 n+1
r;l n—i+1] [n—r+2—=q(Zrni1)
(n+1)2
i ————|1 — Iy, .
+7T7T.7n_2_|_1[ {] +1}]

Next consider that we have

E[FH{ Zini1} F Z i H Fnra

i—1 2
Ty
= i,n+1Wj7n+1(n+ 1) {Z |:n_r—{—2—q(Z +1):|

r=1

j—1
Uy Ty
+n—z—|—1 r;1|:n—7“+2_q(zr:n+l):|+ﬂ-j } .

for 1 <i < j <n. Applying (3.2) yields

E[Fg{Zi:n-i-l}Fg{Zjin-‘r-lH‘Fn-i-l]

i—1 2
Ty
= i,n—l-lVij‘f'l(n—'_]') {Z |:n_r—|—2—q(Z +1):|

r=1

Ur
+ n——i—{—l(Aj — A+ 7Tz‘+1)}

i—1 2
Ty
= i,n+1m,n+1(n+1) {Z |:n—7’+2—q(Z~ +1):|

r=1
i 7Ti7r'i+1 }
n—1t+1

— n+1
= WintaWinn @i .
It remains to consider the case j =n + 1. We have

E[FH Zin1 } FH Zjns1 } Frsa]
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i—1

r=1

- zn+1Wn+1 n+1 n+ 1 {

n

T T
+ n—i—l—lrzi;rl [n—?“+2—q(Zr:n+1)

[n —r4+2- q(Zm+1)] |

)

r=1

i—1 2
= z‘,n+1Wn+1:n+1<” + 1) {Z ln —r+2— q(Z : +1)]

} _; [n —r+ 2%—7" q(Zr:n+1)H }

T - Ty
+ —
n—i4+1 ;{n—quQ—q(ZrmH)
QnH T Ti4+1
1t Whiims (n + ){n—l—l n—it1
T n T 7
+n—i+1 ;{n—r+2—q ,«nﬂ}

Now using (3.2) again yields

ElF{ Zimia P

. |:n_r+2_Q(Zr:n+1):|]} .

r=

Zj:n+1}|]:n+1]

Qnﬂ TiTi4+1
= wn Wn n 1 : - .
1 Wt (n+ ){n—i—l n—1+1
Uv
to T [Ani1 — Tny1 — (Aigr — Tig)]
Qnﬂ T T+1
= in Wn m 1 : - .
Wit (n + >{n+1 n—i+1

+—
n—1+1

Note that for 1 < i < n we have

7T,L(1

[ir1 — 7Tn+1]} :

- Q(Zi:nJrl))

Ti+1 =

Thus we obtain

B Zin 1 FEH Zjon P

Qﬂ—H
? —

2 - q(Zi:nJrl)

TT+1

1t Whgima (n + ){n—l—l
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+—
n—t+1

(1 — ¢(Znint1))
{WH_I 2- Q(zn:n—H) :| }
Q?H . Timn(1 = ¢(Znins1)) }
n+1l (m—i+1)2—-q(Znns1))
Timn(n + 1)(1 — ¢(Znint1)) }
(n—i+1)(2 = ¢(Zpn+1))

= i,n+1Wn+1:n+1(n + 1) {

— n+1
- i,n—l—an—i-l:n—l—l {Qz -

]

The following lemma contains a result on the increases of Q7' w.r.t. i. It is

especially useful, since we can express Q7" as follows
i1
n+1 __ n+1 n+1 n+1
Q7 = Qf +§ (@ — @) -
k=1

The result will be used to establish the reverse supermartingale property for S, in

Lemma 3.3.

Lemma 3.2. Let Q' be defined as in Lemma 5.1 for 1 < i < n. Moreover define

i—1 i—
. n—k+1—q(Zk;n+1)} [n—k—l—Z}
= | | | | —_—
k=1 |:7”l —k + 2— q<Zk:n+1)

Then we have

nl_ ontl (¢ — i) (n—i)(n—i+1) —qa(l —g)n—i+1—q)
e ‘ m—i)n—i+1)(n—i+2—¢)?n—i+1—qi11)
NA _ . 2
Xm(n i+ 2) '
n+1

Proof. For the sake of simplicity we will write ¢; = ¢(Z;.,+1) during this proof. From

equation (3.1) we get

Q?fll - Q?H _ i UL 2 i Ti+1T4-2
n+1 — n—r+2—agq, n—1

25




1 T 2 T
i Z r + z.z—‘rl
n—r-+2-—gq, n—i+1

r=1
_ 7Ti2 Tit1Tid2 T4l
n—1i+2—gq)? n—1 n—1i-+1
q
2 w2n—i+1—q)*(n—1i—q1)

. + . . .
n—i+2-¢) m-i)n—i+2-¢)*n—it+l-qg)
m(n—i+1-—gq)
m—i+1(n—1+2—q)

= ?{ 1 + (n—i+1—q)*(n—1i—qi1)
Clin—i+2-¢)* (n—dn—i+2-q)*(n—i+1-g)
B n—i+1—g }
mn—i+1)(n—i+2—q)
=72 {a(n,i) + b(n,i) —c(n,i)} . (3.7)

Next consider

b(n,i) — c(n,1)

(n—i+1—g)n—1i—q)
m—i)n—i+2—q¢)2n—1+1—q1)
1
m—i+1)(n—i+2—q)
(n—it+l—g)n—i—qu)(n—i+1)
n—i)n—i+1)(n—i+2—-q¢)*n—7i+1—q)
(n—i+2—g)(n—i+1—q1)(n—i

—(n_i)(n—i—i-1)(n—i—|—2—qi)2(n_z‘+1_qu) . (3.8)

:(n—i+1—%)[

:(n—¢+1—%){

Next we will simplify the difference of the numerators above. We have

(mn—i+1l—g)n—1i—qgu)n—1i+1)

—(n—i+2—q¢g)n—i+1—git1)(n—1)
=n—i+l—qg)n—9)(n—i+1)—qgun—i+1—¢g)(n—i+1)

—(n—i+2—q¢g)n—i+1—gr1)(n—1)

=mn—-i+l-g)n—i)n—i+1)—gn—i+1l—g)n—i+1)
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—n—itl=—g)n—it+1—qp)n—i)—(n—i+1—gu)(n—1i)

=n—i+l—qg)n—9)(n—i+1)—gun—i+1—¢g)(n—i+1)
—n—it+1l—g)n—i+D)(n—i)+gnn—i+1—g)ln—1i
—(n—i+1—gi1)(n—1)

= —Grn—i+l—qg)—n—i+1l—qgu)(n—1i.

Hence we get, according to (3.8)

b(n,i) — c(n, i)

qi+1(n—i+1—qi)+(n—i+1—qi+1)(n—i)

=—(n—i+1—gq) m—i)(n—i+t)n—i+2—q)2n—i+1—q1)

Therefore we have

a(n,i) +b(n,i) —c(n, 1)
B 1
(n—i+2—q)
(=it 1-g)+(m—it+tl—g)(n—i+t1—gu)(n—1i)
m—i)n—i+1)(n—i+2—-¢)?(n—i+1—q41)
_ m—i)(n—i+1)(n—i+1—qg1)
(n—i)n—i+1)(n—i4+2—-q¢)?n—7i+1—qi)
G —itl-g)+(n—it+tl—g)n—it1l—gu)(n—1i)
m—d(n—i+1)n—i+2—q¢)2n—i+1—q41) '

Consider again the numerator of the latter expression. We have

=(m—i)n—it+)(n—i+1—qgu)—qunn—i+l—g)?
—n—=i)n—i+1l—-qg)n—i+1—q)
=qgn—i)(n—i+1—=gp)—gnn—i+l-g)’
= q(n—1)* + ¢:(1 = gip1)(n = 1) = gipa(n —9)?
= 2¢i11(1 = ) (n — 1) — g1 (1 — @:)°
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= (¢ — qiy1)(n —)* + qi(n — 1) — gqiz1(n — 1)
- 26]i+1(” - Z) + 261in'+1(” - ") - %H(l - %)2

= (¢ — qit1)(n — > + (¢ + GiGit1 — 2¢i+1)(n — 1) — g1 (1 — ¢;)°
Thus we get

a(n,i) +b(n,i) —c(n, 1)

(¢ — ¢ip1)(n — i)Z + (¢ + ¢iGi+1 — 2qi41)(n — 1) — g1 (1 — %)2

m—i)n—i+1)n—i+2—¢)?(n—1i+1—qp1)
_ (6= i) (n — 1) + (6 — ¢i41) — g1 (1 = @0)) (0 — §) — gia (1 — g;)?
(n—i)n—i+1)(n—i+2—¢)*n—i+1—q1)
(¢ — qr)(n—i)(n—i+1) =gl —g)n—i+1—q)

- n—in—i+Dn—i+2—¢)2Mm—i+1—qp) (3.9)
Finally note that
T = n——l—lﬁ {n — k41— q(Zpns1)
n—i+2.0 n—k+2—q(Zrnt1)
- n”_—fiQ (3.10)

with 7; as defined in Lemma 3.1. Now the statement of the lemma follows directly

by combining (3.7), (3.9) and (3.10) O

3.2 5, is not a reverse supermartingale in general

As discussed in Chapter 1, the strong law of large numbers for Kaplan-Meier U-
statistics was established by Bose and Sen (1999). Recall the definition of the

estimator they considered:

1<i<j<n
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with
i1

5 St

The proof of existence of the almost sure limit S = lim,,_,~ S’,f

" was here essentially
based upon a reverse supermartingale argument together with Neveu (1975), propo-
sition V-3-11. In Lemma 1 of Bose and Sen (1999) a representation for E[S57|F, 1]

was derived, which is similar to Lemma 3.1 in this thesis. It was shown that

E[Syn |7

n+1 zn+17 ]n+1)VV1n+1W]n+1 )

1<z<j<n+1

for 1 <1i < j <n. Here ijm is defined as follows

Q™ if j<n

with

Qi : i o [n— 1 4 2] P
¢ n+1 "In—r+1

. n—wm—2+%]”“}.

(n—1i+1)?

pttn i +2)|!

Next Bose and Sen (1999) show that Q™ < 1 for 1 < i < j < n, in order to
establish the reverse supermartingale property for (S** F,). However their proof

relies on the fact that
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But the corresponding statement is not true for W;.,,(¢), since we have in general

that

o Q(Zzn) r q(an)
Wiala) = n—i+1H {1_ n—k’%—J

k=1
-1 (Zk:n)
4(Zin) 1 !
— l—— .
%n—i—i—lll_[l{ n—k+1

In Dikta (2000), the following estimator was considered

Sf,en = Z¢(Zln)wzs7ez :
i=1

The proof of existence shows here a similar structure, as the one by Bose and Sen
(1999). In Lemma 2.1 of Dikta (2000), it was shown that E[u,{ Z1.n41 }HFns1] = WP,
and for 2 <i<n

E[Nn{Zi:nJrl} FnJrl] = W:LQi

where 1, is the measure assigning mass W;.,, to Z;., and

i—1
Tk
QFf =m+ .
; n—k+2—q(Zrni2)
Here 7; is defined as in Lemma 3.1. Furthermore it was shown that Q¢ = @75, =1

for all 2 < ¢ < n, which, among other arguments, implies the reverse supermartin-

gale property for S7¢.

The discussion above shows that we can not establish the supermartingale prop-
erty for S, without further restrictions, by the same arguments as were presented

in Bose and Sen (1999) and Dikta (2000).
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In the following Lemma we will establish the supermartingale property for S,

under the additional assumption that ¢ is non-decreasing.

Lemma 3.3. Let q(z) be non-decreasing for all z € R,. Then S,(q) is a non-

negative reverse supermartingale.

Proof. First note that

ntl mmy  (n+1)n—q) nn+1)—q®n+1)
Q' = (n+1)22 = s e oy B B CRRY

Recall that we have

i ' (n—i)n—i+D(n—i+2—q)2(Mn—i+1—q)
" 7ti(n — i+ 2)3

— (3.12)

according to Lemma 3.2. Next consider that we have
¢ —¢i+1 <0 and ¢(l—q)>0,
since ¢(z) is non-decreasing in z. Combining the latter with equation (3.12) yields
Qi <0 forall te(0,00) . (3.13)

Consider that we can write Q7" as

—1
Qi =Qrt + ) (QpH — Qi)

k=1

Applying inequalities (3.11) and (3.13) to the above equation yields Q7" < 1 for
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all ¢ < n. Next recall from Lemma 3.1 that

Q! j<n

n+1
]

n+1 (n+1)7ri7rn(1_q(zn:n 1)) -
Qi — e gy J=nt

Thus ZH <Mt <1lforalll <i< j<n+1 Now the latter together with

Lemma 3.1 imply the statement of the Lemma. ]

The assumption that ¢ is monotone non-decreasing in Lemma 3.3, is transfered
to the censoring model m by (A4). This restricts the choices of censoring models
m. Examples for non-decreasing m include the proportional hazards model (see
Example 5.1). We will discuss the above mentioned restriction and give examples

of different censoring models in Chapter 5.

3.3 Existence of the limit

During the preceding section we have seen that S, (q) is a reverse supermartingale,
whenever ¢ is monotone non-decreasing. We will now show how this implies the

almost sure existence of lim,, ., S,(¢q), by a standard argument.

Let Fo = ﬂn22 Fn. The following result applies the Hewitt-Savage zero-one
law, in order to show that F, is trivial. It will be useful in order to prove Theorem

3.5, because it implies that E[S,|F] = E[S,].

Lemma 3.4. For each A € F we have P(A) € {0,1}.

Proof. Denote Z := (Z1,Z5,...) € R® and let 1 < n < oo be fixed but arbitrary.
We will use the Hewitt-Savage zero-one law to prove the statement of this lemma.

Let m be a map

7 (R, B(R*®)) — (R*, B(R™))
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(Zl,ZQ, ce ,Zn,ZnJrl, .. ) — (Zﬁ-(l),Zﬁ-(g), .. .,Zﬁ-(n),ZnJrl, .. ) .

where 7 is some permutation of {1,...,n}. Denote by II, the set of all n! of such
maps. We need to show that for all A € F and for all my € II there exists
B € B(R™) s.t.

A= {w|Z(w) € B} = {w|m(Z(w)) € B} . (3.14)

Let A € F, then A € F, for all n € N. Note that each of the maps = € II,, is

measurable. Hence the map

(R, B(R™)) — (R*, B(R*))

(Z1,Zy ooy Doy Zpgts - o ) > (Ziony ooy Loy Zont1y Lty -+ - )

is measurable. Therefore there must exist B € B(R>) such that

A=Aw|(Z1n(W), ..., Znn(w), Zpni1(w), Zpnia(w),...) € B} .

Thus we can write A as

Consider that
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as a countable union of sets in B(R*). Moreover note that

U@ = U monB),

TI'EHn TI'GHn

since the union is iterating over all = € II,,. Thus we obtain

A= {w[Z € U (’/Tooﬂ')_l(é)}

mwell,

= U {wlZ e momn(B)}

welly,

- {w|7r0(2) 6%‘1(3)}

well,

- {w|7r0(Z) € B} .

Whence establishing (3.14). O
Theorem 3.5. Let q(z) be non-decreasing for all z € R,. Then S,(q) converges
almost surely to some limit Sy, and the following holds almost surely

Se = lim E[S,] .

n—oo

Proof. According to Lemma 3.3, (S,, Fn)n>2 is a non-negative supermartingale.
Hence S, converges almost surely to a limit S, according to Neveu (1975), Lemma
V-3-11. Moreover we have

Se = lim E[Sy|Fu] (3.15)

n—o0

almost surely, according to Lemma V-3-11. But now Lemma 3.4 implies that the

limit on the right hand side of (3.15) is almost surely constant, in particular

Seo = lim E[S,] .

n—oo
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Chapter 4

Identifying the limit

In the previous chapter we established the existence of the limit lim,, ,, S,(q). We
will now continue to identify the limit lim,, o, S5, = lim, Sp(m(-, én)) through-
out this chapter. The interdependence structure of the proofs within this chapter is

shown in figure 4.1 below.

[Theorem 1.4]

A

f 1
[Lemma 4.12] [Corollary 4.14]

f [ ] ] ]

[Thm. 3.5] [Lem. 4.4] [Lem. 4.6] [Lem. 4.7] [Lem. 4.8] [Lem. 4.13]

—
[L 4.2] [L 4.3]

Figure 4.1: Interdependence Structure of the lemmas and theorems within this
chapter.

4.1 The reverse supermartingale D,

During this chapter, we will closely follow the calculations of Bose and Sen (1999).
They considered the process D, (s,t,m), where m(z) = E[§|Z = z] does not nec-
essarily belong to a parametric family, while we will be considering D, (s,t,q) for
some measurable function ¢ with values in [0, 1]. Since it was not entirely clear, if
the special representation of m as conditional expectation was used in the proofs of
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lemmas 2, 3 and 4 in Bose and Sen (1999), we conducted a detailed investigation.
It will turn out that the proofs work in the same way for D, (s,t,q). For the sake

of completeness, we will show the detailed proofs for D, (s,t,q) in this chapter.

First recall the following quantities from Chapter 2. We have

- 1 - Q(Zk:)] Hae<s
B, (s) := 14—
=11 L
n+1
1—q(s
Cn(s) = p |:n_—7/:_)2:| ]]'{Zifl:n<5§Zi:n}
1 — q(Z 2]1{Zk<s} n 1— q Zk) Tis<z, <t}
D,(s,t) := 14+ — A Sl 7
<S ) IH|: +7’L—Rk7n+2:| el n—Rkn—i—l
A, (s,t) :=E[D,(s,1)]
A, (5,t) == E[C,(5)Dy(s,1)]

for n > 2 and s < t. Here Z;.,, := 0 and Z,, 1., := 00.

During this section, we will first derive a representation of E[S,] which involves
the process D,,. This will be done in Lemma 4.2 and Lemma 4.3. We will then show
that {D,, F,} is a reverse supermartingale in Lemma 4.5 and finally identify the

limit of D,, in Lemma 4.4.

The lemma below contains a basic result needed to prove Lemma 4.3.

Lemma 4.1. Let i # j. Then the conditional expectation

E[B,(s)Bu(t)|Z: = 5, Z; = 1]
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is independent of i,j and hence

E[B,(8)Bu(t)|Zi = 5, Z; = t] = E[By(8)Bu(t)| 2y = 5, Zy = 1]

holds almost surely.

Proof. For the sake of notational simplicity denote for s < t s} := 1y s and
ty = lys<z,.,<t}. Note that ¢ # j implies s # t, since the (Z;);<, are pairwise

distinct. Now consider on {s < ¢}

E (B, (s)Ba(t)|Z; = s, Z; = 1]

s 1 - Q(an) 25+
-F H(1+W Zi=s,7;=1
k=1
el
1—q(s)
=E (> D> gt Lz (1 - ﬁ)
L k1=1 ko=2 1

k1—1 25T 417
X 1+ —
11 ( +—
k=1
ko—1 280 +t7
1 — q(Z:n) ROE
X 1+ —
11 ( + =

k=k1+1

X H (1 + —

since sp =0, {7 =1, sp,, = 0 and t;, = 0. Moreover we have

Zi:S,Zj:t

;

sp =1 and ¢} = itk <k

SZ:OandtZ:l itk <k<ky -

sp =0 and ¢} = if ko <k
\

Therefore we obtain

E[Bo(s)Ba(t)|Z: = 5, Z; = 1]

38



n—1 n
1 —q(s)
P D (1 - W)

k1=1ko=2
k1—1
1 - - 7
()
ko—1
1 - - w7
<)

k=k1+1

i:S,Zj:t

Next we need to introduce some more notation. For 1 < 4,7 < n and n > 2,
let {Z).n—2}k<n—2 denote the ordered Z-values among Zi,...,Z, with Z; and Z;

removed from the sample. Note that

Zk::n72 k< kl
Zon = . (4.1)

Zh—1m—2 k1 <k <k

Thus we have

n n
: : : : IL{Zkl—1:n—2<SSZk1:n—2}H{ZkQ—Q:n—2<tSZk2—l:n—2}

k1=1ko=1
k1—1 2572
1 —q(s) 1~ q(Zkn—o2)\ "
X (14 —= 14—
( * n — ky ) kl;[l ( * n—=k
k‘2—1 tn72
1— 7 e k—1
k=k1+1 e
= E Z Z ]]'{Zklfl:n72<5§zk1:n72}]]'{Zkz72:n72<t§Zk271:n72}
k1=1ko=1
k1—1 2572
1 —q(s) 1 —q(Zpn—2)\ "
1+ ————= 14—
< * n—k; ) kli[l ( - n—k
k‘g 2 n—2
1 - q Zk n— 2) &
X I S
H ( n—k—1
k=k1
- 1- Q(8)>
1 2<s<Zp o} | L+ ————
klz_l {Zk) —1:n—2<8<Zp;n—2} ( n— ky
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which is independent of i, j.

Next consider the case ¢ < s. Define {f := Lz« and 8¢ = ly<z, <. Us

ing similar arguments we can show that in this case

E[Bo(s)Bn(t)|Z: = s, Z; = 1]

y L gt
Z ]]-{Zklfl:n72<t§Zk1:n72} <1 + N — k )
k1=1 1
n—2 2{77.—2
1— Q(Zk:n72) k
X 14— e
H ( * n—=~k
k=1
n—2 gn—Q
1 - Q(Zk::n—Q) k
14+ e
. H < i n—k—1

which is independent of 4, j as well. Thus we have on {s # t} that E [B,,(s)B,(t)|Z; = s, Z; = {]

=E

is independent of i, j and hence
E[B.(s)Bn(t)|Zi = s,Z; =t]| = E[B,(s)Bn(t)| Z1 = 5,25 = t] .

]

Lemma 4.2. Let (5 : R2 — R, be a Borel-measurable function. Then we have for

anyn>2and1<i,5<n

E[p(Zi; Z;) Bn(Z:) Bu(Z;)]

= E[¢(Z1, Z2) Bn(21) Bn(2Z2)] -
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Proof. Consider that {Z; = Z;} is a measure zero set, since H is continuous. There-

fore the following holds for 1 < 14,7 <n

E|3(Z., 2,)B.(2)B.(2))|
= B [Uz22,)0(Z: Z))E [Bu(Z) Ba(2)|2:, 73|
= E (1 0(Zi, Z)E [Ba(Z)Bal(2))12:, 2|

_ /0 h /0 i 05, OE [Bu()Ba(t)| Zi = 5, Z; = f) H(ds)H(dt) . (4.2)
According to Lemma 4.1 we have for 1 <i# 75 <n
E[B,(s)B,(t)|Z; = s, Z; = t]| = E[B,,(5)By(t)| Z1 = s, Zy = 1]
Therefore we obtain, according to (4.2) that

E 02, ) Bu(2)Bu(Zy)| = E |6(Zi, Z,)E [B.(Z)Bu(2,)|2:. 2]

= E |0(Z1, %) Ba(21)Ba(22)]
m
Lemma 4.3. Let qg ; ]Ri — R, be a measurable function. Then we have for n > 2

E[$(Z1, Z2) Bo(Z1) By(Zo)]

- E[Q(;(Zl, ZQ){An,Q(Zl, ZQ) + An,Q(Zl, Z2>}]1{21<Z2}] .

Proof. Note that w.l.o.g. we can assume that the (Z;);<, are pairwise distinct, since

H is continuous. Consider the following

n 1 — Z ]l{Zk<Zl}+]1{Zk<Z2}
B,.(Z1)Bn(Zs) :H{ 4l )}

n— R
ke1 k.n
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= |1+ 1-4(2) Hz<m) 14 1-q(Z2) Lizy<z1}
n— RQ,n
:|1{Zk<Z1}'Hl{Zk<z2}

k=3 n— Ry,
1—q(Z))
—1{Z1<Z2} |:1—|— n_éll :|

T i Aot

n— Rk+2,n

1— Q(Zz)}

n— RQ,n

} Yz 0<z13 T Z) 0< 29}

7 { 1= Q(Zk+2)} k<A<
« TT |1+ 2= \2kt2)
k=1 n— Rgion
n—2

1— Q(Zk+2)} Uz p0<21)
- Lt . 4.3
{Z1=22} g [ "= Rroon (4.3)
On {Z; < Z3} we have
1:[ |: 1— q Zk+2)} Y zy, 9<20} ﬁ | 1— q Zk+2) Yz o<1}
- Y\ Ak+2) 4 1= 0(Zka)
k=1 n_Rk+2n Pl n_Rkn )
n—2 ]I{Z z Zo}
X 1 —q(Zis2) Tk
k=1 n - Rk n—2 1
where Rk7n_2 denotes the rank of the Z;, k = 3, ..., n among themselves. The above
holds since
Rippo if Zpio < 24

Rk+2,n =
ka_g +1 if Z1 < Zk+2 < Zs

for k =1,...,n — 2. Therefore (4.3) yields

+

Bo(Z1)Bu(Zs) = Liz,<2) 1— Q(Zl):|

1

|: n— Rln

n— 21
H L loq(Zi) |
k=1 n— Rkn 2
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n—2 Lz <2y 10<2s}
1—q(Z
% 14 ~Q( k+2)
k=1 n— Rk,n—2 —1
1 - C](Z2)
+ 1{Z2<Z1} |:1 + n——Rzm
n—2 [ 2]1{21@+2<ZQ}
1—q(Z
X 1+ —Q(N k+2)
k=1 L n— Rk,n—Q
n—2 [ ]1{22<Zk+2<21}
1—q(Z
% 1+ NQ( k+2)
k=1 n — Rkn 2 — 1
21{Zk+2<zl}
q(Zyy2)
+ 1yz,=2,) _— (4.4)
' ’ 1_[1 n— Rk n—2

Now let’s denote Zj.,,_o the ordered Z-values among Z3,..., 72, fork=1,... n—2.

Counsider that we can write

1—q(2) —
R

1
1—q ) 1
n — Rln - {Z'L 1lin— 2<Z1<Zzn 2}

i=

Recall that we set Zy., = 0 and Z,,_1.,_2 = 00. Now note that Z;.,_» is independent
of Zy and Z, for k = 1,...,n—2. Therefore we obtain the following, by conditioning
(44) on Zl; ZQZ

E[B,(Z,)Bu(Z:)| 2, = 8, Zy = 1]

n—1
1 —q(s)
(._1 [1+ ﬁ} Uz v 2<s<Zin 2})

e 21
1 — Z m— {Zk:n_2<s}
<11 {1 + M}
n—2 .
1 - q(Zk:n—z) {s<Zp.p—o<t}
<l {1 R

n—1
1—q(®)
(Zl |i1 + n— Z :| l{Zi—lzn—2<tSZi:n_2})

n—2 _ 212 _o<t}
|:1 + 1 Q(an2):| kin—2
n—k
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n—2 1
1 _ Z o {t<Zj.p,—2<s}
% H [1 i q(Z. 2)} ]

1— o 2]1{2 n—2<s}
[H 1(Zye ﬂ =2 ]

where
n—1 1 B q(8>
a(s,t) = leenE <Z {1 + — } H{Zi—l:n—2<s§Zi:n_2}>
i=1
v 21
1 - q(Zk::n—2> {Zk:n—2<s}
X 14 - kn=2)
H [ * n—=k
k=1
n—2 L
1— Q(Zk-n_g) {s<Z}.p_2<t}
X 14 - kn=2)
{ " n—k—1
k=1
and

ﬁ(S, t) = ﬂ{szt}E

n—2 21
1 _ Z o {Zk:n—2<s}
11 {1 N Q’(—k‘z)] ] ,
n—=k
k=1

Consider that we have

Ela(Z1, Z2)] = Ela(Z2, Z1)]

because Z; and Z; are i.i.d. and « is symmetric in its arguments. Moreover
E[ﬁ(zb Zz)] =0

since H is continuous. Therefore we get

E[¢(Z1, Z2) Bu(21) Bn(22)]

= E[p(Z1, Zo) (21, Zs) + o(Za, Z0) + B(Z1, Za))]

= E[2¢(Zl, ZQ)O((Zl, ZQ)] .
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under (Al). Next consider that

o(s,8) = Tgeen E[(1 + Cora(5)) Dy (5. 1)]

= 1{s<t}<Anf2(57 t) + Aan(Sa t)) .

The latter equality holds, since

—_

3

1—q(s
|:1 Q( ):| ]]-{Zi—l:n—2<5SZi:n—2}
T n—1

+

.
I

n—1

n—1

1+ Cnfg(S) .

Now the statement of the lemma follows directly from (4.5).

Next recall the following definition for s < t from Chapter 2:

D(s,1) = exp (ZASE:—%H(dx)+/:11__—%H(dx)> |

The next lemma identifies the almost sure limit of D,,.

Lemma 4.4. For any s <t <T s.t. H(T) < 1, we have

lim D, (s,t) = D(s,t)

n—oo

almost surely.

Proof. First define the following quantities for for s <t and k=1, ...

- 1 —q(Zy)
" n(1 = Ho(Z1) + 2/n)
U = 1 —q(Zy)

-~ n(l— Hy(Zy) +1/n)
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sk = lyz, <4

by := ]1{S<Zk<t} .

Now consider that we have

o= [T [+ s o]
X ﬁ {1 + 1 —(CJZ(kZ)kzr 1/n>1{s<zk<t}}

1+ xpsk) H 1+ yrts]
o et

= exp (2 Z In[1 4 zgsk] + Zln 1+ yktk]> .
k=1

k=1

1

Note that 0 < xpsp < 1 and 0 < ytp < 1. Consider that the following inequality

holds
2

—%Sln(1+:ﬂ)—x§0

for any z > 0 (cf. Stute and Wang (1993), p. 1603). This implies

1 n n n
-3 insk < Zln(l + xpsy) — Zwksk <0.
k=1 k=1 k=1

But now

sz _ 1 < 1—Q(Zk:) 21
R 2 p 1—H,(Z)+ 2 el
<1y (
S — —
ns = 1
1

1
= —0
n(l— H,(s) +n=1)?

1 2

H,(s)+

almost surely as n — oo, since H(s) < H(t) < 1 (c.f. Stute and Wang (1993), p
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1603). Therefore we have

\Zln(l + TESk) — Zaﬁksk\ —0
k=1 k=1

with probability 1 as n — oo. Similarly we obtain

|Zln(1 + yrtr) — Zyktk| — 0
k=1 k=1

with probability 1 as n — oo. Hence

lim D,(s,t) = lim exp <22xksk + Z?Jk%) )

n—00 n—00
k=1

Now consider the following

1 —q(Z)
Zxksk Z S RTAR: %ﬂ{zk@}

[T 1—q(2)
- /0 1= Hy(z) + %H”(dz)

_ [T 1-a(?) . T 1-q(x) 1-—gq(z) .
_/0 ENER )+/o CH,() 2 1-HE
)

e R e mers e e

(4.6)

Note that the second term on the right hand side of the latter equation above tends

to zero for n — oo, because

/S_ (L= a(2)(Ha(2) = H(z) = 1) . Hy(d2)
; (1_H(Z)+%)(1_H (2))
(

_ 2| pT-
< sungTUin( z) — % / — H,(dz) — 0 (4.7)

almost surely as n — oo, by the Glivenko-Cantelli Theorem and since H(7T) < 1.
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Moreover we have

/0 11:£[<8Hn %/ 1_qZ>H (d2)

almost surely by the strong law of large numbers. Therefore we obtain

0

nh_)IgOZxksk / 1_—%H(dz) .

By the same arguments, we can show that

) - L —e
JE&;W: / 1_—%1%2)-

S

almost surely. Thus we finally conclude

nh—>Holo D, (s,t) = exp (2 /Os f:—i%H(dz) + /: f:—[?—r(('zz))H(dz))
almost surely.
Lemma 4.5. {D,,, F,},>1 i a non-negative reverse supermartingale.
Proof. Consider that for s <t and n > 1, we have

ﬁ 1— q(Zpn) \ 2 2=
n—k+2

k=1

n an) ]1{5<Zk,:n<t}
XH( ) P

]E[D (S t |Fn+1

n+1 n
- Z E ]l{ZnH:Zi:n-H} H cee |Fn+1]
=1 k=1

n+1 i i—1

| | 1 — q(Zp:ni1) 2 Zpp g <5}
- ZE IL{Z%+1=Z¢:n+1} (1 + n——k—|—2
=1

- 0(Zisrinsr) | Orsiimsa<ed
X 1
H ( * n—k+2
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i1 1
1= ¢(Zipsr) | o< Zrmsa<tt
X 1+ ———=
H ( * n—k+1
_l’_

k=1
- 1- q(Zk—‘rl:nJ,-l) < Zpy1imy1<t}

" (1 n—k +1 "Fn+1
k=i

1 — q(Z;. n+1) Hen<s
]]-{Zn+1 Z’Ln+1}H (1+ n—=k+2

n+1
1 — q(Zk':TH-l) {Zk:n+1<s}
X 1 L7 U\ “kin+1)
H ( " n—k+3

i—1 1

1 — Q(Zk-n—H) {s<Zpp 1<t}

X 1 -~ w7
H ( * n—k+1

n+1 ;
1 - q<Zk::n+1) {s<Zpp41<t}

) ke Furr| -

i (1ot .

Note that each product within the conditional expectation is measurable w.r.t.

n+1

_ZE

Fni1. Moreover we have fort=1,...,n

E[1¢z,1=Zinir} [ Fri1]l = P(Zny1 = Zini1| Frsr)

= P(Rniiny = 1)

1
n+4+1°
Therefore we obtain the following
n+1 1—1
1 — q Zk‘ n+1 {Zk n+1<5}
E|D,(s,t)|Fn 1
Dals 1] =y T (1 )
i=1 k=1
1_ Z {s<an <t}
« 1+ q kn+1 +1
n—k+1
n +1
1— Z n {an+1<5}
% (1+ q( kk §1)>
k=i+1 n=h
1— q Zk n+1 Is<z,, np1 <t}
x (1 4.8
( T k2 n—k+2 (48)
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We will now proceed by induction on n. First let

Tpi=1-— Q(Zm), Sk 1= IL{Z,€:2<s} and ¢, 1= ]l{s<Zk:2<t}

for k = 1,2. Note that that x; and y; are different, compared to the corresponding
definitions in lemma 4.4, as they involve the ordered Z-values here. Next consider

E[Dy(s,t)|F2] =

1 1= aqgl(Zs. 21 z55<5}
2 (1 - #) X (14 (1 = q(Zaa))) <2220

1—qg(Z,. 21 zy.9<s}

2

1 T 2 T
= 5 [(1 —+ —282) X (1 —F.Z‘gtg) + (1 —+ 5181>

5 X (1+x1t1)] )

Moreover we have

-1l

1—q(Z 2 zy <5y 2 1 — a( 7o) ] He<Zra<ty
{1+ q( kz)} H {1+ q( k.2)}
k=1 k=1

3—k

[1+—31] [1+51t1}x[1+%52]2x[1+x2t2]
1 22 x3
1o (G4 gm) o] x[remnr (Frm) s

Therefore we obtain

E[Di(s,t)|F2] — Da(s,t) < 6 <0,

since 0 < x; < 1. Thus E[D;(s,t)|Fs] < Dsy(s,t) for any s < t, as needed. Now
assume that

E[Dn<s7t)|‘/—--n+1] < Dn+1(87t)
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holds for any n > 1. Note that the latter is equivalent to assuming

n+1 i—1 yk> 211y, <s} . 1— q<yk> Lis<yy <t}
n+1 ( n—k—|—2> < +n—/{:—|—1)

i=1 k=1
n+1 21 ) gy
1— q(yk) {yg<s} 1— Q(yk> {s<yp <t}
x 14 — DRIk 14—
kl}ﬂ( n—k+3 n—=Fk+2
n+1 21 n+1 1
1 —qlyw) \ ™ e 1 —q(y) | s
< 1+ ——= 1+ ———= 4.9
_g<+n—k+3 g n—k+2 (49)

holds for arbitrary y, > 0. Next define

n+2 21 1
1 — q(Zpingo) | Brmsas<sd 1 — ¢(Zinn) | o< Zhmia<t
+a(s,1) I|{+ ko d +—n—k+3

for s <t and n > 1. According to (4.8), we have

E[Dns1(s, )| Fosa]

n+2 i—1 21 . Tgg
1 1 —q(Zgn {Zpiny2<s} 1 —q(Zy., {8<Zpin42<t}
_ Z H 1+ Q( k: +2) 1+ Q( k: +2)
n+2 < n—k+3 n—k+2

=1 k=1
> ﬁ 1+ 1-— q(Zk‘:n+2) 21{Zk:n+2<5} |+ 1 — q(Zk;;rH-Q) ]1{5<Zk;n+2<t}
k=i+1
A n+2 i—1 n+2
n+2
- - X
n—|—2 n+2 ;H kgﬂ
A n+l 1 n+2
n—|—2 n+211k1 ot

A, 1 1—q(Zy., 2 z1 25} 1—q(Z., Hs<zintas<t)
_ fni2 (1+ q(Z1. +2)) <1+ q(Z1. +2))

n+2 n+2 n+ 2 n+1
n+1 i—1 21
1 — Z n {Zk+1:n+2<s}
ST (1 1)
i=1 k=1 =R+
1 — ¢(Zisrim) | o< Zhrtinta<th
w1+ Q< k+1: +2)
n—k+1
n+1 21
1—qg(Z o {Zk41:n42<s}
% H 1+ Q( k41: +2)
; n—k+3
k=i+1
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1 — 7 ) ]1{s<Zk 1in42<t}
w (14 CI( k+1.n+2) Flin+ ‘
n—=k+2

Using (4.9) on the right hand side of the equation above yields

E[Dnﬁ—l(‘g?t)“/rn-iﬂ]
< An+2 n+1 (1 n 1— q(len+2))2]l{Zlm+2<s} (1 n 1-— Q(Zl:n+2>)1{s<zl=n+2<t}

_n+2+n+2 n -+ 2 n-+1

X ﬁ 1—gq Zk—H n+2) 2 Zy 1 p0<s)
n—k+3

1 —q(Ziksim Hs<Zpprinta<t)
% <1+ 4(Zk1: +2)>

n—=k+2
1 n+1 1= q(Zypn) 2 Zumsz<sd
= A, 14— 2Ltz
= n+2+n+2< * n+ 2
1 — 7 n ]1{5<Z1:n+2<t}
) (1+ o2 +2>) ]
n—+1

For the moment, let

r:=1-— Q(Z1:n+2>’ §1 = IL{Zl;n+2<8} and t = ]]‘{5<Z1:n+2<t} .
Now we can rewrite the conditional expectation above as

1 n+1 T85> 1ty
E[D,41(5, )| Fsa] < Apry | —— 1 1
[ s )| +2]_ +2 n+2+n+2< +n+2) +n+1

(4.10)

Next consider that we have

xltl x1t1 1 1
1 1 — 1
( +n—irl) ( +n—|—2 n—I—Q)( +n—irl)
x1ty 1 x1ty 1
=(1 1 —
( +n—|—2)+n+1( +(n+2)> n+1

1ty 1ty
= (1+ + .
( n—|—2> (n+1)(n+2)
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Thus we obtain

n+1 151 2 r1ty
1 1
n—|—2< +71—1—2) +n+1

n+1 18 2 Tt 2151 \° 1t
_ 1 1 1 1 151 i
n+2( +n+2> ( +n+2)+( +n+2) (n +2)?

But now

2 2
T181 iL'ltl 181 X181 iL‘ltl
1 =|1+4+2
( +n+2) (n+2) < N n+2+<n+2>2) (n+2)
l’ltl
(n + 2)?

since s -t; = 0 for all s < t. Hence we can rewrite the term in brackets in (4.10) as
ra s () ()

- n—11-2jL (nlert;)Z—{_Zi; (1—{_51912)2(14_75112)

- n—1|-2 <1+nmf12> +ZE (Hiflzf (Hfflz)
() ()
(i) (i)

The latter inequality above holds, since

1 n+1 T 2 T 2
1 < (1
n+2+n+2( +n+2) _( +n+3)

for any 0 <z < 1. (c.f. Bose and Sen (1999), page 197). Therefore we can rewrite

(4.10) as

M) 2212 <s)

E[Dn-l—l(sat)"’rn-‘rQ] < An-‘r? (1 + n+3
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1 i Z A ]1{5<Z1:n+2<t}
% (1 + CI( 1‘n+2)>
n+2

This concludes the proof. O

Lemma 4.6. Let s <t s.t. H(t) < 1. Then A,(s,t) / D(s,t).

Proof. Consider that we have for n > 2
An(s,8) = E[Du(s,1)] = E[Da(s, )| Foc]

by definition of A, (s,) and Lemma 3.4. Next note that we have D,,(s,t) — D(s,t)
almost surely, according to Lemma 4.4. Moreover we get from Lemma 4.5 that

{D,,, Fn}n>1 is a reverse supermartingale. Now this together with Proposition V-3-

11 of Neveu (1975) yields
E[D,(s,0)| Fx] / D(s,1)

O

We will now proceed to find an explicit representation for E[S,] in terms of
the reverse supermartingale D,,, in order to identify the limit S(q). Consider the

following lemma.
Lemma 4.7. For continuous H(-), we have

n—1

E[Sn(‘J)] = E[¢(21, ZZ)Q(Zl)Q(ZQ){An72(Zlu Z2) + Anf2(Zla Z2>}1{Z1<Zg}] .

n

o4



Proof. Consider the following

>< ( 12 jf 1o ]
_ _§<JZ<;LE Zims Zin)a(Z )lel [1+ 1n—_ql(€Zj:q)}
x (7, n): {1 1{_"5??}
= %KZ;EWWZj:n>q<zm>q<zj ) BalZin) Bu(Zyn)
QnZZE Vit (Zion, Zin)2( Zin)8(Z3n) B Zin) Ba(Zn)]
znZZE Ly (2, Z3)a( Z)a( Z;) Ba(Z0)Bal(Z))] . (411)

According to Lemma 4.2 we obtain

n—1

ElSa(g)] = —-

E [¢(Z1, Z2)q(Z1)q(Z2) Bn(Z1) Bu(Z2)] -

Now, since ¢ and ¢ are measurable, we can apply Lemma 4.3 to obtain the result. [J

The result of the following lemma will be extended to uniform convergence in

Lemma 4.10.

Lemma 4.8. For continuous H and t < T < 1y, we have Cy,(t) — 0 as n — o0

w. p. 1, and C,(t) € [0,1] for alln > 1 and t > 0.

Proof. Tt is easy to see that 0 < C,,(t) < 1forany ¢t > 0andn > 2, since 0 < ¢(t) < 1

and 1yz, ,..<i<z.,} = 1 for exactly one i € {1,...,n 4 1}. Let’s now consider
n+1
1—q(t)
Cn(t) = Z n_—HQ[ﬂ{Zi,lmq} — Lz, <t}

=1

55



n+1 n+1

1 —q(t)
- Z 2 {Z'L 1n<t} o Z n_—HQH{Zi:n<t}

=1
"\ 1—q(t)
- — —— 1y
Z 1 {Zz n<t} lzz; n — 2 _|_ 2 {Zz:n<t}
”1—«@ (1—q(t)) < 1—q(t)
=) — iz ~ PN - g,
> g =Y T

=1 “
1 n 1 1
( Q()){n+1+;|:n—l—|—1 n_2+2:| {Zz:n<t}}

=(1- Z 1 1 )
qlt n—nH,(Zi,)+1n—nHy(Z) + 2 {Zim<t}

i=1
1
L 1oa)
n+1
-a) [ i L] )
= —_ —_ n a
T )y 1= H, @)+ L " 1= Hu(z) + 2
1 —q(t)
_— . 4.12
* n+1 ( )
In Lemma 4.4 we have seen that
! 1 S|
H,(dz) - | ————H(dx) .
| e = [ e
By the same arguments we obtain
! 1 |
H,(dr) — | ——————H(dx) .
/01_Hn(g;)+g (dz) /01—11(95) (dw)
Therefore the right hand side of (4.12) converges to zero. O

The following lemma contains an integration by parts result, which will be useful

in order to prove Lemma 4.10. Recall the following quantities from chapter 2:

_ /O " (=, 00) H(d)
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and
/ mz@o dZ Z]]-{Z <z}m zne)a

c.f. Dikta (1998), Lemma 3.12.
Lemma 4.9. For any 0 < s <t <T we have

t— 1 t 1
/s T () ) - / =

_Hu(t) —H({t)  Ha(s—)— H(s) " H,(2—) — H(z)
- ST _/ T H ()

— Y (t)  (4.13)

and

t— 1 ) t 1 L
/S 1_H(Z>Hn(dz)—/s )

O ) ) [ ) )
1 —

A —Ta(t)

(4.14)

where
Hp(t) — Hy(t-)
1—H(t)

H,(t) — H,(t-)
1— H(t)

and (1) =

Yu(t) =

Proof. First consider that we can write

t 1 = 1
/S () - / T ) + )

Thus we have

t— 1 t 1
/S 1_—H(z)Hn(dZ) :/S 1_—H(Z)Hn(d2)—%(5)

_ /st (1 — ;j(z) - 1) H,(dz) + /: 1H,(dz) = yn(s)

- / 3 flgzz) H,(dz) + Hp(t) — Hu(5—) = 7n(s)
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since the following statement holds

/: 1H,(dz) = /Ot 1H,(dz) — /Os 1H,(d2) = H,(t) — Hp(s—) .

We will now use a version of integration by parts (see Cohn (2013), p. 164) to show

b OH(z)
1—H(z)

_ Hau(1) _ Hn(s—) _ " (2) ~
C1—-H({t) 1-H(s) /S (I—H(Z))QH(d)

H,(dz)+ H,(t) — H,(s—)

S

First let’s define G(z) := H,(x) and

2. H (@)

Moreover denote pz and ps the measures induced by F and G respectively. Note

that we have

pp(s,1]) = F(t) = F(s) . (4.15)

since we have

1
1 H@
HWw
1— H(x)
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Now combining the above with (4.15) yields
~ - t 1
pnel(s.t) = PO = F(9) = | s Hi(ae)
Therefore the Radon Nikodym derivative of s w.r.t. H is given by

Hidn) (1= H@)? (4.16)

Note that F' and G are bounded, right-continuous and vanish at —co. Thus we can

apply Cohn (2013), p. 164, to obtain

[ Fengtaz) = FOG(0) - Fs-)6(s-) — [ Glamng(az)

Now we get by (4.16) and by definition of ' and G that

* H(z2)
o 1—H(z)

) = O~ B [ uata)
CH.WH()  Hao(s—)H(s) 1 Ha(z—) .
SR i O a H(dz)

Therefore we obtain

/S ) %MHn(dz) -/ lfl—zzz)Hn(dz) + Hy(t) = Hu(s—) = u(s)

H,()H(?) Hn(s—)H(S)_/S(HnAH(dZ)

T 1—H(t)  1-H(s) 1 — H(z))?

+ Hy(t) — Hp(s—) — ya(s)

_ Hy(t) B H,(s— e H,(z—) 3
SToH® 1A Jy (et @)
— Tu(s) - (4.17)

59



The latter equality holds, since

HL (O H () W
—aw Y= 1"
and
H,(s—)H(s) _ Hy(s—)
=) ) =TT

Now consider the following

/S %H(Z)H(dz) =/ %H(dzwfl(t)—ﬁ(s),

Define G(x) := H(x) and note that G(z) is bounded, right-continuous and vanishes

at —oo. Therefore applying Cohn (2013), p. 164, to F and G yields

"OH(2) ') H?(s) " H(z2)
Y O Y R 10 _/5 A HEe =)

S

Hence we have

! 1 _ HA(t) H?(s) bOH(z)
/ 1) = T = T~ e )

+ H(t) — H(s)

_HW HG) [T HE)
S 1-H(t) 1-H(s) /S (1—H(z))2H(d ). (4I8)

Now combining (4.17) and (4.18) yields

t= 1 t 1
/s T H0 H(z)Hn(dZ) —/s T H(Z)H(dz)

H,(t)— H(t) H,(s—)— H(s) "H,(z—) — H(z)
S TIoHD 1= H(s) _/8 T H()  d2) =)

Thus equation (4.13) from the statement of the lemma has been established. Next
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define G (z) := H}(x) and apply Cohn (2013), p. 164, to F and G" to obtain

HO) - RO ) [t

. 1—H(z) B 1— H(z2))?

=T ) H(dz) (4.19)

Next define G'(z) := H'(z) and apply Cohn (2013), p. 164, to F' and G" to obtain

CHE) g HOHO)  H)H() / . TG ) (1.20)

s 1—H(2) 1— H(t) 1—H(s) — H(2))?

Finally consider the following

t— 1 ) t 1 )
/s 1— H(z)Hn(dZ) - / 1— H(Z)H ()
! 1 1 ! 1 1 1
:/S 1——H(,2)H”(dz)_/s 1——H(2)H (dz) = 7, (1)

:/S 1ff—;zz)H,}L(alz) + H,(t) — Hy(s—)

_ / 1_;H<Z)H(dz) +H'(t) — H'Y(s—) —yL(t) -

Now combining the above with equations (4.19) and (4.20) yields the second part

of the lemma. O

The lemma below contains a statement about uniform convergence of processes

considered in the proof of Lemma 4.4. It will be used to establish Corollary 4.11.

Lemma 4.10. The following holds for any T < 1y.

/t— 1 —m(z,6p) H(dz) - /t 1 —m(z,60) H(dz)| = 0

i 1— H(2) 1— H(2)

0<s<t<T

almost surely as n — o0o.

Proof. First consider the following

=1 —m(z,0) "1 —m(z,6)
/s 1— H(2) Ha(dz) = / 1— H(z) Hldz)

sup
0<s<t<T
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" oesrer /t = }'{(z) (dz) = /: — H @)
" /: 1m—(zzf(oz)) (d2) = / : 1m_21;9(02)) (d )‘
" ocacier /t - }q( Hn(dz) - /: - 2<Z>H(d2)
" /t - Z(Z)H (d2) = /: 1 —;H H(d2)
< o [ e [ e
Tt /St - ;J(Z)H%dz) - /St - 2<Z>Hi(dz) S @)

Applying Lemma 4.9 equation (4.13) to the first term above yields

t— 1 t— 1
2o e - [ e
— s Ho(t) — H(t) Ha(s—) — H(s)
o<s<t<T| 1— H(t) 1—H(s)
[T Ha(z-) — H(2) ) Halt=) = Ha(t)
[ i e - T g ’
< swp H,(t) — H(t) ‘Hn(s—) — H(s)
0<s<t<T 1—H(t) 0<s<t<T 1—H(s)
"H,(2—) — H(z) H,(t—) — Hy,(t)
- o /s (1 - H(z))? H(dz)’ " ococter | 1—H(1) ‘

Next consider that we have

() — Hy| _ sep !~ HE)

su <
vcber| L—H() | = 1-H(T)
. Ho () — H(x)
sup xT) — x)| +
oy [Falsn) B
0<s<t<T — H(s) - 1—H(T)
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Furthermore consider that the following holds

"H,(z—) — H(z)
| iy )| =

/ Hl_ H(z )H(dz)‘

sup sup
0<s<t<T 0<s<t<T
H,(
sup / ( )H (dz)‘
0<s<t<T (1-—

sup [H, (x) - won s

S )

The latter inequality holds, since we have for any t < T

sup |H,(z) — H(x)| + =

x<T

Ho(—) — H(:)| !
1— ‘ /) 1— @y 1 =Ty

using Jensen’s inequality. Moreover note that H,(s) — H,(s—) < n™! for any 0 <

s < T and hence

H,(s—) — Hy(s)
1—H(s)

sup
0<s<t<T

Therefore we obtain

sup

t— 1 i 1
0<s<t<T / 1 —H(z)H"(dZ) - / 1_—H(Z>H (dz)

sup |Hy(z) — H(z)] sup |H,\(x) — H(z)| +

=~ 1-am * 1= H(T)
sup | H,(z) — H(x) + .
L GRS 10 5 R 1 8
— 0

almost surely as n — oo by the Glivenko-Cantelli Theorem and since H(T') < 1.

Now let’s consider the latter term in (4.21). Applying Lemma 4.9 equation (4.14)
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yields

sup
0<s<t<T

t— 1 . t— 1 )
/S T ) - / T et
H)(t) — Hl() _ Hy(s—) = H'(s)
=l = H(s)
H)(z Hl( ) H)(t—) — H,(t)
./ ey e - ’
: ()‘

= sup
0<s<t<T

H,(

H,(s—) — H'(s)
+ sup
1 - H( ) 0<s<t<T 1—H(s)
sup sSup

Hl H1
/ ( )H(dz) +
0<s<t<T (1— 0<s<t<T

sup|H1() (z)] sup\H1(> H'(z)| + 5

I 17 R e 770

igg\Hi(w) — H'(z)|+ % .
T a—HDE a0 HD)

< sup

0<s<t<T

H,(1—) — H)(t) ‘
1- H()

—0

almost surely as n — oo by the Glivenko Cantelli Theorem and since H(T) < 1. O
The following Corollary is important for the proof of Theorem 1.4.

Corollary 4.11. The measure zero sets {w|Cp(s, m;w) - C(s,m) as n — oo} and

{w|D,(s,t,m;w) - D(s,t,m) as n — oo} are independent of s and t.

Proof. In Lemma 4.4 we have seen that D, (s, t, q) converges almost surely to D(s, t, q)
by Glivenko Cantelli and the SLLN. In order to establish the statement of the corol-
lary, we need to show that this convergence is uniform in s and ¢. Let ¢ = m(-, 6p)

and recall from the proof of Lemma 4.4 that we have

/s— (1 —q(2))(Hn(2) — H(z) — 2)H (dz)

(1-H, (Z)+i)(1—H 2))
(

T—
o Ssrlfoe) G |/ 1 e
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almost surely as n — oo. Note that the right hand side above converges to zero

independent of s and t. Next recall that

/Os— 11___;1[<2).Hn(dz) . /O ‘ 1___21((2)) H(d2) (4.22)

by the SLLN. Note that this means pointwise convergence. But according to Lemma

4.10 we also have

sup
0<s<T

T 1—m(z,00) *1—m(z,00)
[, Ty e = [

almost surely as n — oo. Thus we can show that the convergence in (4.22) is indeed

uniform in s and ¢. For the last part of the proof, we need

/ T 1m0 H,(dz) — / F1omlz,0) H(dz)

1= H(2) 1= H(2) -0

sup
0<s<t<T

almost surely as n — 0o, which is provided by Lemma 4.10 as well. Hence D,,(s,t,m) —
D(s,t,m) almost surely, uniformly in s and ¢ as n — oco. By similar arguments we
get that C,(s,m) — C(s,m) almost surely, uniformly in s as n — oo, considering

the proof of Lemma 4.8. O

We will now identify the almost sure limits of S,(g) and S,(¢) in Lemma 4.12.

Recall the following definitions from Chapter 2:

where
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Furthermore recall that we set

:%/Om/oood)(s,t)q £) exp 1‘q <da:>)

<o /O”‘;(fgj)m >) H(ds)H (de)

and

X exp ( /0 t f:—%ﬂ(d:ﬁ)) H(ds)H(dt) .

Lemma 4.12. Let H be continuous and let q(z) be non-decreasing for all z € R

Then the following statements hold true:

lim S, (q) = S(q)

n—oo

and

lim S,(q) = S(q)

n—oo

with probability one, if the limit on the right hand side exists.

Proof. Suppose H is continuous and ¢ is monotone non-decreasing. First consider

that S,, converges almost surely to some limit S, and we have

Seo = lim S, = lim E[S,],

n—oo n—oo
according to Theorem 3.5. Next consider that we have

BISu(0)] = " El6(Z1, Z)a( )4 Z2) (D21, 22) + B o2, Z) Mgz,
= n- 1E[Q§(Zl, Zg)q(Zl)Q(Zz)An—2(Zl; Z2>]1{Z1<Z2}]

n
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n—1
+

o Elp(Z1, Z2)q(Z1)q(Z2) An-2(Z1, Z2) (2, < 23] (4.23)

by Lemma 4.7. We will now consider the two terms on the right hand side above
individually, starting with the second term above. Consider that for s < ¢

lim C,,(s)Dy(s,t) < lim C,(s)D(s,t) =0

n—oo n—oo

almost surely as n — oo, since 0 < C,(s) < 1 and by Corollary 4.11. Also
Cn(8)Dy(s,t) > 0 for all n > 2 and s < t. Thus C,(s)D,(s,t) — 0 almost surely as
n — oo if s < t. Furthermore note that C,(s)D,(s,t) < D(s,t) almost surely, for
all n > 2 and s < t by Lemma 4.6. Moreover note that D(s,t) is integrable, since
on {Z, < Zy} we have

E[D(Zy, Z,)] = E MZ f:—%H(dx) + /0Z2 f:—%ﬂ(d@]

E { /0 o %Mﬂ(dx) + /0 o %mﬂ (dx)}
<E[-2Wn(1 — H(Zyp))]

IN

< 00 .

Therefore we obtain

T}l_)fglo I]-{Z1<Z2}An—2(Zla Zz) = nll_>Holo ]l{zl<zz}E [On—Z(ZI)Dn—Q(Zla Zz)]
= Lizi<z)E | im Co(Z0)Da(%1, 2)|

=0
according to the Dominated Convergence Theorem. Thus

(21, Z2)q(21)q(Z2) 1z, < 2y Dn—2(Z1, Zo) — 0
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almost surely as n — co. Furthermore note that we have
Ano(Zh, Zo) < Ny_o(Zh, Zo) < D(Zy, Zs)
almost surely for all n > 2 by Lemma 4.6. Hence we obtain

lim E[¢(Z1, Z2)q(Z21)q(Z2) 1z, < 2y Dn—2(Z1, Z5))]

n—oo

= E[¢(Z1, Z22)q(Z1)a(Z2) Lz, < 2.} T}g& An—2(Zh, Z))]

=0

almost surely, by virtue of the Dominated Convergence Theorem. It remains to con-
sider the first term in (4.23). According to Lemma 4.6, we have A, (s,t) / D(s,t)
for s <t and H(t) < 1. Thus, applying the Dominated Convergence Theorem again,
yields

lim E[¢(Zla Z2)q(Zl)Q(ZQ)An—2(Zl7 ZQ)IL{ZKZQ}]

n—oo

= E[¢(Zla Z2)q(Z1)Q(ZQ)D(Zl7 ZQ)]l{Z1<Z2}] :
Therefore we obtain

lim E[S,(q)] = [¢(ZLZ2) (21)q(Z2) D(Zy1, Z2) 112, < 2,)]

. Ly 65, als) exp 81__—‘1(2)1{@2)
o 1—H(2)

x q(t) exp ( /O 11__—2(2)1{@2)) H(ds)H (dt)

5 || et ( | f:—%w))

X g(t) exp ( /0 f:—%ﬂ(dz)) H (ds) H (dt)

almost surely, since ¢(s,t)q(s)q(t)D(s,t) is symmetric by (Al), and Z; and Z, are
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i.i.d.. This concludes the argument for S,,. By similar arguments, we obtain S,, — S

O

w.p. 1.

4.2 Calculating the limit

In order to identify the limit of S5, = .5, (m(:, 0,)) we need the statement of Corol-

lary 4.14, which is based upon the following lemma. Define for any ¢ > 0
M, (x) := max(0,m(x,0y) — €)) and Ms () := min(1, m(z,6y) +¢€)) .

Lemma 4.13. Suppose (M1) and (M2) hold. Then the following statements hold

for each 0 < € <1 and n large enough

A

(1) Mye(x) < m(z,0,) < Ma(x)

~ ~

(1) Mae(x)Ms(y) —4e < m(z,0n)m(y, 0,) < My (2) M (y) + 4e.

Proof. For the sake of simpler notation, we will write m,,(z) := m(zx, 6,) and m(z) :=
m(z,6p). Let’s start with part (7). Suppose M (z) = 0, then the condition above

is trivially satisfied since m,(x) > 0. Now suppose M; (z) = m(z) — e. Then

my(z) = (ma(z) —m(z)) +m(z)

> m(z) = [mn(z) —m(z)| .

But under condition (M1), we have for n large enough that for some ¢ > 0 6,, €

V(e,6p). Now we get, according to (M2) that

sup|my,(z) —m(z)| < €.
x>0

Therefore we obtain m,(x) > m(z) — e = M (x). Let’s now consider M;.. The

case M, = 1is trivial again, since m,(z) < 1. Now suppose M, = m(z)+e€. Then
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we obtain, for n large enough

my(x) = (mn () —m(z)) +m(z)

IN

m(x) + [mn(x) — m(z)]
<m(z)+e

= MQ@(ZL’) .

This concludes the proof of part (i). Now note that, according to (M1) and (M2),

the following holds for n large enough and some € > 0

my(x) = (mn () —m(z)) +m(z)
< [mn(z) —m(z)| + m(z)

<m(z)+e. (4.24)

Moreover consider that we have

mp ()M (y) = (ma(2) —m(z))(mn(y) —m(y))
+m(x)ma(y) + ma(z)m(y) — m(z)m(y)

< €+ m(z)mu(y) +ma(r)m(y) — m(z)m(y) .

Applying the latter inequality to (4.24) yields

ma(@)ma(y) < € +m(@)(m(y) +€) + (m(x) + )m(y) — m(z)m(y)

— m(z)m(y) + e(m(z) + m(y)) + € (4.25)

Now suppose M; () = 0 and M; (y) = 0 for x,y € Ry. Then m(z) < € and
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m(y) < e. Hence, using (4.25) yields

M ()M, (y) < 4€® .

Next suppose M (z) =0 and M; (y) = m(y) — €. Using (4.25) again, we obtain

Mo ()M (y) < m(@)m(y) + e(m(z) +m(y)) + ¢’

<ete(l+e)+é

=2¢(1+¢€),

since m(x) < € and m(y) < 1. By similar calculations, we obtain the exact same
result for the case M (z) = m(z) — € and M, (y) = 0. Now suppose M; (z) =

m(z) — e and M (y) = m(y) — €, and note that

My ()M (y) = (m(z) = €)(m(y) =€)

= m(z)m(y) — e(m(z) +m(y)) + € .

Now (4.25) implies the following

M (£)ma(y) < m(z)m(y) + e(m(z) + m(y)) + €

= My (2) My (y) + 2¢(m(z) + m(y))

S Ml,e(x)Ml,e(y) + 46 .

Thus we have for 0 < e <1 that

M ()M (y) < My () My (y) + 4e

as claimed in the statement of this lemma. It remains to show that M, (z) M, (y) —

4de < my(x)m,(y). By calculations similar to those that lead to (4.24) and (4.25)
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we obtain

mp(z) > m(z) —e

and

M ()M (y) = m()m(y) — e(m(z) +m(y)) — € . (4.26)

Now we will consider M, . case by case. Suppose My (z) = 1 and M, (y) = 1. This

is equivalent to m(z) > 1 — e and m(y) > 1 — e. Therefore (4.26) implies

M ()M (y) > (1 — €)% — 2¢ — €2
=1-—4e

= My (z) My (y) — 4e .

Next consider the case My (x) =1 and M, (y) = m(y) + €. Then we have m(z) >
1 — e and m(y) < 1 —e. Moreover we have My (x) M (y) = m(y) + e. Hence we

obtain the following, according to (4.26)

Mo (2)m(y) 2 (1= e)m(y) — e((1+ (1 —€)) — €

m(y) —em(y) — 2¢

A%

m(y) —e(1 —€) — 2¢

IV

m(y) — 3e

= My (x)Ms(y) — 4e .

By similar calculations we obtain the same result, if M, () = m(x) + € and
M, (y) = 1. Finally consider the case M (x) = m(z) + € and M (y) = m(y) + €.

Then we have m(z) <1 — € and m(y) < 1 — e. Furthermore we have

My () Ma(y) = (m(z) + €)(m(y) + ¢
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m(z)m(y) + e(m(z) +m(y)) + ¢ .

Therefore, applying (4.26) again, yields

Mo ()M (y) = m(@)m(y) — e(m(z) +m(y)) — €

= My (2)Mse(y) — 2¢(m(x) + m(y)) — 2€°
> My (2)Ma(y) — de(1 — €) — 2€°

> My (x) M (y) — 4e .

This concludes the proof. O

Corollary 4.14. Suppose conditions (A2), (M1) and (M2) are satisfied. Then the

following holds for each 0 < € <1 and n large enough

Sn<M2,e) - 4€Sn(M2,e) S Sn(m(7 én)) S Sn(Ml,e) + 4€Sn<M1,e)-

Proof. Consider that we have the following for any n > 1

S(Mae) —4eS, (M) = > Y " &(Zin Zien) (Moo (Zisn)) Ma,o(Zjin) — 4e)

1<i<j<n
i—1 j—1
M2 e(Zk:n) M2 5(Zk:n)
8 191_11 [ n—k+1 ]}_[1 n—Fk+1

But according to Lemma 4.13 we have

A A ~

m(m, 971) S M27E<x) and MQ,e(x>M2,e(y) S m(x, Qn)m(y7 Qn)
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for all z;y € R,. Hence we obtain

S(MZE)_4€S M2e ZZ¢ zny (Zznve) (J”’éﬂ)

1<z<]<n
ana0n> s m(anaén)
XH [1_ n—k+1 1!_[1 1= n—k+1
= Sp(m(-,6,)).

Similarly we obtain
Sp(My ) + 4€S,(Myc) > Sp(mf(-,6,)).

]

Now we are in a position, to identify S = lim,, , S55,. The proof of the main

theorem follows.

Proof of Theorem 1./4. Assume that conditions (Al) through (A4), (M1) and
(M2) hold. Consider that we have

Sn(MQ,e) - 4€§n(M2,e) S Sn<m('7 én)) S Sn<M1,e) + 4€‘§n(M1,e)

according to Corollary 4.14 under (M1) and (M2). Next take note of the Radon-

Nikodym derivatives (c.f. Dikta (2000), page 8)

H'(ds)

m(s,60) = “Frias)

and (1 —G(s)) =

Moreover consider that we have

1 —m(x,0) B
/0 () = —n(1 = G(s)
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and

/0 S %MH(dx) — —In((1 - H(s))")

according to Dikta (2000). Now note that

Ml,e(x) = 1{m(m,6‘g)>e}(m<w7 90) - 6)

< m(x,0) — €.

Therefore, we obtain the following

s <g [ [ oo (TR + i)

1 —m(z,0p) €
X exp < /0 e+ T (x>H(dx)> H (ds)H(dt)

(s, t)
/ / (1-— )(1—G(t)(1— H(s))(1 — H(t))eH(dS)H<dt)
" 6(s, 1)
/ / (s,00)m(t,0)(1 — H(s)) (1 — H(t))eF(dS)F(dt) :

But by condition (A3), the integral above is finite. Moreover M (z) is non-
decreasing in z, since m is non-decreasing under (A4). Therefore S(M; ) exists
almost surely under (A1) through (A4), by Theorem 3.5. Hence we have that for
each 0 < ¢ < 1 we have S,(M; ) + 4eS, (M) — S(M ) + 4eS(M;.) w.p.1 as

n — oo, according to Lemma 4.12 . Next consider that

(s )
s +aes060 <5 [ | g~y
m(s,0y)m(t, 0 ) + 4e

X( —G(s)(1 - G)

H(ds)H(dt) .

By similar arguments we can show that S, (Ms ) —4€S,(My,) — S(Ms ) —4eS(Ms,.)
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w.p.1 as n — oo and

S(My,) — 4eS(My,) > / / o(s —H(®)
s@o)m(t 90)

<TG = Gy A
We have seen so far that for 0 < € < 1 small enough
/ / (s, t)(1— H(s))(1—H(t))"
(S Ho)m(t 90)
<G o) @
< 117111_1>£f5 (m(-,0,))
< liglﬁsolips W(m(-,0,))
(s
_2/ / 1—H(S) ( H{(t))e
(s,00)m(t,00) + 4e .
“ -G - o

Finally let € ™\, 0 and apply the Monotone Convergence Theorem to obtain that the

upper and lower bound converge both to the same limit. In effect, we have

i > / / o(s — H(1))"

= 903 >>(519—0)G< >>H<d $)H{di)
/ / ¢ 590 t(go))H(ds)H(dt)

—/TH/ o(s,t)F(ds)F(dt)
_11\1%2// 1-a 1— ()

m(s, Ho> (t 90) e o
(1= H(s))(1 — B @) H )

Hereby the proof of Theorem 1.4 is concluded. O
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Chapter 5

The censoring model

During this chapter we will consider the censoring model m more closely. Recall
from the assumptions of SRCM (see Chapter 1) that we have X ~ F| Y ~ G and
Z ~ H, where Z = min(X,Y). We observe (Z;,d;)i<,. In the following, we will first
see an expression for m in terms of the hazard rates A\r and Ag, which was derived
in Dikta (1998). Later we will see examples of different configurations for A\g, \g

and m, and how assumption (A4) restricts their use in practice.

First recall from Chapter 1 that the cumulative hazard rate corresponding to F

is defined as

Ap@):1A2It;F@SF@ﬁ)::AZAF@yﬁ. (5.1)

with

Now recall that
m(z,0) =P =1|Z = 2) = E(1=13|Z = 2) .

according to Dikta (1998), page 254. Next consider that we have (c.f. Shorack and

Wellner (2009), page 294)

Hi(z)=P(6=12<z =EIX <Y)(X < 2))
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—E(I(X < 2)E(I(X <Y)|X)) .

Hence we obtain

Hi(z)= | EI(X <Y)|X = t)F(dt)
E(I(Y > t))F(dt)
P(Y > t)F(dt)

1 — G(t)F(dt) .

Thus dH; = (1 —G)dF. Moreover we have dH; = m-dH. Therefore we can rewrite

Ap as

o 1-G
A= | T—Fo)a—aw)’ @

H(dt) (5.2)

Note that combining (5.1) and (5.2) yields

/OZ)\F(t)dt—/Ozlf(?(t)dt—/oz m(i(zf(bt(;)dt_/Ozm(t,e)AH(t)dt

Now this implies

m(z,00) = = (5.3)

c.f. Dikta (1998), page 255. Parametric models for m can be found in Cox (1970)

and Collett (2014).
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We will now see different examples for censoring models in different settings, and
how condition (A4) restricts their application in practice. Consider the following

examples.

Example 5.1. Suppose that ' and G satisfy
1-G(z)=(1—-F(2))’ forsome B>0,

in addition to the assumptions of semi-parametric RCM. This model is called pro-
portional hazards model. In this case the censoring model m(-, 0) is independent of

7. Hence we have
1

m(z,0) = E[d] = 155 0

(5.4)

according to Dikta (1995), p. 1538. Note that m is constant and therefore satisfies
condition (A4). The proportional hazards model was discussed in detail by Koziol
and Green (1976). Breslow and Crowley (1974) established a CLT result about the

Kaplan-Meier PLE under the proportional hazards model. Now

One straight forward approach to obtain a non-parametric estimate of (5.4) is given
by

1 n
C, 1= — -~ Eld] .
e, n;(s [0]

The above quantity was used by Cheng and Lin (1987) to introduce the following

estimator

ro- T[]

Liites n—Ry,+1
It was also shown in Cheng and Lin (1987) that F is more efficient than F*™. For
integrals of measurable functions w.r.t. F% strong consistency was established by

Stute (1992). In Dikta (1995) it was shown that the limiting distribution is normal

under proper conditions.
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Next consider that, if the condition of PHM is satisfied, we have
(20,) == =3 6, =¢
miz,Up) =0p = — i = Cn
) n 4

according to Dikta (1998), Example 2.8. Therefore F*! is identical to F!. In Dikta
(2000), page 3, it was pointed out that F:“! and F3¢ will show the same gain in

efficiency, compared to the Kaplan-Meier PLE.

Section 6.2 shows a simulation study under of a semi-parametric U-statistics es-

timator based on F°¢ under the proportional hazards model.

During the next example we will examine the Weibull distribution. We will write
X ~ Wei(a, B) if the r.v. X follows a Weibull distribution with parameters o and

. In this case the hazard rate is given by A\(z) = a’B2°~1.

Example 5.2. Let X ~ Weibull(ay,$1) and Y ~ Weibull(ag, f2). Then their

respective hazard rates are given by
Ar(2) = o 512571 and Ag(2) = aF? Boz™ 71 .

According to (5.3), we can now write our censoring model m as

-1
1 B2 1
m(z, 9) = = (1 + _aélﬁ2 2,32—&) _

1 + Aa(2)/Ar(2) N
with
aﬁQﬁz
0=(0,.0,) = | 2= 8, — ,
(61, 00) (aflﬁf& 51)

The setup described above is called the generalized hazards model (see Dikta (1998),

Example 2.9). Note that condition (A4) poses a restriction on this model, since we
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need [y < 1 s.t. B3 < 0 and hence m(z, ) is non-decreasing in z. In section 6.3, a

simulation study of the setup above is shown.

Let’s introduce the Pareto (type I) distribution Par(«, ) for the next example.
If X ~ Par(a,f3), we have

Ap(z) = {ér 1i>p -

z

Example 5.3. Suppose X ~ FEzp(a) and Y ~ Par(1,3). Then the censoring

model is given by

«

m(z,0) = with 6 = (a,5) .

a+Z2lpzg

Note that m(z,#) is monotone non-decreasing if 5 > 0 and z > . But if z < 3, we
have m(z,0) = 1. At z = 3, m has a discontinuity and m(8,0) = a(a+1)7! < 1.
Therefore conditions (A4) is violated in this case. However, we will see a simulation
study for this setup in Section 6.4. The results of this study indicate that the

considered semi-parametric estimator might still be consistent under this setup.

The following example will involve the Gompertz distribution. If X follows a
Gompertz distribution with parameters a and § we will write X ~ Gom(«, 5). In

this case the hazard rate is given by Ap(2) = exp(a + 52) .

Example 5.4. Suppose X ~ Gom(a, ) and Y ~ Ezp(y). Then the censoring

model is given by
1

14+ vexp(—a —fz)

m(z,0) =

for § > 0 and v > 0. Now m(z,0) is non-decreasing in z, since § > 0.

Example 5.5. Suppose A\r is known and m is defined as follows

~exp(fz) 1
m(z,0) = 1 +exp(fz) 1+ exp(—02)
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for < 0. We will call the model above logit model.

Remark 5.6. Consider that equation (5.3) implies
Aa(2) = Ap(2) exp(—62).

The cumulative hazard function of GG is now of the form

z

Ag(z) = /)\F(t) exp(—0t)dt

0

Suppose e.g. A\r is bounded above, i.e. Ap(z) < ¢ for some constant ¢ < oo and all

z € Ry. Then

z

Ag(z) <ec- /exp(—@t)dt =c(1—6"exp(—0z)) .

Note that the right hand side above converges to ¢ < oo as z — o0, if § > 0. But

this means G is not a proper distribution function, since

lim G(z) = lim 1 —exp(—Ag(2)) < 1.

Z—00 Z—00

Hence we must have 6 < 0, s.t. Ag(z) — 00 as z — oo. Next consider that m(z, )
is non-decreasing, whenever 8 > 0. Thus we can not use the logit model under

restriction (A4).

Example 5.7. Suppose the censoring model is given by
m(z,0) =1 — exp(—exp(6z)) .

This model will be called complementary log-log model.

The following remark shows that condition (A4) makes the complementary log-
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log model inapplicable under this setup.

Remark 5.8. Let m(z,0) = 1 —exp(—exp(6z)) and let Ar be known. Now consider

z

[ Ap(t) exp(— exp(6t)
Ag(z) = / 1 — exp(—exp(At)) .

Now suppose Ag is, e.g. either non-increasing or bounded above. In both cases we
need 6 < 0 to obtain

Zlgalo A(z) = .

On the other hand, m(-, 6) is non-decreasing whenever § > 0. Therefore the model

is not applicable under condition (A4).
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Chapter 6

Simulations

In Chapter 5 we discussed different configurations of our pdf’s f and g, and the
censoring model m. We will now see simulation studies corresponding to some of
those setups. In Section 6.1 we will detail, how those simulations are calculated.
The remaining sections of this chapter will show simulations for different setups of

f, g and m.

6.1 Computational Aspects

Assume that we have (Z;, ;)< is a sample in the sense of RCM. Recall the target

value from Chapter 1

0" = El¢] = /0 h /0 " (s, ) F(ds)F(dt) -

In the following, we will estimate the integral above under different setups. For
the simulations, one chooses first an appropriate censoring model m in connection
with the compatible distribution for X and/or Y. The kernel ¢ can be chosen sepa-
rately. Then the Maximum Likelihood estimate for 0,, is calculated. Afterwards, the
semi-parametric and the Kaplan-Meier weights are calculated, using the following

formulas

Zi'n7én = A4 :n;én
VV{?Z = Fse(Zi:n) - FZE(Zi—lzn) = M H [1 — —m( k )
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and
i1

O Ore:
i = Ea"Zin) = B Zictn) n—z’—i—lg n—k+1
respectively. Now the the semi-parametric and the Kaplan-Meier U-statistics can

be calculated as

U =23 & Zim, Zin) WEEWES,

1<i<j<n

and

U™ =23 " 3(Zim, Zin) WERW T

1<i<j<n

Note that Us¢ = 2-55% and U™ = 2- S5, The factor 2 is motivated by Remark 1.5.

As kernel for the following simulation studies, we choose

¢(r1,72) = %(371 —19)% .

Hence we are estimating the sample variance, as pointed out in Example 1.1. The
semi-parametric and the Kaplan-Meier estimates of §* will be denoted as o3¢ and o™
respectively. Each simulation is repeated M = 100 times for different samples of size
n. Let (Z;, 52-)59 be the sample of generated in the j-th repetition for j = 1,..., M,
and let o, € {02¢, 0F™}. We will denote by o, ; the estimate of #* based on sample

ni»’n

(Zi,éi){gn for j = 1,...,M. The Bias of o, will be calculated by the following

formula
M
Bias(o,) = % Z(O'n] )
7j=1
For the Variance of o,, we use
R 1 &
Var(o,) = 71 ;(am — o) with o) = i ;an]
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The mean squared error (MSE) will be calculated as

1 M

MSE(o,) = Jnj—e*

J=1

Additionally, we will calculate the average proportion of uncensored observations by
M n
1 1
c= M Cn,j with Cnj = E Z(S, .
j=1 i=1
Furthermore we will calculate quantiles of F*™ and F*¢, by
¢, (p) = inf{t € RL|F°(¢) > p}

and

¢y (p) = inf{t € Ry|F;(t) > p},

respectively. In order to get information about the underlying estimates F°¢ and
FFm of the true d.f. F, we will calculate the Bias, variance and MSE for ¢*¢(p) and
gtm(p) for p € {0.25,0.5,0.75} as well. The simulation results will be displayed in
two tables. One table contains bias, variance and MSE of ¢%¢ and ¢f™. The other
table shows the bias and MSE of ¢*¢ and ¢®™. The results are also illustrated by a
figure at the end of each section. The left image shows the squared Bias, variance
and MSE for ¢%¢ and o*™. The right image displays the MSE of ¢*¢(p) and ¢*™(p)
for p € {0.25,0.5,0.75}.

6.2 Simulation 1

Suppose X ~ Ezp(a) and Y ~ Exp(f). Then we have

m(z,0) =



is constant in this case. Hence we are in the situation of proportional hazards model,

as described in Example 5.1.

For this simulation, we chose @ = 2 and § = 1. The target value was here

1
VGT(X):?:ZI .

For this simulation we will calculate the Cheng-Lin estimate (see Example 5.1) of

Var(X), namely ¢, additionally to ¢3¢ and o%™. We calculate o< as

SN Zims Zi) WL,

1<i<j<n

where

. c i—1 c
n—i " n—=k "
we =1 — [ ——— - .
o [ (n—i+1) ]Xg{n—k+1]

k
Bias, variance, MSE and quantiles will be calculated and displayed for o< in Table
6.1 and Table 6.2, in addition to with corresponding values for ¢ and o*™ in order
to compare them. We expect that o2¢ and o will show similar results, because of

Dikta (2000), page 3.

Model Densities

Figure 6.1: Probability density functions f, g and censoring model m for Sim. 1.
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Figure 6.1 shows the pdf’s f and g, as well as the censoring model. Under this setup
we have m(-,0) = 2/3. Since the censoring model is constant, we can expect that

censoring will be occurring at the same rate over the whole domain.

\ [ n =100 | n=500 | n=1000 |

Bias(o®°) | -0.0581 | -0.0317 | -0.0203
Bias(c®™) || -0.0691 | -0.0361 | -0.0268
Bias(o) | -0.0307 | -0.0179 | -0.0087

Var(o:) 0.0054 | 0.0020 0.0013
Var(e") || 0.0091 | 0.0028 | 0.0017
Var(o®) 0.0080 | 0.0027 | 0.0016
MSE(o) | 0.0087 | 0.0030 | 0.0017
MSE(c"™) || 0.0138 | 0.0041 | 0.0025
( C

MSE(c" 0.0089 | 0.0030 0.0017

n

IE | 0.6646 | 0.66456 | 0.66831 |

Table 6.1: Results for Simulation 1.

Table 6.1 shows that bias, variance and MSE are decreasing to zero for all three

km
n

Se

- under this setup,

estimators. 0%¢ and ¢ are performing clearly better than o
while o¢ and ¢ show roughly the same behavior, as we expected in the beginning

of this section.

— o
————— Blas*(c™") g - -~ MSE(q(0.25))
I I N e Blas®a'™| |\ |- MSE(q"(0.25))
27 N | Blas*(c) @ [\ | MSE(q2(0.25))
| —- Var(uE;) S -—- MSE(qE.fnio.S))
- Var(unl) --- MSE(qnl (0.5))
Cl Cl
2 --- Varc® © --- MSE(q(0.5))
8 A — MSE(™) S — MSE(g®%(0.75))
o
— MSE(d™™ — MSE(Q™"(0.75))
. — MSE(?) 2 — MSE(q%(0.75))
N S
g S ~
o ~ ~
[Shh ~ s~
o (] ~
. o N
[= N <N
— C) ~
o | T (=] ‘\\\ ——————
<) <) T e
S = et
o T T T T T o T T T T T
200 400 600 800 1000 200 400 600 800 1000
n n

Figure 6.2: Results for Simulation 1. left: bias, variance and MSE for o2¢ and o*™.
right: MSE for ¢*¢ and ¢*™.
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Figure 6.2 indicates that the gain in efficiency of ¢3¢ and o< versus o*™ is greater
for smaller sample sizes. Moreover we can see that the gain in efficiency for o;° and
o< is more related to the variance, than to the bias.

The Quantiles are estimated quite well under this setup, although both estimators

mainly underestimated the true quantiles by a small amount.

n =100 | n =500 | n=1000 || n =100 [ n =500 | n = 1000
Bias MSE
¢;2(0.25) [ -0.0105 | -0.003 | -0.0031 [ 0.0007 | 0.0001 [ 0.0001
¢i™(0.25) || -0.0038 | -0.0017 | -0.0023 || 0.0010 | 0.0002 | 0.0001
¢¢(0.25) || -0.0067 | -0.0012 | -0.0019 || 0.0007 | 0.0001 | 0.0001
¢:¢(0.5) | -0.0109 | -0.0010 | -0.0032 || 0.0029 | 0.0005 | 0.0003
gi™(0.5) || -0.0046 | -0.0001 | -0.0017 || 0.0033 | 0.0006 | 0.0003
¢2(0.5) -0.0088 | 0.0006 | -0.0024 || 0.0029 | 0.0005 | 0.0003
¢:¢(0.75) || -0.0123 | 0.0074 | -0.0032 | 0.0084 | 0.0018 | 0.0010
g™ (0.75) || -0.0143 | 0.0077 | -0.0030 || 0.0103 | 0.0020 | 0.0012
¢ (0.75) || -0.0190 | 0.0039 | -0.0048 || 0.0081 | 0.0017 | 0.0010

Table 6.2: Results for estimated quantiles of Simulation 1.

6.3 Simulation 2

Let X ~ Weibull(ay, f1) and X ~ Weibull(as, f2). Then we obtain for the censor-
ing model

1 ‘ 0/32
m(Z,H):mehHZ < 2 ﬁQ ﬁg—ﬁ1> .

06?%17
For the simulation below we chose a; =2, ag =1, f; = 1.2 and 55 = 1. The target

value was here

Var(X) = 0.154936 .

Figure 6.3 indicates that smaller values are censored rather than larger ones under

this setup. This is due to the increasing nature of the censoring model m.
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Model Densities

Density

Figure 6.3: Probability density functions f, g and censoring model m for Sim. 2.

Table 6.3 shows that bias, variance and MSE are converging to zero for both es-
timators, as well under this setup. The semi-parametric estimator is clearly more
efficient than the Kaplan-Meier estimate w.r.t. the MSE. Here again, the difference
in variance between the semi-parametric and the Kaplan-Meier based estimator is

much larger than the difference in squared bias.

| | n=100 | n =500 [ n=1000 |

Bias(o%) || -0.0196 | -0.0002 | 0.0038
Bias(c®™) || -0.0201 | -0.0114 | -0.0114
Var(o) 0.0017 | 0.0007 | 0.0003

Var(okm) 0.0029 | 0.0008 0.0003
MSE(o5¢) 0.0020 | 0.0007 0.0003
MSE(ck™) || 0.0033 | 0.0009 0.0004

c | 0.6705 [ 0.6678 | 0.66538 |

Table 6.3: Results for Simulation 2.

Figure 6.4 shows, as before that the gain in efficiency is greater for smaller sample

sizes n. Again, the gain in efficiency is more severe for smaller n in this simulation.
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Figure 6.4: Results for Simulation 2. left: bias, variance and MSE for ¢2¢ and o*™.
right: MSE for ¢3¢ and ¢*™.

Both estimators are estimating the true quantiles well under this setup, as we can
see from Table 6.4. As before, the quantiles are, for the most part, slightly underes-
timated by both estimators. Figure 6.4 shows that ¢;° is performing slightly better

q,’jm in this situation.

n =100 | n =500 | n=1000 || n =100 | n =500 [ n = 1000
Bias MSE
¢:¢(0.25) [ -0.0183 | -0.0114 | -0.0119 [[ 0.0009 | 0.0002 | 0.0002
¢&™(0.25) || -0.0074 | -0.0003 | -0.0009 || 0.0006 | 0.0002 | 0.0001
¢;f(0.5) || -0.0123 | -0.0113 | -0.008 || 0.0022 | 0.0006 | 0.0003
¢i™(0.5) || -0.0068 | -0.0058 | -0.0021 || 0.0024 | 0.0006 | 0.0002
¢;°(0.75) || -0.0092 | 0.0004 | 0.0074 [| 0.0076 | 0.0013 | 0.0007
¢&™(0.75) || -0.0158 | -0.0104 | -0.0025 || 0.0088 | 0.0015 | 0.0007

Table 6.4: Results for estimated quantiles of Simulation 2.
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6.4 Simulation 3
Let X ~ Exp(a) and Y ~ Par(1,3). For our model m we obtain in this case

8]
m(z,0) = ——— .
=0 a+2lpxp

Note that m is not non-decreasing over the whole domain in this case (c.f. Example
5.3). For the following simulation we chose @ = 0.5 and § = 1.2. The target value

was here

Var(X)=4.

Considering Figure 6.5, we can not expect any censored observations on [0, J].

Model Densities

Figure 6.5: Probability density functions f, g and censoring model m for Sim. 3.

Moreover the plot indicates that values in [, 3] are more likely to be censored. On
[3,00), the censoring model is monotone increasing. This implies that smaller values

are more likely to be censored than larger values.
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| [ n=100 [ n =500 | n=1000 |

Bias(c3¢) || -1.0616 | -0.4255 | -0.2735
Bias(o¥™) || -1.0972 | -0.5142 | -0.3189
Var(ose) 2.8281 | 0.8522 | 0.3623

Var(okm) 2.9919 | 1.2895 | 0.5611
MSE(c%) || 3.9553 | 1.0333 | 0.4370
MSE(ck™) || 4.1957 | 1.5539 | 0.6628

c | 0.6971 [ 0.6970 | 0.6962

Table 6.5: Results for simulation 3.

From Table 6.5, we see that the MSE values of both estimators, 0¢ and o™, are
substantially larger than in the previous examples, especially for n = 100. How-
ever, the MSE values decrease considerably as n increases. Figure 6.6, shows that
the semi-parametric estimator is performing better than the Kaplan-Meier estimate

again, with a larger gain in efficiency for small n .

S N Blas*(c*®) 2 -
----- Blas®(c!™)
--- Var(c)
-—~ Var(ci™
— MSE(c))
M - - km
N MSE(o,.") o
AT -
A
AT
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o -
P R ——
o I MSE(q®(0.25))
— k
----- MSE(q,"(0.25))
--- MSE(G(0.5))
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_________ —_— MSE(qu{O,?S))
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Figure 6.6: Results for Simulation 3. left: bias, variance and MSE for o3¢ and o*™.
right: MSE for ¢2¢ and ¢"™.
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Table 6.6 shows that the quantiles are considerably underestimated by both estima-
tors in this case. This might be a consequence of the fact that m violates condition
(A4) under this setup. The large MSE values for the quantile estimates are likely

to cause the much larger MSE scores of 0¢ and ¢*™ in this simulation.

n =100 n =500 | n=1000 || n=100 | n. =500 | n = 1000
Bias MSE
¢;°(0.25) [[ -0.9461 | -0.9531 | -0.9482 [| 0.9064 | 0.9105 | 0.9007
gam(0.25) || -0.9461 | -0.9531 | -0.9482 || 0.9064 | 0.9105 | 0.9007
¢;f(0.5) || -0.7617 | -0.7637 | -0.7513 || 0.6157 | 0.5904 | 0.5682
gim(0.5) || -0.7565 | -0.7589 | -0.7484 || 0.6106 | 0.5835 | 0.5644
¢;f(0.75) || -1.1444 | -1.0630 | -1.0461 || 1.4006 | 1.1587 | 1.1093
g™ (0.75) || -1.1641 | -1.0890 | -1.0535 || 1.5064 | 1.2227 | 1.1306

Table 6.6: Results for estimated quantiles of Simulation 3.
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Chapter 7

Discussion

The strong law of large numbers for the semiparametric U-statistics estimator 53¢,

under proper conditions, has been established in Theorem 1.4. In addition to the
assumptions made in Dikta (2000) and Bose and Sen (1999), we assumed that the
censoring model, i.e. conditional expectation of the censoring indicator given the
observation, is a monotone non-decreasing function. However Chapter 5 shows a
variety of examples, which are relevant in the field of survival analysis, for which
this additional condition is satisfied. These examples include, among others, the
proportional hazards model. The product limit estimator, upon which the semi-
parametric U-Statistics is based in this example, has the same asymptotic proper-
ties as the Cheng and Lin (1987) estimator (c.f. Dikta (2000), page 3). In Chapter
6, we conducted simulation studies for different scenarios. The simulation studies
verify the SLLN result in Theorem 1.4. Moreover the studies show that the semi-
parametric estimator outperforms the Kaplan-Meier estimate, especially in terms
of variance, in most cases. This was expected because of the results established by
Dikta et al. (2005) and Dikta (2014). The gain in efficiency was especially large for
smaller sample sizes. The results of Section 6.4 indicate, that the semiparametric

estimator might still be consistent, even if the censoring model is not non-decreasing.

There are some obvious options to extend the results of this thesis in the future.
Firstly, one could try to establish the SLLN for the semiparametric estimator un-
der weaker assumptions. In the appendix section, the interested reader may find

thoughts on how to work around the additional restriction for the censoring model
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by modifying Doob’s Upcrossing Theorem. Furthermore a CLT statement for the
the semiparametric estimator could possibly be derived from Dikta et al. (2005) and
Bose and Sen (2002). As another option for future work, based on this thesis, one
could transfer the result of Theorem 1.4 to the estimator derived in Dikta et al.

(2016), using stochastic equivalence.
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Appendix: Thoughts on finding weaker

assumptions

In Section 3.2, we were able to show that S,(q) is a reverse supermartingale under
the assumptions of Lemma 3.3. To establish the almost sure existence of limits of
supermartingale processes, one considers the number of upcrossings of an interval
[a,b] by the process. This was done in the famous Upcrossing Theorem by Doob.
During this section we will generalize Doob’s Upcrossing Theorem to our framework
in order to explore ways to establish weaker assumptions. To get closer to the
situation of Doob’s Upcrossing Theorem, we define the following quantities. Let
N < oo and define for 1 <n < N

anN . N ._ N . _
Sn = SN—n+17 ‘Fn = fN—n-i—l and fn = gN—n—i-l .

Note that {ﬁflv H<n<n is now an increasing o-field in n. Below we will define every-

thing needed, in order to generalize Doob’s Upcrossing Theorem.

Definition A.1. Let N > 2. For 1 <n < N and a,b € R with a < b, let

T()Z:O

(

min{l <n < N|SN <a} if{I<n<N|SN<a}#0
Tli—

N if {1<n<NIS¥N<a}=10

\

(

min{T, <n < N|SN >b} if {T) <n< N|S¥N <a} #0
TQZ:

N if {T) <n < N|SN>bl =0

\
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- min{7s,_2 <n < N|5'711V <a} if{Tyn2<n< N]S‘év <a} #0

T N if {Thmo <n<NIS¥N <a} =0

. (min{Tgm_l <n<NISN>b} if {Thy <n<NIS¥N <a} #0
e N if {Tom1 <n < NISN>b} =0 |

\

Now we can define the number of upcrossings of [a,b] by SV, ..., SN as follows:

max{l <m < N|Ty, < N} if {1 <m < N|Ty, <N} #£0
N -
Uy la,b] :=

0 if {1<m < N|[Ty, <N}=10

Furthermore let for 1 <k <n -1

0 if k<Ty
€ =40 if Ty <k <Tj

and define

for 1 <n < N.

Let’s now explore how limy .., U¥[a,b] < oo implies that S must exist almost
surely. Suppose for now that limy ., UY[a,b] < oo and define the set of all w for

which S,, does not converge as

A = {w]S,(w) does not converge} .
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Consider that can write

A = {w|liminf S, (w) < limsup S, (w)}
= U {w|liminf S, (w) < a < b < limsup Sy (w)} .

a,beQ "

Recall that we have U [a, b], the number of upcrossings of [a,b] by SV, ..., SN. But
this is equal to the number of upcrossings of [a, b] by Sy, ..., S;. Furthermore recall
that

Usla,b] = lim UX[a,b] .

N—o0

Consider that for each w € {w|liminf, S,(w) < a < b < limsup,, S,(w)} we must
have Uyla,bl(w) = oo. This follows directly from the definitions of liminf and

lim sup. Thus we can write

A= | {wlUxla,0)(w) = 00} = | Aus

a,beQ a,beQ

where A, p == {w|Uxa, b](w) = oo}. Consequently we get that

oo if P(Aa,b> >0
E[H{Aa’b}Uoo[a, b“ = . (Al)

0 ifP(Agy) =0

Note that UY[a, b] is clearly non-decreasing in N. Now if limy o E[UY [a,b]] < oo,

we can apply the Monotone Convergence Theorem to obtain
lim E[UY[a,b]] = E[U[a,b]] < oo
N—o00

and hence that

E[Lqa, ,3Usela, b]] < E[Uss[a, b]] < oo .

102



Now the latter together with (A1) implies that P(A,;) = 0. Therefore we have

P(A) =P < U Aa,b) =) P(Ag)=0.

a,beQ a,beQ

The following Lemmas show how Doob’s Upcrossing Theorem can be adapted to

our framework. We will show that E[U[a, b]] is bounded above by E[Y,N]/(b — a).

Lemma A.2. For1 <n < N we have

Proof. Consider for 1 <n < N and N > 2

n—1

Y =5V + ) el St - 5
k=1

= S{V + Z(S’IJY% - gﬁkq)
k=1
2 (S]TV% - gﬁkq)
k=1
by definition of €;. The latter inequality above holds, since S{V > 0. Note that by

definition of T3, 75, ... we have

n

> (SN, = Sh, ) = (b—a)UN[a,b] .

k=1
From here the assertion follows directly. O

The following lemma provides a useful representation for the expectation of the

n
process Y.
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Lemma A.3. For1 <n <N let

with

0 otherwise

fork=1,...,n—1. Here By, is an arbitrary set in B(R¥). Then we have

n—1

E[YN] =EISY] - Y E |(1 -« (BISHL 1Y) - 5Y)] - (A2)

k=1

Proof. Consider for 1 <n < N and N > 2

oN N
SnJrl - YnJrl

= (L —e)(5y = 57) + (1= e2) (S5 = 5) + oo + (L= ) (S7s — S7)

= (S = Y,) + (1= e)(S0h = 57 -

Conditioning on F~ on both sides yields

B[S, - YZ] = S = v+ (L= ) (BISRL)IZY] - 82)

Now taking expectations on both sides yields
B[S - Y] 2 B[S - YN+ E (1 - &) (EISYAIZ - 8Y)
Note that

E[Sy — Y] =E[S) - Y]+ E [<1 —a) (E[SEN 2] =S )]
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=5 [(1 - e (EISIF - 57)]

since YN = SN. Moreover we have
B[S - V'] = E[S) - Y|+ E |(1 - &) (EISY1 7] - 55))]

~k [0 - o) (BI17)- 5

LB [ e (BENE - 5)]

E[SY - v, = ZE (- e (BISYIAY - SY)) -
Hence we get
B = BiEY - S (1= e (BISKIZY - SY)] -

1

i

]

Remark A.4. Note that we have V¥ = SV as the sum in the definition above is in
this case empty and hence treated as zero. Moreover note that we have Y, = SN 1

ife,=1foralll <k <n.

The Lemma below establishes an upper bound for E[Y;Y] in terms of Qg L as
defined in Lemma 3.1.
Lemma A.5. We have for N > 2
) N-1
B[] < E[SN] + 3 an xen (A3)
k=1
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where

QON—k41 = ZZ Zi:N—k+1s ZiN k1) WiN—k1Wj N - k+1(QN FH 1)} .

1<i<j<N—k+1

Proof. Combining Lemmas A.2 and A.3 yields the following

—

(b — @)E[Un[o, ) < BN = E[SY] - D EI(1 - &) (BISNAI7Y] - 5]

1

3

=
Il

for all n < N. Moreover we have

E[SP 1| F] = E[Sy—k| Fn—st1]

ZZ AN ZiN—t+1, ZjN—t1)WiN—k1 W N I<:+1Q” SAR

1<i<j<N—k+1

according to Lemma 3.1. Therefore we obtain

=

E[Yy] =E[S¥] = ) El(1 - e)E[Sp ] F] - 57

2?
Ll

— Z Z (1 — ex)P(ZiN—k+1, Zj:N—k+1)

k=1 1<i<j<N—k+1

X WiN-k1Win—k1 (@1 T = 1)]

Z Z Z E[(1 - ex)d(Zi:n—tt1, Zj:N—k+1)

1<i<j<N—k+1

X Win-k1Win-k1(Qr; T = 1)]

N-1

+ Z Z [(1 - €k>¢(Zi:N—k+17 Zj:N—k+1>

k=1 1<i<j<N—-k+1

X Wikt Win—k+1(Q1 kH 1)” .
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Now using Jensen’s inequality yields

BV <EEN+ Y 303 El(— e)o(Zon ko Zw i)

k=1 1<i<j<N—k+1

X Wi N1 WjN—ky1 - \(nyj_kﬂ —1)|]
N-1

< E[SY] + Z Z Z E[¢(ZiN-k+1, Zj:N-kt1)

k=1 1<i<j<N—k+1
X Wi N—ks1 Wi N—kt1 - |(Q2;_k+1 -1 .
The latter inequality above holds because 1 — ¢, < 1 for all kK < N — 1. O

Remark A.6. For the almost sure existence of the limit lim,,_,, S,, it remains to

show that the upper bound on the right hand side of (A3) is finite.

In addition to the almost sure existence of S(g), one may need that
Seo = lim E[S,,]
almost surely, in order to identify S,. This could be established by the following

Lemma (compare Neveu (1975), Lemma V-3-11).

Lemma A.7. The following statement holds true:

Seo = lim E[S,|F,] = lim E[S,]

n—oo n—oo

almost surely, if the limits above exist.

Proof. Let a > 0 and let S,, converge to some limit S,, almost surely as n — oo.

Now consider that we have

lim min(9S,, a) = min(S, a)
n—oo
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almost surely, because min(-,a) is continuous (see van der Vaart (2000), Theorem
2.3). But min(S,, a) is bounded by a. Hence applying the Dominated Convergence

Theorem yields

lim E[min(S,, a)|Fs] = E[lim min(S,, a)|Fs]

n—oo n—oo

= E[min(Sy, a)|Fso] -

Note that Sy, is measurable with respect to JF,, whenever k£ > n, therefore S, must be
Fr-measurable for all n € N. Consequently S, must be F,-measurable. Moreover,
for a € R, min(-, a) is a continuous function. Thus min(S,, a) is F-measurable as
well. Hence

lim Emin(S,, a)|Fs] = min(Se, a)

n—oo

almost surely. Thus we have

lim E[S,|Fx] = lim lim E[min(S,, a)|Fx]

n—o0 n—o0 a— 00

= lim lim E[min(S,,a)|Fs]

a—r00 N—r 00

= lim min(S, a)
a—r 00

- S . (Ad)

almost surely. Moreover we obtain

E[SnU:OO] = E[Sn]

for all n, by applying Lemma 3.4. Now the latter together with (A4) implies the

statement of the lemma. O
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