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ABSTRACT
STABILITY ANALYSIS FOR THE EQUILIBRIA OF A MONKEYPOX MODEL

by
Rachel Elizabeth TeWinkel

The University of Wisconsin-Milwaukee, 2019
Under the Supervision of Professor Istvan Lauko

Monkeypox virus was first identified in 1958 and has since been an ongoing problem in Central
and Western Africa. Although the smallpox vaccine provides partial immunity against
monkeypox, the number of cases has greatly increased since the eradication of smallpox made its
vaccination unnecessary. Although studied by epidemiologists, monkeypox has not been
thoroughly studied by mathematicians to the extent of other serious diseases. Currently, to our
knowledge, only three mathematical models of monkeypox have been proposed and studied. We
present the first of these models, which is related to the second, and discuss the global and local
asymptotic stability of its equilibrium points. We prove the global asymptotic stability of the
endemic equilibrium which has been previously incomplete. We expand this model to include a
situation where the contact rate is a function of time and not simply a constant and then consider
an expansion of the model with more than two populations. Then we present the results of
numerical simulations for the original model and the modified models. Finally, we propose a
basic network model, discuss the limitations of this model in its current form, and propose

modifications for future study.
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1 Preliminaries

In this work we seek to understand mathematical models of monkeypox. We primarily explore a
system of differential equations representing both interacting human and animal populations. We
build off of previously completed work and prove the global asymptotic stability of the endemic
equilibrium. This is an important step in accurately modeling monkeypox and is needed if the
model is to reflect reports on the disease by epidemiologists. We will propose extensions to the

model and test them analytically and numerically.

1.1 Introduction

In 1958, the monkeypox virus was isolated for the first time from infected monkeys — resulting in
the name — and the first human case was identified in 1970 in the Democratic Republic of Congo
(DRC) during the eradication of smallpox [10, 11, 14, 31, 66]. Monkeypox presents very similarly
to smallpox and is mostly found in Central and Western Africa [14, 47, 51]. While monkeypox has
a lower mortality rate than smallpox at an estimated 9-12%, cases have increased 20-fold in recent
years compared to past decades [10, 14, 17, 31, 44, 47, 66]. In the Bokungu Health Zone of the
DRC, there were 17 cases reported in 2011 and 13 cases reported in 2012 [47]. However, during

the second half of 2013 there was at least a 6-fold increase in monkeypox in this health zone [47].

Hosts of the monkeypox virus include prairie dogs, tree squirrels, chimpanzees, and baboons, but
there is not currently a complete list of hosts. Since monkeypox infects both humans and animals,

it is generally considered impossible to eradicate [11, 14, 17, 31, 43, 48, 49, 66].

Humans become infected with the monkeypox virus when they come into direct contact with in-
fected animals or people. It is also believed that the virus can be transmitted through respiration as
well. The incubation period is approximately 7-17 days. Symptoms are initially similar to those of

the flu and include fever, muscle aches, headache, and fatigue. The lymph nodes become enlarged, a

1



rash develops, and vesicles or “pocks” appear all over the body, including on the palms of the hands

and soles of the feet. These vesicles then form scabs before they drop off [14, 26, 48, 51, 64, 66].

In the last decade there has been a noticeable increase in monkeypox correlated to the decrease in
herd immunity to smallpox. There is no vaccine currently available for monkeypox. The small-
pox vaccine provides approximately 85% immunity against monkeypox and, although the vaccine
can provide cross-protective immunity against monkeypox lasting decades after vaccination, only
about 25% of the populations with endemic monkeypox infection are currently vaccinated against
smallpox. There are also concerns about a new mass vaccination campaign given the prevalence of

HIV/AIDS in those areas affected by monkeypox [26, 28, 38, 40, 43, 49, 51].

After smallpox was declared eradicated in 1977, the World Health Organization continued active
surveillance of monkeypox from 1981 to 1986. Later surveillance of monkeypox from 2006-2007
looked at current incidence rates and those recorded in the 1980s. Rimoin et. al. compared “the
most intense surveillance in the 1980s (Kole in the Sankuru District and Bumba health zone in
the neighboring Equateur province) to zones with similarly intense efforts, comparable popula-
tion demographics, and ecological characteristics (Kole, Tshudi Loto, and Lomela health zones) in
2006 and 2007. For these zones, the average annual incidence increased from 0.48 per 10,000 to
11.25 per 10,000 population” [51]. Although many people become infected through contact with
infected animals, human-to-human transmission chains up to seven individuals long consisting of
42 apparent cases have been identified. Until recently, it was thought that human-to-human trans-
mission chains were rarely, if ever, longer than two. In addition to waning herd immunity provided
through the smallpox vaccine, poverty and civil war have left people to hunt for food in areas where

monkeypox is endemic throughout animal populations [28, 29, 30, 47, 48, 51, 53, 64].



1.2 Outline of Chapters and Results

In Chapter 2 of this work, we discuss a previously proposed mathematical model of monkeypox
from [4]. We will discuss how the model is set up and attempt to follow their work to show the
global asymptotic stability of the equilibria under certain assumptions. We show that the desired
result does not necessarily follow and hence the need for a new approach. Chapter 2 also presents

some results needed for later proofs.

The main result of this dissertation is presented in Chapter 3. There we will prove the existence
of the endemic equilibrium regardless of whether or not certain assumptions from Chapter 2 are
true. We will also prove the global asymptotic stability of the endemic equilibrium. This proof
was previously incomplete. This is an important result for modeling monkeypox with a system of
differential equations. Knowing that the endemic equilibrium is globally asymptotically stable for
the model suggests that, as long as there is monkeypox infection in the animal population, there

will be infection in the human population. We end the chapter with an extension of our main result.

Chapter 4 presents numerical results for simulations of the models presented in the previous chap-
ters. We also show numerical results for simulations on more complicated versions of these models
— e.g. when there are more than two populations and when one constant parameter is changed to a

function of time.

In Chapter 5 we briefly outline a network model of monkeypox. We show some preliminary results
when running simulations of this model and discuss why this model does not give us the results
expected based on epidemiological data. We also propose some adjustments for future work and

highlight the information needed to make these adjustments.

Proposed future work is given in Chapter 6.



2 Current Monkeypox Models

Currently, only three mathematical models of monkeypox can be found in the literature. The first
is an SIR model by Bhunu and Mushayabasa, the second is an expansion on this model to include
co-infection of monkeypox and HIV by Bhunu, Mushayabasa and Hyman, and the third was only
recently published by Emeka et. al [4, 5, 20]. Since the second is an extension of the first, we
wished to understand the first and then expand on this model in a different way than was done
before. During this process, we found that some results in [4] were not proven while others were
proven under certain assumptions. We will complete these proofs and show that result still holds

even if we use more more general assumptions.

2.1 Description of the Model

The model examined in this section was first proposed in [4] and the work in this chapter extends the
work of that paper. This model considers a population of humans divided into susceptible, infected
and recovered individuals, denoted .S, I, and R, respectively, and a population of animals divided
into susceptible, infected and recovered individuals, denoted .S, I, and R, respectively. The total
human population is given as N,(t) = .S,,(t) + 1 ,,(t) + R, (¢) and the total animal population is given
as N,(t) = S,(t) + 1,(t) + R,(t). Susceptible humans are recruited through migration and birth
at the rate A, and susceptible animals are recruited at a rate of A,. Let d_, d, be the death rates
by monkeypox for the animals and humans, respectively, u,, 4, be the natural death rates for the
animals and humans, respectively, and p,, p, be the recovery rates with permanent immunity for
the animals and humans, respectively. It is assumed that the impact of hunting on the animals by
humans is negligible and can be ignored. Further, we assume that animals cannot become infected
by humans since the vast majority of animal and human contact is when animals are hunted and

eaten. Disease transmission is modeled using standard incidence, assuming a constant (density-



independent) contact rate both within and across the two populations resulting in infection rates

N, N,

a

fa (Sa’la’Ra) = ﬁal

a’ ~a’

Ia ﬁa Ia I
S, and f, (S, I Ra,Sh,Ih,Rh)=< 2 +ﬁh h)Sh,

a

where g, , B, and p, are the effective contact rates within the animal population, between the
animal population and human population, and in the human population, respectively. We assume

that A, Ay, Hgs My, Pg» Py are positive, while d,, dy, B, , B,, and f, are non-negative parameters.

Thus we have the following system of non-linear differential equations (2.1a)-(2.1f)

9Se _ A ﬁ‘“l"s (2.1a)
dt - a Ma a Na a’ -1a
dl, _ Palog (Mo +po+d,) I (2.1b)
d[ - Na a :Ma pa a a’ .
4R, = I R (2.1¢c)
dt - pa a Ma a’ Y
dSl’l ﬂa2Ia ﬁhIl’l
— = A, —u,S, - +—1.S,, 2.1d
di h ™ Han < N, "N, )" 2.1d)
di, B, l. B,
@ (& toN ) Se= Gt ontdi) Iy (2.1e)
dR,

Since

dN

a th

the set Q = Q_ X Q,, where



(ua + da) 1,

Aa
Bay1a
S e I Pola R
Y N N
MaSa :uaRa
Ay

N Np /—\ Pl

HnSh (ﬂh + dh) I, MRy,

Figure 2.1: The structure of the model in the system (2.1a)-(2.1f) of differential equations



A
Qa={(Sa,Ia,Ra)ER.3|. : SaZO9IaZO’RaZO’Sa+Ia+RaS_a}
Hq

and

A
Q, = {(Sh,lh,Rh) eR? : ShZO,IhZO,RhZO,Sh+Ih+Rh§ﬂ—h},
h

is positively invariant under the dynamics of (2.1a)-(2.1f), and solutions with initial conditions in

Q exist globally [4, 37].

2.2 Basic Reproduction Numbers

. eqep . . . Aa Ah
The disease free equilibrium is given as & = (5%, 1°,R%, S%, I, R)) = ( —=,0,0,—,0,0 ). An
Haq Hn
analysis for this equilibrium was given in [4] and we also refer the reader to [8, 18, 19, 37, 60].
The basic reproduction number of an SIR model represents the average number of infections that

will result from one infected individual. Using the method of van der Driessche and Watmough,

the basic reproduction numbers of the model are {Roa, Roh} where

Ba
Ry =——— and R, = L
‘ lua+pa+da " Mh+ph+dh
We find this by first defining the matrix
_ s 5. -
Ho+p,+d, p,+p,+d,
M =
0 P
Uy +p, + dh_

. . . . .. -1
Each entry is obtained from looking at the average time a human is infected, ( MUy +p,+d h) ,and
. . . -1 . . . .
the average time an animal is infected, ( U, +p, + d,,) , with the respective rates that infection
is transferred from animals to animals, ﬁal, animals to humans, ﬁaz, and humans to humans, f,.

Finding the eigenvalues of this matrix gives us the basic reproduction numbers. We have



b, b,
.ua+pa+da Mh+ph+dh

M — il =
0 L -1
| Hyp+ oy +d,
. . .. . . . . ﬁa] )Bh
Since this matrix is upper triangular, the eigenvalues of this matrix are and

Hot+po+d,  u,+p,+d,
WhenR, <landR, < 1, thisequilibriumislocally asymptotically stable and unstable otherwise
[4, 8]. We will discuss the global asymptotic stability of the disease-free equilibrium in the next

chapter.

2.3 Endemic Equilibrium of the Animal Subsystem

We now look at what happens when there is no infection in the human population, but infection
is only in the animal population. Since animals cannot get infected through humans, the spread of
infection through the animal population happens independently of the dynamics of infection among
humans. By assuming no infection in the human population, we hone in on the epidemic dynamics
among animals. We will use the results of this section later to understand the bigger picture of how

the epidemic spreads through both populations and is driven by the infection among animals.

We start with the setup provided in [4] and show that this endemic equilibrium of the animal sub-
system is feasible. Suppose f, = f, = 0 so there are only animal-to-animal infections. Then
R,, = 0 and the endemic equilibrium of the animal subsystem is given as E; = (S:, I, RZ) At

the equilibrium point, S’ = I/ = R/ = 0. Using the system in (2.1a)-(2.1c), we have

a N*

a

B I\ . BT |
= #,+ Ay St= (g +p,+d,) I p I =R 2.2)



By adding the first two equations we obtain

ﬂQII: ﬂdll::
A+ —=8"=p,+ S+ (g +p,+d,) I*

N* a

a

N*

a

Ny =S + (g +p,+d,) I

A, p,+p,+d,

St =t
Hq Hq

Looking at the second equation above and the last equation in (2.2), we solve for N to get:

Ay = uS*+ (Hg+p,+d,) I*

A= p, S, +p 0+ p, R +d,I7

A, = u,N*+d,I*

A, —d,I
He

*

By the third equation in (2.2), we have

*

(2.3)

(2.4)

(2.5)

If we find 1 ;“ in terms of the parameters only, then we can also write S*, R* and N ; in terms of the

parameters since they are given above in terms of the parameters and 1. We use (2.2) and (2.3) to

represent I* in terms of the parameters and assume I > 0.

e S =t pu+ ) I
N: a Ha Pa al “a

ﬂa]S: = (/"a+pa+da> N:



Aa Ma + pa + da * Aﬂ - dll[:
ﬁ01< - Ia>:(ﬂa+pa+da)<
H, M, M,

BaNe (Mot p,+d,) A, <<ya+pa+da)ﬂal da(:ua+pa+da>>
Ha U,

Hq Ha
I = Aa(ﬁal - (Ma +p,+ da) ) U,
a Hq (B, —d,) (g +p,+4d,)

A - d
I = a(ﬁal (,Ua+pa+ 0)) (26)

a (ﬁal _da) (ﬂa+pa+da)

We note that I; > 0 whenever R, > lor§, <d,,butinthe latter case the resulting .S, is negative.

Thus the endemic equilibrium is feasible, that is, E e Q,, if and only if Roa > 1.

2.3.1 Stability Analysis for the Endemic Equilibrium of the Animal Subsystem

We now investigate the stability of E* with the goal of proving the global asymptotic stability of
the endemic equilibrium of (2.1a)-(2.1c). We start by exploring the analysis proposed in [4], which
suggests a method from [33], and then we include an alternate method from [61]. The latter method
is necessary because the result in [4] does not clearly follow. Once the global asymptotic stability
of E* is proven, we will have the result that as long as there is infection in the animal population,
there will continue to be infection in the animal population regardless of what happens in the human

population.

Assume that R, > 1. Then E} exists for S,,I,,R, > € > 0. Bhunu and Mushayabasa pro-

a’ ~a

pose the following Lyapunov function similar to that proposed by Korobeinikov in [33]. Define

aIIaSa

. This function is positive and monotonic in S, I, and R,,.

a’ ~a’

g(S,.1,.R,) :=

a

10



They define the following function in IRi:

Sa S*, I*, R* 1, S* I* R
V<Sa’Ia’Ra)= Sa—/ wdf"'la—/ g( a’ " a a>d’l’
e g(nlR) e g(S5rRY)

+R, -

a

dr. 2.7)

/R“g(S;“J;"aRZ)

g Sk 17

This function is similar to one in [33], but must include the recovered class. Because of this,
the analysis does not follow in the same way. In [4], the partial derivatives of V' with respect to
S,, I, and R, are calculated and used to show the time derivative is negative definite and zero at

equilibrium. We have

ov _ ., _8(S51LR)

95, g (S, 1 R;)

1 a a

2 1= .
P (S;+I; +R: B, IS,

o 1S, Sa+Ij+R:>

v S*(S,+ 1+ R)
S, S,(St+I*+R)
v 8(ShILR)
ol,  g(SiI.R)

v _, ( B, IS S:+IH+R:)

oI, S*+1*+R: B, IS
ov . L(S;+1,+R))
o,  I(S*+I*+R)
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and

v gL R)
OR,  g(S;.I;.R,)

R Sr+I*+R p IS

a"a "a

v _, < B, IS S;+I;+Ra>

oV S:;+I:+Ra

=1-—=—L
R S*+1*+R’

While % and ZTV increase monotonically with respect to their variables, v decreases mono-

tonically with respect to its variable. In order to use [33], we need each partial derivative to be
increasing monotonically with respect to its variable. Since we cannot say this, we cannot use this

method.

Before abandoning the method from [33], we looked into the possibility of simply changing the

signs on the last two terms of (2.7) so that

Sy S*,I*’R* 1, S*,I*,R*
| 4 (Sa,Ia,Ra) = S, —/ wdr_,_ja _/ w‘h
e g(n IRy e g(ShT.RY)

R, S* I, R*
—Ra+/ —g( 1 a)dr.
I3 g(S:,I:,T)

Alternatively, since the difficulty in the partial derivative comes from the fact that R, is in the

ﬂa IaSaRa
denominator of g but not the numerator, we defined g differently as g (Sa, 1, Ra) = IT

a

In either case, we still cannot show that C;—It/ is negative definite following the method in [4, 33].

12



2.3.2  An Alternative Lyapunov Function

Despite the global asymptotic stability failing to follow clearly in the analysis in [4], the result does
follow if proved in an alternative way. A Lyapunov function was proposed by Vargas De-Le6n for a
slightly more complicated version of the system in (2.1a)-(2.1c). This section follows the analysis

of that system and we refer the reader to [61]. The system is given as

s BST
— = A—————uS+yR 2.8

di S+I+R M7 (2.82)
a1 BST

al_ _Pr I 2.8b
dr - S+I+R_@rKtH (2.8b)
%?: kI —(u+7) R (2.8¢)

on the positively invariant set ' = {(S ,I,R) € [R{i : N <A/ ,u}. Notice that this system is exactly

(2.1a)-(2.1c)wherey =0, A, u, f,x > 0,and @ > 0. In system (2.8a)-(2.8c), we can assume y > 0.

p

As before, we find that the basic reproduction number is Ry = ——.
a+K+u

Before discussing the endemic equilibrium of (2.8a)-(2.8c) we first note that the disease-free equi-
librium is globally asymptotically stable.
Theorem 2.3.1 (Vargas De-Leon). If R, < 1, then the disease-free equilibrium E; of (2.8a)-(2.8¢c)

is globally asymptotically stable in T'.

Proof. Let U : {(S,I,R)el : §>0} - RbyU(S,I,R) = 512. Suppose R, < 1. We

calculate U’ to obtain

U=1r

ST
V=1 (s TR o)
: I

13



2
U’ = (a+K+”)I< pS —(S+I+R)>

S+I+R a+K+pu
IZ
U = —M(S+I+R—ROS)
S+I+R
(@ +x+u)I?
U= ———— (I+R+(1-R,)S).
S+7T+R ( ( 0) )

Notice that U’ < 0. If U’ = 0 then either I = R = 0 with R, = 1 or I = 0 must be true. Thus,
U is a Lyapunov functiononI"and I — 0,R — O ast — oo. If I = R = 0 then by (2.8a)-(2.8c),

S — A/u. The global asymptotic stability follows by LaSalle’s Invariance Principle. [

We adapt this to our particular system in (2.1a)-(2.1c) as follows:
Theorem 2.3.2. If R, < 1 then the disease-free equilibrium Eg = (Aa/,ua, 0, O) of (2.1a)-(2.1c)

is globally asymptotically stable in Q.

Before showing the global asymptotic stability of the endemic equilibrium for the system (2.8a) -
(2.8c), we must show that this equilibrium point exists. To find this endemic equilibrium point,

& = (S§*, I, R*), we set each equation in (2.8a)-(2.8c) to zero and find that

R =X
p+y

2.9)

If we add up all three equations we get dd—]j = A — uN* — al*. Adding (2.8a) and (2.8b) at
equilibrium, we get
pS*I* . /AN
- —uS*"+yR" +
A=puS*"+yR —(a+x+ )" =0

A

—(@a+xk+w)I* =0

A+yR" —(a+x+ I = uS”

l(A+yR*—(a+K+M)I*) = 5" (2.10)
7

14



BS*I* BS*I*
+uS*—yR* and
N e N

Substituting the latter into the former we obtain A = (a« + k + u)I* + uS* — y R*. Using (2.8c) at

Using (2.8a) and (2.8b) at equilibrium we have A = = (a+x+u)l*.

equilibrium, we obtain k I* — y R* = uR*. Thus, we can rewrite A as

A=(@+x+wl* +uS*—yR*
AN=al"+ ul"+ uS*+ (k1" —yR")
A=al*+ ul"+ uR* + uS*

A=al*+ uN*. 2.11)

k Ik

Using (2.8b) at equilibrium again, N = (a+x+ pu)l* can be written as §5* = (a +x+ u)N*.

Using (2.11), we can write N* = l(A — al*) and using this along with (2.10) then write
7

S =(@+k+pu N*

p i(A+yR*—(a+K+y)I*)l =(a+kKk+p) <i(A—aI*)>

&+ﬂ}/R* Pla+rk+I* (a+x+wA al*(@+xK+p)
U 7 H 7 U

ﬁA—(a+K+y)A+ﬁyR*:(/3(05+1<+,u)—a(a+1<+,u))]*.

We substitute (2.9) into the above and obtain

A(ﬂ—(a+K+/4))+,B;/R*=(ﬂ((x+K+,u)—a((x+K+,u))I*

I*
A(ﬂ—(a+1<+;4))+€j/j_

=(ﬂ(a+l<+,u)—a(a+r<+,u))l*

A(p—(a+&+w) =</3(a+1<+;4)—a(a+,<+ﬂ)_ prx )I*
Kty

15



A= (a+x+p)

(ﬁ(a+lc+,u)—a(a+1<+,u)— ﬁyK)
MY

I =

~ Ap+7)(B—(a+K+p)
Bty a+ K+ ) —a(u+y)a+ Kk + p) — frx

*

Ap+pnp Apu+y)a+x+p)
. (@+x+p) (a+x+p)
Puty)a+k+u) au+y)at+c+p)  Prx
(x+ x4+ u) (x+ K+ u) (@a+x+p)

PA(u+7y)
. (@a+x+p)

=/3'(M+J/)(a+l<+ﬂ)_a( T
(@a+ K+ pn py (@a+ Kk +pn

—Au+y)

. A +7)(Ry— 1)
" Ro(u+y)a+x+u) —alu+y) - Ryrk

o Ap+7)(Ry—1)
B Ro(pa + px + p> +ya+yx +yu) — (au+ ay) — Ryyx

o Ap+7)(Ry—1)
Ro(puk + > +ypu) + Ro(pa + ya) — (ap + ay)

~ A(,u+y)(R0—1)
Rou(k + p+7) +a(y + w)(Ry— 1)

I (2.12)
Since the equations for S* and R* given in (2.10) and (2.9) are in terms of the parameters and I*
and we have just expressed I* in terms of only the parameters, we have found the equilibrium point.

Explicitly finding these, we have

R = kI
HTY

_ KAy + w)(Ry— 1)
(4 + D [Roulc + u+1) +aly + w)(Ry - 1)]

*

16



kA(R,—1)
R = , (2.13)
Rou(k + u+7) +aly + (R, — 1)

We can write .S* more simply than in (2.10) using N* = 1 (A—al*)and fS* = (@ +x + u)N*
U

from before to get

S =(@+Kk+ pu)N*

o = (@+x+ WA —al?)

Pu
g = A—al*
Rou
o A a A +7)(Ry—1)
Rou Rou\ Ropl + u+y) +a(y + p)(R, — 1)
o A A a(,u+y)(7€0—1)
Rou  Rou\ Rop(x + p+7)+aly + p)(Ry - 1)

G A (1_ a(u+y)(7€0—1) )
Rou ROM(K+//I+7)+(X(7+//‘)(RO_ 1)

A [ Roulk +u+p)+aly + )(Ry—1) —alu +1)(Ry - 1))
Rou(k + p+7)+aly + w)(Ry - 1)

o A Rou(k + p+7)
Ro#\ Rou(kc + u+7)+aly + p)(R,— 1)

o = Ak +p+y) (2.14)

Rouk + pu+7) +a(y + w)(Ry— 1)

Thus, we have the existence of the equilibrium point, £* = (S*, I'*, R*), for (2.8a)-(2.8c), and
another possible form for E* when y = 0.
Theorem 2.3.3 (Vargas De-Leon). Suppose R, > 1 and 2y + p > a. Then the unique endemic

equilibrium £* = (8™, I'*, R*) is globally asymptotically stable in the interior of T.

17



Proof. Consider the Lyapunov function V' given in:

V= <(S—S*)+(I—I*)+(R—R*)—(S*+I*+R*)ln S+1+R) )

(S*+ I* + R*)

((x+2,u)(S*+I*+R*)<

(a +2p) S* \ (R—R*?
B(I* + R (1 + )

1—1*—1*1ni>+ .
2% I'+R/)S+I+R

I*

Then V is C! in the interior of the positively invariant set " = {(S, I,R) e Ri : N <A/ ;4}, o

is the global minimum of VonTl,and V (S*, I*, R*)=0.

Computing the time derivative of V along solutions of (2.8a)-(2.8c), we have

% =S'"O)+1I')+ R () —(S*+ 1"+ RY

S't)y+1'(t) + R (1) . S*+ I*+ R*
S* + I'* + R* S+I+R

(@+2W)(S*+I"+RH( , = (I'" I*
" p(I*+ R*) (I(’) I(I* 1))

+

(a+2,u)<1+ S >[2(R—R*)R’(t)_ (R — R*)?

2k I+ R* S+I+R  (S+I+R? (S'(f)+1'(’>+R'(f))]

v =(S'O+1I't)+ R®) <1

dt

_STH IR\ @2 (ST T+ RO (T -1 I'(t)
S+I1+R pU" + RY) !

x50 V[2R-RHYR@)  R-RY(SO+1I'(0)+ R W)
2k I*+ R* S+I1+R (S + 1+ R)?

% =(S'O+I'()+ R’(t))<

(S+1+R)—(S*+1I"+RY
S+1+R

N (a+2,u)(S*+I*+R*)<I _I*>1’(z)
B(I* + R T

18



(a +2u) 2(R - R")R(t)
2k I* + R* S+I+R

(e +2p) (R— R*)’ N'(1)
2K I*+R* (S + 1+ R)?

av ((S S+ (I —I*)+ (R - R

ar STTTR )S(t)+1(t)+R(t))

(a+2W)(S*+I"+RH [ I -1T*
+ 5+ R ( )I(t)

(a+2u) R - R* R'(
K I*+R* S+I1+R
_ar2f s (R = R’N'(t)

2K I* + R* (S+I+R2 )

Using the ODE system in (2.8a)-(2.8c) and recalling that N'(t) = A— u(S+ 1+ R)—al, we obtain

dV S=-59+U-I"+(R-R")
dr S+I1+R

>(A—,u(S+I+R)—aI)

(@+2))(S*"+I"+RH (T -1T* p1S
NS < 1 ><S+I+R‘(“+"+”)1)

L (@+2w) R- R*
. ( I*+R* <S+I+R> ~(+7R)

@+ 2 R\ (o
2% < I*+R)<(S+I+R)>( ).

19



) pS* et
Since A = u(S*+I*+ R*)+ al* and ————— = a + k + u at equilibrium we have
a ) S*+I*+ R* Haed

av (w—5ﬂ+u—1ﬂ+m—Rﬁ

dr S+I+R >(M(S*+I*+R*)+a1*—M(S+I+R)—a1))

+(a+mom%+1%+Rﬂa_Iﬂ< pS

B(I* + R*) S+I+R_W+K+m>

(a + 2,[4) R — R*
I— R
L F+R* S+I1+R (k] = (u+1R)

B (¢ +2u) (R—R») ( ’(t))
2K I*+R* (S+I1+R)

av (w 5+ (I —I*)+ (R - RY)

(W(S*+ "+ R +al* — u(S+1+R)—al))

dr S+I1+R
L @RS R ps  ps’
B(I* + R*) S+I+R S*+I*+R

(a+2u) S R — R*
Al (1+I*+R*>(S+I+R><KI_(M+J/)R)

2
(a +2u) S* (R — RY) ,
2k <1+p44v)<w+I+RJ<NO»

av (w—5ﬂ+u—1ﬂ+m—Rﬂ

>W®*+F+Rﬁ+aﬁ—yw+I+R%ﬂdﬁ

dr S+I+R
2u)(S* + I* + R* :
L2 raRy o s s

(I + R") S+I+R S*+I"+R

(@ +2u) 5" R-R*
T (1+I*+R*><S+I+R><K1_(ﬂ+ym)

20



2
(o +2p) 5* (R - R") ,
- <1+I*+R*)<(S+I+R)> (N'M). (2.15)

Simplifying the first term in equation (2.15) we have

S-5"+U-I")+(R- R
S+I+R

>(;4(S*+I*+R*)+al*—,u(S+I+R)—aI)

((S=89+U-I)+R=RH)(wW(S=SH+UT I+ (R-R")) —all - I")
S+I+R

:<S+;ﬁ>< —ul(S =S+ (S =8I - I+ (S—SHR-RY+(S—85U -1

+I -I'V+I -I')R-=R)+ (S-S )R-R)+U - I")(R- R+ (R - R")]

—a(S = ST = T)—a(l — I*V —a(I — I*)(R — R*))

(S =SH+R=R))" @+ @ =[P (@+20(S = SHU = ')
B S+I+R S+I+R S+I+R

(2.16)

B (@a+2u)d — I*)(R—- R")
S+I+R '

From the system in (2.8a)-(2.8c) we have (4 + y)R* — k [* = 0, so we can insert this into the third

line of equation (2.15). Using this and (2.16) we have

, 2
av (S =SH+R=R)"  (a+p - I*)?
dr S+I1+R S+I1+R

_(a+2u)(S-SHU - I7)  (a+2uw)U - I")(R-R")

S+I+R S+I+R
+2u)(S*+ 1" + R .
(@t 20 VoS ___s
(I* + RY) S+I+R S +1I"+R*

21



(a+2p) S* R-R*
1 I- R R —kI*
T YR \ 7R )T - WHNRE QAR = <T)

2
(¢ +2u) S* (R— R") ,
T 2k <1+I*+R*><(S+I+R)> (N'®)

2
dv _—#((S=SH+R-R))"  (a+p - I*)
dr S+IT+R S+IT+R

_(a+2u)(S=SHU - I7)  (a+2u)U - I")(R-R")

S+I1+R S+I+R

2u)(S*+ I*+ R* *
LS ARy (s s

(I*+ R¥) S+I+R S*+I*+ R*

(a+2u) S* R — R* w *
Ll <1+I*+R*><S+I+R><K(1_I)_(M-”)(R_R))

2
(a +2u) S* (R—R") '
2k <1+I*+R*><(S+I+R)> (N'®)-

S*
S+I+R S*+I*+R

Notice that we can rewrite

in the following way:

S ~ S _ S(S*+I"+R)-S*(S+I+R)
S+I+R S*+I*+R*  (S*+I*"+R)(S+I+R)

_ SI*"+SR*—S*I-S*R
(S*+ 1"+ RS + I +R)

_ SI*+SR*— S*I — S*R+ S*I* — S*I* + S*R* — S*R*
(S*+ 1"+ RS +1+R)

_(I*+ RS —85)-8*U-TI')- S*(R- R
B (S*+I*+ RS+ 1+ R) '

22



Then we can rearrange (2.15) as

o\ 2
av (S =S+ R=R))"  (a+p - I*)?
dr S+I+R S+I+R

(a2 S =SHU =T (a+2p)U - T")(R-R)
S+I1+R S+I1+R

= I):

(a +2u)(S* + I* + R*)
(I* + R*)

(I* + R*)(S — S*) — S*(I — I*) — S*(R — R*)
(S*+ I*+ R)(S+1+R)

Lletm i 8 k(I =I")(R=R") (u+7)(R=-R*)
K I* + R* S+I1+R S+I+R

2
(¢ +2u) S* (R—-R") ’
T 2k (1+I*+R*>((S+I+R)> (N'®)

2
dV _~H((S=SH+R=-R))"  (a+p - IV
dt S+I+R S+I+R

(@2 S =5SHU =T (a+2p)I - I")(R-RY)
S+I1+R S+I1+R

(a+2p)(I —I)(S =S (a+2u)(SHUT - I*)
(S+1+R) (S+ 1+ RUI*+ R

_(e+2p)U - I7)(S")(R - RY)
(S + I+ R)(I* + RY)

S (I — I*)(R — R¥)
+(“+2”)(1+1*+R*>< S+I+R >
_e+2mf S (M+7)(R- R

K I*+ R* S+1+R

23




2
(a+2u) S (R—-R") /
T 2k <1+I*+R*><(S+I+R)> (N'®)

4V —H((S =S+ (R- RY)? ) ((HM N S*(a+2,u)> (I — I*)?

dt S+I1+R I*+ R* S+I1+R

_@t2mutnf, S (R-R*)
K I*+R J\ S+T+R

2
(a +2u) S* (R - R") ,
2% <1+I*+R*><(S+I+R)> (N'()

_(@+2u)(S =S - I7)  (a+2w)U - I")(R—-R")
S+I+R S+I+R

(@42 —17)(S =5 (a+2u)U - I")(S)(R-R")
(S+1+R) (S+1+R)U*+ R

(I — T*)(R — R S*(I = I")(R — R¥)
+(“+2”)< S+I1+R >+(“+2”)((1*+R*)(S+I+R))

2
dv _—H(E=S8H+(R-RY)" paye St 2\ A -1y
dr S+I+R K I*+R* |]S+I1+R

@+ 2)(u+y) 145 (R-R*)
K I*+R J\S+T+R

2
(a+2p) S* (R—-R") ,
2% <1+I*+R*)((S+I+R)> (')

v _=n((S =51+ (R~ RY)’ ) <a+;4+ S*(a+2,u)> (I — I*)

dt S+I1+R I*+ R* S+I1+R

2
(¢ +2u) S* (R—R») ,
2% <1+I*+R*><(S+I+R)> (2 + 1+ Ru+y)+ N')
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dv

dt

a7 _-

dt

av _-

dt

S+I1+R I* + R*

_ |2l s (R-KR) 2.
2K I+ R J\ (S+1+R)

(2(S+I+R)(,u+7/)+A—,u(S+I+R)—aI)]

S+I1+R

u((S - S*) +(R—-R"))’ ) <a+;4 N S*(oc+2,u)> (I — I*)

S+I+R I* + R*

e+ s (R—- R*) 2.
2% I*+R )\ (S+I1+R)

(2uS +2ul +2uR+2y(S+I1+ R +A—puS—pul —puR —al)

S+I+R

u((S - §) +(R-RY))’ ~ (Hﬂ .\ S*(a+2y)) (I — I")?

S+I1+R I'* + R* S+I1+R

u((S = 5% + (R - RY))’ ) ((HM N S*(a+2,u)) (I = I*)?

2
(a +2p) S* (R—R")
S (1+I*+R*)((S+I+R)> (H+2NS+ R+ A+ (u+2y —a)l).

Thus, V' is negative definite if 2y +u > e and V' = O only when S = S*, I = I*,and R = R* [61].

By LaSalle’s invariance principle, it follows that £* is globally asymptotically stable on I, hence

E” is globally asymptotically stable on fla and we have established the existence of the endemic

equilibrium of the animal subsystem. ]

We adapt this theorem for our own case, when y = 0, and will refer to it later.

Theorem 2.3.4. Assume that p, 2 d, and R, > 1, then the unique endemic equilibrium E’, of

(2.1a)-(2.1c) is globally asymptotically stable in the interior of Q,,.
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2.4 Co-existence Endemic Equilibrium

In this section we present the incomplete results from [4] to highlight the need for a new method
of analysis proposed in the next chapter. We now look at the most complicated scenario for (2.1a)-
(2.1f). This co-existence endemic equilibrium occurs when there is animal-to-animal infection,
animal-to-human infection and human-to-human infection. This is the most important scenario
because we want to understand the dynamics of monkeypox in both animal and human populations.
We note that if f, = 0 the human subsystem is exactly the same as the animal subsystem and
becomes independent of the animal subsystem, so similar results follow as were presented in the

previous section.

The co-existence endemic equilibrium point is given as &, = (E;‘ EZ) The components of &,
related to the animal population are the same as in (2.3), (2.5), and (2.6) because infection in the
animal population is independent of any infection in the human population. We find the components

related to the human subsystem by setting the equations (2.1d)-(2.1f) equal to zero to obtain

bodi  Pul; B I: B
]\2[* N* ) Sh’ ]\2]* _N* S; = (//lh +p/’l + dh) Ih’ phIh — /’lth'
a h h

a

A, = <,uh +
(2.17)

As before, we try to express .S, and R; in terms of the parameters and I,". If we can then show that
I} is positive, then the components of E; are positive and the endemic equilibrium point &, exists.
Using the first two equations from (2.17), we see that

B I B}
L LS
N* ' N;

a

Ay = Sy + (Hyp + o+ dy) I;

st Bn_ (”h+ph+dh)1h.

h (2.18)
Hp Hp
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Clearly, by the third equation of (2.17),

Ph oy
R;‘l = —Ih.
Hp

Next, we solve for N, in a similar way to the previous case using (2.19).

Ay =St + (uy +pp+d,) I

A, —d, I}
— N;‘l‘ — u
Hp
— ba 1
For simplicity, let m,, := u, + p, + d, and x* :=
Ha N,
equation in (2.17) we have
b1y Bl
- ik S =m,I;
N: = Ny h
ﬁaZI: Bul, Ay —myI} N
” =myl,
Ny N, K

; M 1 (A= mt;
+ B, =m,l;
X Hnt P h(Ah_thZ> Hy "
A, —d, I\ [ 1/A, —m, 17 A, —d, I*
/L | PR S | (ki WY Tl L
Hp | Ah_dhlh Hp

27

(2.19)

(2.20)

. Using (2.18), (2.20), and the second



AN, —m, I} AN, —d I}
Hp Hp
A, —m I} A, —d, I
Uy Hp

By expanding, we can write the above equation as a quadratic in terms of 1.

Hp Hp Hp Hp Hp

LB, LA, (1) mB, N ()’ myd,yx* LM

2
h

Hp Hp Hp

Axm L m A, myud,(I7) .
—_ —+ =

(I;;)z(mhdh + mhdhx* - mhﬂh> + I; <ﬁhAh - dhx*Ah - Ahx*mh - mhAh> + Aixx — 0

+)2 * of PNy dpxtA . Aix*
(Ih) <dh T = ﬁh) * Ih< my, - my, —ApxT = Ay |+ my, =0
* 2 %
* 2 % * ﬁh dhX' " Ahx
(Ih) <dh(1+x)_ﬁh>+IhAh<m—h—m—h—(l+x)>+ m =0

_ * A2 *
(1;)2<ﬂh—dh(1+x*)>+I;;Ah((1+x*)—ﬁh il )_ 0 @21

my my,

If we impose the extra condition that g, > d,(1 + x*), then (2.21) is concave in I,. When I, =0
2x>k
h

then (2.21) is simply — < 0 and so this function crosses the vertical axis below the origin.

mp
Thus, this function has a single positive root and I, > 0 so that R} > 0 is clear. We just need to

A +p,+d
show that .S* = Bn _HnTPrT %

I;j > 0.
Hp Hp

This is where the analysis in [4] ends when it comes to showing the existence of £,. In a our own
analysis in the next chapter, we will show that £, exists regardless of whether ornot g, > d, (1 + x*)

is true. In the meantime, we continue to examine the work done in [4].
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2.4.1 Previously Proposed Stability Analysis for the Co-existence Endemic

Equilibrium

Bhunu and Mushayabasa suggest using the following function, referring to it as a Lyapunov func-
tion, to prove the global asymptotic stability of the co-existence endemic equilibrium for (2.1a)-

(2.11):
W =(S,-S*InS,)+ (I,—I'Inl,)+ (R,— R:InR,)

+(S,-S;nS,)+(I,-I;Inl,) + (R,— R, InR,).

They suggest following the method of McCluskey [4, 42]. No details on this calculation are in-
cluded in [4] and this function is not necessarily positive definite in the above form. Instead, let
A,B,C, D, E > 0 be constants and consider a Lyapunov function of the form suggested by Mc-

Cluskey and similar to one used by Korobeinikov and Maini in [34]:

o S 1 R
Ww=AlS -5 —sm22)+B( I, - -r'm=2)+c( R, - R - R*In =2
a a S: a a I;lc a a RZ
* * Sh * * Ih * * R/’l
+| Sy-s;-simt )+ 0( - 1; -t )+ E( R, - Ry = Ryln 22 ).
h h h

Using the method of McCluskey, we will find that it is not clear that W is a Lyapunov function.

First, calculate the derivative of W with respect to time to obtain

V(1) =AS/(1) — AS* Y BI!(t)- BI* L0 R R} R
W'(t) =AS! (1) - AS’ o)t (1) - 1.0 +CR 1 -C R0

, [ SH® A 1® , (R
+S0(1) - Sh(Sh(I)) +DI/(H) - DI <1 ; )> + ER.(1) - ERh<Rh(t)>
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T _ !/ _ﬁ / _E / _R_Z / _ﬁ
W' =AS| 1= |+ BI( 1= |+ CR 1= 2= | +5{ 1 - <
a a a h
+ DI’ I—I—;Lk + ER’ I—R—Z
h Ih h Rh

I, h "
ﬂa Ia ﬂa I* ﬂa Ia ﬁI ﬂa I* ﬁhl*
F i 1' .t ’d ﬁ :: : bl * :: l—a, :: Z +u, d * :: 2 4 + h.
or simplicity, define ¢, N, ¢, - ¢y N N, and ¢, - N
Using the system in (2.1a)-(2.1f), we have
7 Aa_ MG+C(1 S(Z gaSa_ Ma+pa+da Ill
IV:A< (S ) (g—SD>+B(< ( 7 ) Ng—q)

Using the fact that A, = (Ma +&*)Srand A, = (up + C;:) S, we obtain

A ) Sr A S
W’:( (o +83) Si A(u,+¢,) “)(Sa—s




/

Au(S,=S2) A~ ¢57) (S.-S3)

S, S,
BL,S, o (Crds CuR, .
+< T —BWﬁmﬁ%J)UfJJ+< R R )@alw
B ”h(Sh - SZ)Z B (ghSh - C;SZ) (Sh - SZ)
S, S,
D¢, S
+ (% — D (uy+p,+d,) >(Ih - 1)
h
Epy1,  EuR, *
+( R, - R, )(Rh_Rh)'
Notice that W is of the form
Apg(S, =S (S, —S:)°
W= _ Ha\Pa = 925)  Hp\Pr =9y +g<Sa’Ia’Ra’Sh’Ih’Rh>‘

S S,

a

We wish to show that g is negative definite away from the equilibrium point £, and g =0 at &,. If

this is true, then W' is negative definite except at the equilibrium where it is zero.

ﬁal Ia ﬂa2 Ia ﬂh Ih ~ .
and §, = N + R Then W' can be rearranged and rewritten as
h

a a

Since {, =

e A(S.=8) m(Si=51) AGS. -GSy (S.=S))

S S, S

a a
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BCaSa * CpaIa _ C:uaRa _ *
+< - —(ua+pa+da)>(1a—la)+< 2 i >(Ra RY)

a a a

_ (¢S ghSh)( = Sh) +<D§"S"—D(Mh+ph+dh)>(1h_l;:>
n h

Epyly,  EupR,
+ - R, — R}
( Rh Rh ( h h)

2 2
- A a Sa_S* S _S* aIaSa aI:S:
W/ _ M( a) Mh( h h) A<ﬂ1 ﬂl )(SQ—S:>

S, S, S

a

N N

a

BB, S

v (L= 17) = B (n,+ 0, +d,) (I, = 17) +

Ba, 1 I, \S B Iy Bl \S,
~Cu,(R, - RY) - UL EU Y (S R ot (S, -57)
“ N, N, Js, \n: T N s,

Pols p,I,\S . .
+D(N2—+ ]f\lrhh>l_:(lh—lh)—D(yh+ph+dh) (I,- 1))

Cp,l,

+ (R, — RY)

a a

a

+ Eghhlh (R, = R;) = Epy(R, — R;).
so that
£ (5L, R, Sy L, R,) = - S%<ﬁaisa B ﬂ“ﬁ?)(é’a )4 Bﬁalasa (1,- 1)
—B(u,+p,+d,) (I,— 1)+ Couls (R,— RY)

a

- Cu,(R,— R?)

32



Bola Bl \Su [ FBata  Buli \Sh :
N, "N, /S, N* N |,

Ep,I
— D (py+p,+dy) (I, = I}) + phh(Rh—R*)
— Eu,(R, — R}).

In order to show this is negative definite except at the equilibrium point, we rewrite this function

so that all variables are in a ratio to their respective element of the equilibrium point — e.g., S,

%

will only be included in the function in the form S—Z or Fa We accomplish this by factoring out

constants and distributing terms where necessary. For simplicity, and so we can see that g is not

obviously negative definite, we write g so that each term has the same sign. Then we have

__AMBLSI(s, O\ ARSI (S: N\ BRSA (1D
TN, \s N+ \ S, N, \1,
B(u,+p,+d,) I} LY oepn( me ) —cpure( Ba
,Lla pa a a I: pa a Ra ,Lla a R:
Pa, 1S 1,8 S LS
_(Sh_SZ) 2 h+ﬂhhh _ 2a”h  Phinh
N,S,  N,S, N:S,  N;S,
Dpg, 1,S,( I; Dp,S. I, ([ I 1
a-a h h~h"h h : h
- =1 | -— ==-1 =D (uy+p,+d,) [}| = -1
N, (Ih ) N, 1, (Mh Ph h) h IR

Ep, I Ri 1|-Eu R Ry 1
—Lpyl, R__ — LUy, F_
h h
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&§=-

g:

AﬂaIIaS: S 1 Aﬂal :S: S:; 1 Bﬁ”l a a 1
N, \s: N S, N, Ia

B++dI*I”1CIR:1CR*R1
(Mo +p,+d,) I 7 palo| 7 koo e
Sh Na "N )TSAN, TN
Dﬁaz a IZ DﬁhShIh I;: Ih
e ath (T )82t Zh gy ) (4, +d ) I 21
N, <1h ) N, \1, (s + o+ i) 1 T

Ep, I R 1 Eu, R Ry 1
— Lpply R_h_ _ﬂhhﬁ_
h

AB, I:S* (I N* ARS8y
1 a a _a_l
N* I*N, N+ S,
aS*I* I,S,N I
L2 ° l ——1 —B(p,+p,+d,) " =-1
S (Mﬂ pa ﬂ) a I;
cp,1( Lo ~ 1) —cpre( By
P\ T+ )\ R, Halla\ R
1 P A:Sy [ 1,S,N* 1 BuI;S; [ 1,S,N; 1
—_ —_— — + —
Sh N* \ I*S'N, N \I}S'N,
DB, ISy (IS,N*\ (I | DS [ S,I,N:\ (I} |
N \rs;Nn,)\1, ) N \SIN, I_h_
=D (pp+p,+d,) I} ﬁ—l — Ep,I} L R—Z—1 — Eu,R: &—1
Hp T Py n) Ly IZ Pn I* R, Hp L, RZ .
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Notice that we can rewrite the terms with the constant A to get

AB, I'S? (IQN:SQ I,N* S* )

— + <21
N: I:NQS: I:Na S

a
Thus, the first three terms in g can be written as

PuSoly (ALN;S, ALNy ASy  (BILSN\(I;
j— - + - - —_— —_——
N: \ I*N,S* I*N, S, 1:S:N, J\'I

a

PuSils (ALN;S, ALN; AS;  BSN; BLS.N,
= - — - A+ - :
N:* \ I*N,S* I*N, S, S*N, ~ I*S*N,

Combining these results and reworking some more terms, results in

PuSly (ALNS, ALNg AS; BS.N; BIS.N;
= — — —_ + —
8 N: \T:N,s: T I'N, " S, S*N,  I'S'N,
B (u,+p,+d,) I} L ) e ( L) (E o) —cpre( Be oy
lua pa a a I;k pa a I: Ra Ma a RZ
(o SE\[eLiSi 1SNy | BSh (SN
S, N \ I'SiN, N \ I}SiN,
DAILS; (1SN (1h _ [\ _ PASul (SuluNy\ (1
N \rsiNn,)\1, ) N \snN J\ 1,
— D (py +p, +dy,) Ih<1—}j — 1) - Ephlh<l—;><R—h —1 |- Eu,R; o 1
PuSli (ALNS, ALN; AS;  BS.N; BIS.N,
8 N+ \ I'N,S: T I'N, " S, S*N,  I'S'N,

B d)I* L 1 Cp I* Rl _ L
I VY B Ve
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R, Ba 1S [ 1aSalN, LN . S
~Cu R =2 -1~ -1- + =
“\ R: N: \I*SIN, I*N, " S,

a

+_
N*

RISy (ISING LNy S,
= \I;SIN, I'N, s,

Dp, I:S; (I,S,N*I} 1,5,N*\ Dp,S:I:(S,N: S,I,N;
N \IS;NJ, I:SIN,) SiN, SN,

a

[ 1 Ry 1, R,
—D(p,+p,+d) I L -1 )=Ep, 1| 22 -2 ) —Ep, R =2 —1).

Although each term in g is being subtracted, it is still not clear whether each term subtracted is
I R s, I, R,

a a

positive or negative. To help determine this,letw = —>,x = =, y=—,z= —,t = —,r = —,
S* I R: S, I; R;

N,
FZ’ andu = VZ and rewrite g in terms of these variables. If we rearrange this function and can
a h

show that the coefficients of terms involving these variables are negative when A, B,C, D, E > 0,

a

U=

then we can continue on to show that g is negative definite except at the equilibrium point. To this

end, substitute the new variables into the function to obtain

aS*I*
=t (B AX G B gy BB B (g, +d,) G- 1)
Na v v w v v
ﬂaI;"S*
—Cpal*<£—x>—C,uaR*(y—l)_z—h<x_z_1_f+l>
“\y a N v vz

N;

_ﬁhIZS;<tz 1 t 1) DﬂaZI:S;lk(xz xz) DﬁhSZI;<z tz)
u

N \u  ulz

h u u zZ

3k k t k
=D (y+ py+dy) 1t = 1) = Epy I3 (£ = 1) = En, Ryr = 1.
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B, S B, I'S; B}

a

For simplicity, let a* = —=2, 4* = , and 6* = . Rewriting, it follows that
N, N, N,
B—- Aw
g=a*<g+ﬂ—é+A—@>+I:[—B(,ua+pa+da)(x—1)+Cpa<x—£>]
v vw v y
—C,uaR:(y—1)+r/*(1—x—z+£—l—%+%>
v v Z tv v
+9*<1_t_z+£_l_%+%>
u u z u u

3k k t %
1| = D (uy+ 9+ d,) (= D+ Epy 1 (1= 2)| = Ew Ry = 1,

Next, we express g as its constants added to the variables that have more than one coefficient term
each multiplied by their respective coefficients, and then subtract all other terms. Unlike the associ-
ated function in [42], we have one extra positive variable term, ?, and include it with the positive
constants. If the coefficients of all the variables are positive, then it is possible that g is positive, so
we aim to show that these coefficients are all negative. If we can do that, the next step is to show

that the negative terms outweigh the positive terms, so that g itself is negative semidefinite and only

zero at equilibrium.
We write g as
g= <a*A +BI' (u,+p,+d,) + Cu,R:+ 0" + 0+ DI (u, + py +d,) + Eu, R + ?)
+ %(a*A +1*) +x(Cp,I* =B (p, +p,+d,) I') + %((B — A)a*)

+ x—j(n*(D — 1)) +t(Ep,I = D (py + py +dy) I7) + %(0*(D ~ 1)

A B “+0° n*Dxz  0°D
—<—+—w+CpaI* <§>+n + 1 L 9Dz gy, <£>+EﬂhR2>~
w v T\ y Z tv u r
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Unlike the associated function obtained by McCluskey, we cannot simply set all of the coefficients
w z 1z . ey . . .
of i, X, _x’ x—,t and — to be negative except at the equilibrium point. Since a*,n*,0* > 0 are
v v v u

given, I, I, are fixed and A, B,C, D, E > 0, we see that a*A + * > 0 and we can include this
. .. .. . wx Xz 1z

with the positive terms. If we set the remaining coefficients — those of x, —, —, ¢ and — — to be
v v u

negative except at the equilibrium point, we get the following:

(B—A)a* <0 = 0<B<A,

+p,+d
CpI* = B (uy+p, +d,) I <0 => o<053w,

n"(D-1)<0,0(D-1)<0 = 0<D<1,

+p,+d
EphIZ—D(uh+ph+dh)IZS0,=>O<ESD<Mh Zh h).
h

There is not enough information identify A, B, C, D or E explicitly as was done in [42] and so we
cannot determine whether or not the negative terms outweigh the positive terms. Thus, we cannot
say for certain that W is negative semidefinite, nor can we say that W is positive semidefinite and
zero only at the equilibrium. Hence, it is not clear that W is a Lyapunov function following the

method of McCluskey.

There are two suspected reasons why this method does not work for the system in (2.1a)-(2.1f).
There are two SIR-type models in the McCluskey paper. The first is an SEIR model and the sec-
ond is an SIR model with five compartments. We attempted to apply the method used in the five
compartment model above since the SEIR model was too simplistic compared to our situation. The
models in the McCluskey paper are only for one population, but (2.1a)-(2.1f) is a system with two
interacting populations. Additionally, (2.1a)-(2.1f) includes the terms N, and N, and these are not
included in [42]. Even if we ignore the terms N, and N, in (2.1a)-(2.1f) and write N, and N, in
terms of S, I, R,,S,,1,, and R, we still do not have enough information to explicitly identify

a’a

A, B,C,DorE.
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A proof of the global asymptotic stability of the co-existence endemic equilibrium is the focus of

the next chapter.

39



3 Existence and Stability of the Co-existence Endemic Equilibrium

In this chapter we present a proof of the global asymptotic stability of the co-existence endemic
equilibrium. The idea is that since we have the global asymptotic stability of the animal subsystem’s
endemic equilibrium and since the animal population is independent of the human population, we
can essentially consider only the human subsystem (2.1d)-(2.1f) when searching for a Lyapunov
function. Using a theorem from Thieme, we can essentially write the cross-infection terms in
(2.1d)-(2.1f) as constants and this allows us to prove our result. (This new result was recently

published in [37].)

3.1 An Asymptotically Autonomous System

Now that we know the dynamics of the disease in the animal population from the theorems in the
previous chapter, we can consider how this affects disease propagation in the human population.
Here our analysis diverges from what was done previously in [4] and we also refer the reader to
[41]. Individuals in the human population can get infected by contact with infectious animals or
infectious humans. However, we know that if R, <1, then I (1) > 0, N, (1) = A,/p, ast — oo,
while if R, > 1 and y, > d,, then I,(t) > I; >0, N,(t) > N; =S, + I;+ R, ast — oo. Thus

we can think of (2.1d)-(2.1f) as a non-autonomous system

ds b1

d_th = N, — S, — (ﬁazg(t) + ]’:]hh> S (3.1a)

dl b1

% (o) o
t Nh

dR,

T Prly = Hp Ry, (.1c)
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1,
N, (1)

a

where g(t) := . By Theorem 2.3.2 and Theorem 2.3.4, we have that

) lim,_,  1,(?) I
limg(t) = ——m—— = —,
=00 lim,_  N,()  N¢

=0

where the limits /7 and N; depend on R, and the corresponding parameters. Thatis, I7 = 0 when
R, < land ;= 1I;when R, > 1. Thus, (2.1d)-(2.1f) is an asymptotically autonomous system

with limit system

dSh 15 ﬂhlh

dr = Ay — 1pSy — (ﬂaz Ne + N, S (3.2a)
L _ fa | Puly S d) 1 3.2b
T ﬂ”2N§+Nh p= (ot oyt dy) I, (3-2b)

dR,

ar Prnly — My Ry, (3.2¢)

and we can use the theory developed for such systems found in [9, 59] to address the stability
properties of our model in all possible cases. In particular, we repeatedly make use of the following
corollary applied to our systems:

Corollary 3.1.1 (Thieme). If solutions of the system (3.1a)-(3.1c) are bounded, and the equi-
librium E of the limit system (3.2a)-(3.2c) is globally asymptotically stable, then any solution

(Sh(t), 1,(), Rh(t)) of the system (3.1a)-(3.1c) satisfies (Sh(t), 1,(), Rh(t)) - E,ast - oo.

3.2 Existence of the Endemic Equilibrium

Previously, it was only shown that the co-existence endemic equilibrium existed under the assump-
tion that g, > d, (1 +x*). We will now prove the existence of this equilibrium without the assumed
inequality and use a method similar to that in [2]. We start with the following claim:

Proposition 3.2.1. Assume that R, > 1, p, > 0, and p, > d,, so the disease in the animal pop-
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ulation tends to the endemic equilibrium E*. Then (2.1d)-(2.1f) has a unique endemic equilibrium

Er €Q, and & = (E:, EZ) is the unique endemic equilibrium of (2.1a)-(2.1f) in Q.

Proof. To calculate E; = (S;‘;, I, R;) we set the right sides of equations (2.1d)-(2.1f) equal to

zero to obtain

b1, B,
A — + 2 a + h S*, 33
Pl Bul}\ . N
< N N; )Sh = (uy+ oy +dy) I, (3.4)
pnl, = MhRZ. 3.5)
For simplification, define
. Pods .. Buly
¢, = 1\2]; s My =yt pyt+dy, § ::N_Z,
N EF A a b
ai= ey Thoe P P A vate, f = b+d.
my, mp, Hp Hp
Using (3.3),
* Ah
= . - (3.6)
/’lh + {:a + fh
From (3.4) and using (3.6),
. Sila+g)
h— m
h
I ( Ay ) <52§+fZ>
Hy +§: + 5; my,
o <Ah«::; . A@;) ( i >
h m, my, Uy +&+¢,
a+ b&:
h (3.7)



Clearly, by (3.5) and (3.7),

« _ Ph g4
R =—1
B
() ()
Hp+EE+E Hy,
c+d&
N (3.8)
.uh + f: + éh
Then it follows that
Iy [ a+bg Hy+ &+ 6,
N, pp+ &+ & Ay ta+bé +c+dé
I; _ a+bé;
N, e+ [f¢&
so that
p, (a+ b&;
= h(—*h) (3.9)
e+ f¢&,
Rearranging (3.9), we obtain
& (e+f&) = by (a+b&;)
JE + €&y —apy, — bpy&; =0
fE2+& (e—bp,) — Bra=0. (3.10)

Since (3.10) is quadratic equation in &y, it has one positive root. Now (3.6), (3.7), and (3.8) imply

that the corresponding E; = (S;‘;, I, R;) is feasible. 0
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3.3 Global Stability of the Co-existence Endemic Equilibrium

Now we prove the global asymptotic stability of the co-existence endemic equilibrium. This results

in the conclusion that infection in the animal population leads to infection in the human population.

Consider the endemic equilibrium &, = ( E, EZ) € Q. We prove the following theorem.
Theorem 3.3.1. If Ry > 1,4, 2 d,, B, > 0, and p,, > d, then the unique endemic equilibrium

& = (E:, EZ) of (2.1a)-(2.1f) is globally asymptotically stable in the interior of €.

Proof. Since R, > 1 and p, > d, Theorem 2.3.4 implies that E is a globally asymptotically
stable equilibrium of (2.1a)-(2.1c) in the interior of €,. Using this result, and the assumption that

B,, > 0 we have that the system

s rropI
—* = Ah_ﬂhSh_<ﬂ +M>Sh’

dt “N* N,
dl, 15 By
I <ﬂ“2N* +Th Sp = (pn+ Py +dy) I,
dR,
T Prdy — up Ry,

is the asymptotic limit of system (2.1d)-(2.1f), and E; is its unique equilibrium. We claim that E;

is a globally asymptotically stable equilibrium of (3.2a)-(3.2c).

Consider the function L : {(S,.1,,R,) €Q, : S, >0,1,>0,R, >0} — R given by

N, N (d,+2u I
L:Nh—N;—N;1n<—h>+ i (s ") llh_l;:_];hl<_h>l

Nul B (I + R;) Ly

() +25) Sh (Ry—R;)" 2 )2
+2—%<1+I;+RZ> N, +A(N,-N;)"+B(R,—-R;)",

where A, B > 0 are yet to be determined. L € C'(Q,), L (S;,I;,R;) = 0 and L is positive
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definite except at E, where L = 0. Calculating the derivative of L along solutions of (3.2a)-(3.2c)

we have

vy (B ) Rl ) (ol

N, Bu(1; + R;) I,

2p, I + R, N, N?

+(dh+2“h)(1+ Sh )<2R2(Rh‘RZ> NZ(Rh‘RZ)2>

+2AN,(N, - N;)+2BR,(R, - R})

’ Nh_N;;
h

N, (dh + 2'“h) B 1iSh B1,S, I, -1,
+ + — (pp+pp+dy) 1
mMHRw< D

20, I} +R; N, N2

. (dy +2u,) <1 LS )(Z(phlh — uRy) (R, = R;)  Nj(R, - R;)Z)

+2AN;(N,— N;) +2B(p,I,— u,R,) (R, — R}).

Using the relationships
bILS, DL,

N; N,

A=, (Sp+ I+ R +dy 7, p,I; = pu,R;, = (up+ pp+d,) I},

we obtain

L' =(a (S} + 1+ By) + Ty = iy (S, + 1+ Ry) = dil ) | =
h

4 N, (dh+2/4h> ﬁazI:Sh+ﬂhIhSh P, 1S, +ﬂhSZ I I,-1;
* - O E % h
ﬂh(IZ + RZ) Na Ny Nth Nh I,
d, +2 S
n h T “Hp 1+ — h _ ).
2p, I + R,
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2(pul = MuRy = pul; + iR,) (R = R;)  Nj(R, = R:)’
N, N2

+2AN; (N, = N;) +2B(p,1, — u,R, — p, I + u,R;) (R, — R})

! * * * * Nh_NZ
L' =(un (S + 1+ Ry) + Ly = (S, + 1, + Ry) = dy 1, ) | —
h

+ [(Nh* (s +2ﬂh)>(ﬂa21a*5h<lh - 1;) N S (1, = 1)

h(l; + R)) N1, N,

(PLiSi B =) | A= 1)
N:I, N7

h
dy, +2 S;
2 )
20, I; +R;

2(phIh — UpR, — PhIZ + ﬂhRZ) (Rh - RZ) N;’,<Rh - RZ)z
N, N?

+2AN,; (N, — N;)+2B(p,1, — u,R, — p, 1" + u,R;) (R, — R})

L' =(u( Sy + 1+ B) + duly = (S, + 1, + Ry) = 1, ) | —
h

N Ny (dy+2m,) \ [ Pa 1SuI5i (1, = 1) _ B 1:SiL, (I, —I7)
Bu(I; + R;) NI, I N:II;

L BSiN (L= 1) SN~ 1) )]

N;;Nh N;;Nh
d, +2 S
n h Hp |4+ — h )
2p, I;+R"];

<2(phIh — R, — PhI;: + r“hRZ) (Rh - RZ) _ N/,1<Rh - RZ)Z)]

N, N?
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+2AN; (N, - N;)+2B(p,1, — u,R, — p, 1" + u,R;) (R, — R})

Since

BuSy N (I, — 1) = B,SiN, (1, - I7)
=B,(I,-I})(S,N; — SIN,,)
=Bp(L, = I)(S,(Si+ 1+ R) - S (S, +1,+R,))
=B, (1, = I}) (S} + Sy I} + S, R — SiS, — Si 1, — SiR),)
=B (1, = 1) (Sul; + S, R, — i1, — S;R,)
=Bp(I, = L) (S, I+ SR, = Si1, — S‘R, + i1} — St + S'R: — S'R)

=Bu(L, = I;) ((Sh = S;) (I; + R;) = S; (1, = I;;) = S; (R, — Ry}))

and
B LS, (1, = 1) =B, 1S3 T, (1, — 1)
= o, I (1, = 1;) (Sl = Si1y)
=B, (1, = I;)) (Sud) = S; 1, + S, 1, — S, 1)
= P 1y (In = L) (1,(Sy = ;) = Su(1, — 1))
we have

L =(py (ST + T2+ R2) 4 dy T =y (S, + T, + R,) — dy1, ) [ =
=(un(Sy + Iy + Ry) + dy Iy — (S, + 1, + R,) = dy 1, N
h
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(N (dn +2) \ (B To Tn (T = 13) (Sh = S3) B, 1S (1 — 1)
(I + R) N:ILI; N*II*

= ) (5= ) (15 4 B)
NN,

CBS (=) BSi(L— 1) (R~ R;)
NN, NN,

d, +2 Sy
+ h—ﬂh 1+ h .
20, I'+R:

<2<phlh — UpR, — PhI; + #hRZ)(Rh - RZ) _ N;,(Rh - RZ>2>]

N, N?

+2AN, (N, — N;) +2B(p,1, — u, R, — p, 1 + u,R;) (R, — R}).

Some more algebra yields

L' =(u (S + Iy + B) + Ly = iy (S + 1, + Ry) = dy 1, ) | —
h

: KN;: <dh+zuh>)<ﬂa;:<fh—r;><sh—s;:> RIS - 1)

Bu(I; + R;) N:I; NI, I*

ulla= 1) (Su=S;) (I; + Ry AuS;(1h—1;)°
N;Nh N;’;Nh

_BSp L= 1) (R, —Rz))]

N;N,
d,+2 S,
n h T “Hp 1+ ).
2p,, I + R,

<2<ph(1h ~ L) —m(Ry = R))(Ry Ry Ni(Ry —Rz)2>]

N, N?2

+
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+2AN; (N, = N;) +2B(p,(1, - I}) = u,(R, - R;)) (R, — R})

L =<,4h(sh+1h +R) +d, I = (S, + 1, + Ry) —dh1h> ~ (3.12)
h

+ [(N; <dh * th) )<ﬂ“zla*(1h B I;;)(Sh - SZ) 3 ﬁaQI:Sh(Ih - IZ)Z

Bu(I; + R;) N:I; NI, I*

L= 1) (S, =S+ R) By (1= 1)
NN, NN,

_BSi L= 1) (Ry —Rz))]

NiN,
d, +2 S,
+ h—/’lh 1+ h .
2p;, I+ R

N, N, N;

+2AN! (N, = N?) +2Bp, (I, - I?) (R, — R}) = 2Bu,(R, — R:)".

Notice line (3.12) can be written as

(Sh=S;)+ (I, = I;) + (R, - R;) . . - :
( h ™ “h hNhh : - _/"h<Sh_Sh+Ih_Ih+Rh_Rh)_dh<lh_1h)

) <NLh>< B Mh[(Sh - SZ)2 + (S, = Sp) (L= I;) + (S, = ;) (R, — R})

+ (S, =S (L= 1) + (I,= 1) + (I, = 1) (R, - R})

+(Sh= ) (Ry= Ry) + (I, = I;) (R, = ;) + (R, - K;)’|
a5, S0 )+ (157 (0= 1) - )
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Nh Nh
(i 2,) (S, = S3) (L = 1) (di+2m,) (1 = I7) (R, — R;) (3.13)
N, Ny, '
so then
. 2 2
Ll:_#h((Sh_SZ)"'(Rh RZ)) _ (dy+ mp) (I, — 1)

(dy +20,) (S = Sp) (I = I;))  (dy +2my) (1, — 1)) (R, — R})

Ny, Ny,

Bull; + R;)
Pl (L= 1)(S,-5)  A2S(1,- 1)’
N:I” N:I,I?

L= 1) (S =S+ R ASi (= 1)
NN, NN,

B ﬂhs;<1h_z;)<Rh_R;)>]

NN,

S (I, = I;) (R, — R})
+(dh+2yh)<1+IZ+RZ>( N,

(dh+2ﬂh)<1+ Sh ><2P‘h(Rh_R2)2+N2(Rh_RZ>2>

20, I} +R; N, N?

+2AN!(N, = N?) +2Bp,(I, - I') (R, - R:) = 2By, (R, - R.)".
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Simplifying and canceling terms yields

2
Luuf“«&‘5ﬁ+““_Rw>—““+”M”_qf
N N, Ny

+<Aﬁwwﬁwm><mxﬂ%—4m«a—sw>
AUREN N

_ (N (dy +2444) ><ﬁa2155h(1h - 1) L PuSi (I IZ)2>

:
Bu(I; + R;) N:ILI; NN,

~ <dh+2,uh> LS 2u, (R, — R}) .\ N/(R,-R;)
2p, I'+R; N, N?

+2AN! (N, = N?) +2Bp,(I, - I') (R, - R}) = 2Bu, (R, - R})".

Then, using the same method as with the work shown in (3.13), we obtain

2
L,__Mh((Sh_S;:)"'(Rh_RZ)) 3 (dh"'#h)(Ih_Iz)z
N N, Ny

+(W@m4m»<%5@73ﬂ&—$»

(I + R}) NI

) (N;;(dh +2u,) ><ﬁaZI:Sh(Ih —1) pusi(I, - 1;;)2>

+
Bu(I; + R;) N:I,I* N;N,

_ dy +2u, 1+ S, 2”h(Rh_Rh> + N;1<Rh_Rh)
200 I'+R N, N2

2
= 24u,((Sy = ;) + (Ry = R;) ) =24 (dy +2u,) (1, = I;)°

—2A(dy +2u,) (S, — S3) (I, - I7) =2A(d), + 2p,,) (1, — I})) (R, — R})

+2Bp,(I, - I') (R, - R:) —2Bu, (R, - R.)".
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Next, we find A, B > 0.

—2A(d), +2p,) +2Bp, =0

Bp, = A(d), +2u,)

A(d, +2u,)

B =
Ph
N*(d, +2 I
i Mh)<ﬂi ) —2A(d, +2u,) =0
(L + Ry) \ NoT;
Ni(d,+2u,) ( B I}
2A (d, +2u,) = —2 2 <),
2] =5 () <N:fi‘i >
A= Nibo, s
2B N1 (1 + R)
NGB (dy + 2uy,)
20BN 1 (1 + R )
Using these constants, we have
* 2 2
L P‘h((Sh = Sp) + (R, — Rh)) () (1, - 1)
Nh Nh
 Nildy +2m) BuIySu(1i = 1) N BuSy (1= 1)
Bu(I; + R;) NI} N;iN,

_ dy, +2u, 1+ S, zﬂh(Rh_Rh) + N;Z(Rh_Rh)
20, I'+R, N, N2

2
Nzﬂazf;k/‘h«*gh - S;) + (R, - RZ)) N;i o, I (dy + 2m,) (I, = L)
PN (1; + R;) BN (1; + R;)
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NGB, 15 (dy + 204 i (Ry = R;)"
PN (L +R)

Finally, since we assume p, > d,, it follows that

24, (R, — R:)’ . N/(R, - R)®

N, Nz

(2u,N, + N!)(R, - R)?

2
Nh

(2000 (Su + 1+ Ry) + Ay = (S + 1+ Ry) = dy 1, ) (R, = ;)

2
Nh

</4h(Sh +1,+R,) +A, - thh>(Rh ~R:)
N;

Hence, L' is negative semi-definite in Q,, with L' = 0 if and only if S, = S}, I, = I, and R, =
R;. Thus the largest compact invariant set in {(Sh, 1,, Rh) €Q, L= 0} is {EZ} therefore,
by the LaSalle invariance principle, {EZ} is globally asymptotically stable in €, [35, 36]. Now

Corollary 3.1.1 implies that £, is a globally asymptotically stable equilibrium of (2.1a)-(2.1f).

]

Note that our theorem shows that if the disease is endemic in the animal population, and g, >
0, then irrespective of the reproductive number R, the disease becomes endemic in the human

population (if Hy, > dh).
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3.4 Stability of the Disease-free Equilibrium

The other equilibrium of the animal subsystem (2.1a)-(2.1c¢) is the disease-free equilibrium given
by E = (8%, 1%, R") = (A,/H,,0,0). By Theorem 2.3.2 we know that this equilibrium is globally
asymptotically stableif R, < I.Inthis case, I, () > Oas? — oo, soin the limit there is no infection
in the human population coming from the animal population. Thus, in the limit, dynamics in the
human population become exactly the same as the general dynamics in the animal population, and
Corollary 3.1.1 applies. Thus we have the following results.

Proposition 3.4.1. Assume that R, <1, so the disease dies out in the animal population. Addition-
ally, let R, < 1. Then the disease-free equilibrium &, = (Aa/Har0,0, A,/ 1, 0,0) of (2.1a)-(2.1f)
is globally asymptotically stable in Q.

Proposition 3.4.2. Assume that R, < 1, R, > 1 and p, > d,. Then the equilibrium &, =
(Ag/1a 0,0, 8%, 17, R:) of (2.1a)-(2.1f) is globally asymptotically stable in Q. (Note that (S7, I*, R,
are given by the same expressions as (2.3)-(2.6) with the parameters corresponding to the human

population. )

3.5 Multiple Animal Populations

To finish this chapter, we now consider a scenario where there are multiple animal populations. In
this scenario we assume there is no cross-infection between different animal populations. While this
results in a fairly straight-forward extension of our results in the previous sections, it is conceivable
that such a scenario exists when one group of people hunt multiple species of animals and each

species lives in different locations and never cross paths.

Suppose there are n such animal populations, A,, A,, ..., A,, and one human population denoted
H. S, I, Ry, and N, are defined as before with S, , I,, and R, representing the susceptible,
infected, and recovered individuals in population A,, for i = 1,2, ..., n, with the total number of

individuals in population A, being given as N, . Susceptible individuals in A, are recruited through
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migration and birth at the rate A, and susceptible individuals in H are recruited at a rate of A,.
We represent the death rates from disease in population A; by d, and the death rate by disease in
population H as d,,. Further, we assume 4, , y;, are the natural death rates for A; and H, respec-
tively, and p, , p,, are the recovery rates with permanent immunity for A; and H, respectively. It
is assumed that no one in the human population can infect any individual in any A, population,
while individuals in any A; population can infect those in H on suitable contact. We assume there
is no cross-infection between A; and A; when i # j. Disease transmission is modeled using stan-
dard incidence, assuming a constant (density-independent) contact rate both within and across the

populations resulting in infection rates

oL,
So (SapTos Ry)) = =S, fori=1,2,....n,and

a;

L Bel, B, 1
i Y h~h
o (Sas Ty Rypses an,lan,Ran,Sh,Ih,Rh):<<z ol R R

i=1 a;

where 1 is the effective contact rate within population A;, §> is the effective contact rate between
populations A; and H, and p, is the effective contact rate within population H. Fori =1,2,...,n,

we assume that A, , Ay, 4, , Hp, P, » and p, are positive parameters and d,, , d, Pa- Po2» and p, are

non-negative parameters. Specifically, this leads to the following model. Fori = 1,2, ...,n,
ds, P, 14
- = A, —pn, S, —-——S_, 1
dt a ™ Haa N, -4
dil, B,
- = —S, —(u, +p, +d, ) 1,, 3.14b
dt Nai a; (Ma,- pai d,-) a; ( )
dR,
- = I, —u,R,, 3.14c
dt pa,— a; iua,- a; ( )
dS]’l - ﬁa.zlai ﬂhlh
= A —u.S, — ' + S, 3.14d
dr T e <<§4 N, ) N, " ©G.140)
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i=1 a;

dl L b, B, 1
d_th = ((Z ~ >+ ]’\’]hh)sh—(yh+ph+dh)1h, (3.14e)

ar Prln = Hp Ry (3.14f)

Fori=1,2,...,n,let

.9 .
a; a; a;’

a;

A,
Q, = {(S I,,R,)ER] :S, >0,1,>0,R, >0, +1, +R, g—‘}

and

A
Q, = {(Sh,lh,Rh) eR? : ShZO,IhZO,RhZO,Sh+Ih+Rh§”—h}.
h

Then fori = 1,2, ..., n, the set Q = Qal X Qﬂz X er X Qan X €, 1s positively invariant under the

dynamics of (3.14a)-(3.14f) and solutions with initial conditions in Q exist globally.

Define Eg’) = (Sg), I{E?, Rf}?) and EZi = <S§,~’ Iji, R;) fori = 1,2,...,n. Depending on the
parameters, EZ,- is either the disease-free equilibrium or the endemic equilibrium. By the structure
of the model in (3.14a)-(3.14f) — with animals uninfected by humans and each animal population
independent, that is, unable to infect any other animal population — we have that E((Z’) - E;i for
i =1,2,...,n, and each EZ,. is globally asymptotically stable by Theorems 2.3.2 and 2.3.4 under
appropriate conditions. Thus, it is straightforward to extend the results of the equilibrium analysis
for (2.1a)-(2.1f) and we have the following corollary.

Corollary 3.5.1. If there exists ani € 1,2, ... ,n such that Roai > 1y, 2d,, and P > 0, and
U, > d,, then the unique endemic equilibrium £ = (EZ1 yeens EZH, EZ) of (3.14a)-(3.14f) is globally

asymptotically stable in the interior of Q.
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4 Numerical Results

We now present numerical results from simulations for the system in (2.1a)-(2.1f) and its extensions.
We will present simulation results for the system (2.1a)-(2.1f) as it is, with constant values for all
appropriate parameters, and we will present examples where f§, is no longer a constant, but a
function of time. We also present scenarios with more than two populations. We will simulate a
scenario with the system in (3.14a)-(3.14f) where we have have two animal populations and one
human population. We further introduce a new system where there is one animal population and
two interacting human populations. Finding and analyzing an endemic equilibrium for this last
model is difficult, but we take the opportunity to show some simulation results for this system and
discuss these results. Some of these results appeared in [37], but we present a more extensive study

here.

4.1 Scenarios with One Animal Population and One Human Population

In this section we present some numerical results related to the model (2.1a)-(2.1f). Figure 4.1
shows the results of a numerical simulation of (2.1a)-(2.1f) using MATLAB’s ode45 and the pa-
rameters A, = 152500/3,u, = 1/8,p, = 1/20,d, = 1/30,A, = 2900/6,u, = 1/6,p, =
17/24,d, = 1/8 individuals per month and , = 31/24, p, = 3/8, and g, = 41/120 as the
contact rates. The initial values used were .S = 2000, /) = RY = R° = 0,.5° = 30000, and
Ig = 1000. These are artificial values and are used only for illustration purposes. Under these

conditions, the endemic equilibrium of (2.1a)-(2.1f) is globally asymptotically stable.

In the proof of the global asymptotic stability for the co-existence endemic equilibrium, we as-
sumed that y, > d, and u, > d,. However, even if we ignore both of those conditions, the
numerical results still seem to indicate that the co-existence endemic equilibrium of (2.1a)-(2.1f)

is globally asymptotically stable. Figure 4.2 shows the results of a simulation of this kind, with
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A, = 152500/3, 4, = 1/25,p, = 1/20,d, = 1/10,A, = 2900/6, u, = 1/9,p, = 17/24,d, =
1/6 individuals per month and f, =31/24, p, =3/8, and f, = 41/120 as the contact rates. The

initial values used are the same as those in the previous set of results.

4.2 Dependence of Human Infection on the Infection in Each Population

Looking at the system (2.1a)-(2.1f) and revisiting our assumptions, the infection in the human
population depends on infection in both populations. In Figure 4.3 we see the change in I; /N as
R, changes. The values used for this figure were A, = 152500/3, u, = 1/25,p, = 1/20,d, =
1/10, A, = 2900/6, ), = 1/9,p, = 17/24,d,, = 1/6 individuals per month, and g, = 0.3. In
order to get the change in R, we use a range of §, values; namely 0 < g, < 1.9. The initial
values used were Sy = 2000, I) = R! = R® = 0, 5° = 3000, and I = 1000. (These values are
simply for illustration purposes.) We notice that I’/ N, increases after R, =1. When §, =1 /3
we have R, ~ 0.338 and when f§, = 1/9 wehave R, ~ 0.113. Evenif f, = 0, when R, > 1, we
see there is infection in the human population. Hence, limiting infection from humans to humans
is not enough to fully mitigate this disease in humans. In all three curves there is a sharp increase
in I;/Ny for 1 <R, < 2 so that the differences between the different I} /N curves are nearly
indistinguishable the closer R, is to 1. While we do not know what f, is in reality, this shows that
if it is high enough for there to be endemic infection in the animal population, there will be some
level of infection in the human population. This pattern mirrors the belief that it is impossible to

eradicate monkeypox due to the endemic infection in animal populations [17, 31, 43, 48, 49].

Figure 4.4 uses the same parameters as in 4.3, but with g, > 1. Specifically, §, = 1 where R, ~
1.014, B, = 1.5 when we have R, ~ 1.521 and §, = 2 when R, ~ 2.028. As expected, the
increase in f, results in higher values for I/ N than in Figure 4.3. While difficult, it is important
to continue studying monkeypox in both human and animal populations since infection in the animal

population has a substantial impact on infection in the human population.
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Figure 4.1: The above shows the results for a simulation with all parameters constant and the criteria for
Theorem 3.3.1 met.
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Figure 4.2: The results of a simulation with all parameters constant, but with 4, < d, and u, < d,.
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In Figure 4.5, we use the same parameters as in Figure 4.3, but we consider I/ N* as a function
of R, . Since we changed ), to obtain three curves in Figure 4.3 but f, has no role in the value of
I7/N?, the curve in Figure 4.5 is the same regardless of §,. We note that, as expected, changing

R, has a greater effect on I /N thanitdid on I}/ N reflected in Figure 4.3.

0.08

0.07

Figure 4.3: The above illustrates the ratio I, /N as a function of R, . The lowest curve represents the case
when f;, = 0 so we see that there is still infection in the human population as long as R, > 1.

We also know that changes in §, impact the animal-to-human cross-infection. Figure 4.6 shows
B, 1;/N; as a function of R, for the same values as in Figure 4.3 with §, = 0. These results
indicate that, as expected, controlling the disease in the human population also depends on reducing
the value of f, . Educating individuals in areas affected by monkeypox on how to recognize the
symptoms of the disease can be useful in limiting the spread of monkeypox from person-to-person
[10, 14, 11, 66]. However, the results presented here indicate that we have to continue to take
measures to minimize f, . Educating people on how the symptoms of monkeypox present in the
animals they interact with and hunt, and on the proper handling of infected animals is crucial in

limiting the spread of this disease among humans.
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Figure 4.6: The above illustrates §, I,/ N as a function of R, for three different values of g, with g, = 0.

4.3 Simulations with f, as a Function of Time

Since there is no longer any vaccination against smallpox and this vaccine provided partial immu-
nity against monkeypox, there is waning herd immunity against monkeypox [28, 38, 40, 43, 47,
49, 50, 51]. Thus, in this next example, we assume that as time goes on there is an increasing
likelihood that a human will get infected when they come into contact with an infected animal. For
this simulation, we use ﬁa2 ) = (1 + 9e")_1. Figure 4.7 shows the results of a numerical sim-
ulation with this g, (r) and all other parameters the same as for Figure 4.1. The analysis for our
asymptotically autonomous system is still valid because f, (1) — 1 as 1 — oo and so if we define
gt) 1= ﬂaz(t)Ia(t)/Na(t), then g(¢) — I;/N;’ ast — oo. Since ﬁa2 — 1, it makes sense that Figure

4.7 shows the system approaching a higher I, value than in Figure 4.1.

We are also interested in modeling seasonal oscillations in monkeypox. Figure 4.8 shows the results

of a simulation of the system (2.1a)-(2.1f) but with ﬁaz(t) = (52 — cf]) sin(2znt) where &, = 0.8,
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Figure 4.7: The results for a simulation with all parameters constant except f,, (f) which is an increasing

function of time.
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of time graphed in Figure 4.9.
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Figure 4.9: A graph of ﬁaz(t) = (52 - cfl) sin(2znt) where n = 0.15, & = 0.8 and &; = 0.1. This was used
to help create Figure 4.8.
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Figure 4.10: A graph of ﬂaz(t) = (52 - 51) sin(2znt) where n = 0.015, & = 0.8 and &; = 0.1. This was used
to help create Figure 4.11.
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Figure 4.11: The results for a simulation with all parameters constant except §, (7) is the sinusoidal function

of time graphed in Figure 4.10.
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¢ = 0.1, and n = 0.15. Figure 4.9 shows a graph of this §, (r) function. For the system, we
have initial conditions S = 30000, I° = 100, R’ = 0,5) = 2000, I, = 100, and R) = 0 and
parameters A, = 2900/6, u, = 1/6,p, =17/24,d, =1/8,A, = 152500/3, u, = 1/8,p, = 1/20,
d,=1/30,, =3/8,and p, = 31/24. In order to see a similar situation but with a longer period,
Figure 4.11 shows the results of a simulation using the same conditions as in Figure 4.8 but with

n = 0.015.

2.5
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0.5

0 50 100 150 200
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Figure 4.12: A graph of ﬂaz(t) = (52 - 51) sin(2znt sin(2wrmt)) where n = 0.315, m = 0.01, §, = 0.8 and
51 =0.1.

As an interesting example, we take this idea further and suppose there is some kind of oscillating be-
havior, but not it’s as direct as in the previous examples. Let ﬁaz(t) = (52 - ¢ ) sin (2znt sin (2zmt))

with §, = 0.8, &, = 0.1, n = 0.315, and m = 0.01. A graph of this ﬁaz(t) is shown in Figure 4.12

and the resulting dynamics of the system are illustrated in Figure 4.13.

Although these examples are only for illustration purposes, with more data we could attempt to
find appropriate parameters. It would probably be much easier to find more data from the human

population than it is from the animal populations. The fact that we don’t even have a complete

68



x 10

2000

x 10

50

100
Time (Months)

150

200

10}

1y

100

x 10

50

100
Time (Months)

150

200

Ry,

Figure 4.13: The results for a simulation with all parameters constant except that f, (r) is an oscillating

function of time.

50

100
Time (Months)

150

200

69

1500
“ 1000 |

500¢
0 50

500¢
400}
300¢

200

1500
1000

500}

100 150
Time (Months)

200

0 50 100 150 200
Time (Months)
0 50 100 150 200

Time (Months)



list of species affected by monkeypox [48] makes obtaining data among animal populations seem
almost impossible, but it would be incredibly helpful to know which species most frequently infect

humans and try to find a way to understand how monkeypox impacts those animal populations.

4.4 Multi-host and Meta-population Models

Meta-population models and multi-host models are used for modeling epidemic outbreaks and were
also brought into consideration [3, 7, 18, 19, 22, 46, 47, 52, 54, 55, 56]. We simulated an epidemic
with multiple animal populations and a single human population. Figure 4.14 shows the results of an
epidemic simulation with two animal populations and one human population as given in (3.14a)-
(3.14f) for the case of i = 2. The initial values used for this simulation are Sgl = 3000, I‘?l =
100, ng = 2500, Igz =40, S} = 2000, I, = 100, and Rgl = Rgz = R) = 0. The contact rates are
ﬂa: = 1/4, ﬁa% =1/9, ﬁai =1/8, ﬁag = 1/11, and f, = 31/24. The parameter values, with units of
individuals per month, are A, = 2900/6, u, = 1/6,p, =17/24,d, = 1/8,/\a1 = 152500/2, Ha, =
1/8,p, =1/20,d, =1/30,A, =500, n, =1/25,p, =1/10,andd, =1/30.

Figure 4.15 uses all of the same parameters as for the example shown in 4.14 with the exception
that f, = 0 and 12 = (. Although no humans are infected at the start of the simulation and no
humans can be infected by other humans in this scenario, the infection still spreads to humans from
the animal population. This may seem like an extreme example since we expect that humans can
infect each other, but it again highlights how difficult it would be to eradicate monkeypox entirely,
and that is seen numerically in these simulations. As long as animals can infect humans, the disease

will persist.

Figure 4.16 takes the results of Figure 4.15 one step further. We add the requirement that . = 0
2

so that there is no infection spread between humans or from A, to humans. We imagine this is

a situation where humans take steps to stop human-to-human infection and avoid interacting with

some known animal carriers of monkeypox, but still interact with some other animal species that
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Figure 4.14: The results of a simulation with two animal populations as in (3.14a)-(3.14f) for i = 2. The first
two columns show the results for populations A and A,, respectively. The last column shows the results for

the human population.
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carry monkeypox — possibly without knowing it. We see that even though humans can only be
infected from animals in A, the infection persists. As mentioned earlier, we only know some of the
animals that can be infected by monkeypox and these results indicate that even if those different
species of animals do not interact, even if infection is eradicated in some animal species, and even if
humans cannot spread it among each other, all this is not enough to completely prevent monkeypox

in the human population.

For another example of a meta-population model, we divided the human population into subpopu-
lations, assume there is movement of individuals between these human subpopulations and assume
that they all have contact with one large animal population with endemic monkeypox infection. We
can imagine these human subpopulations represent distinct villages that use the same area to hunt
for food. This scenario is particularly difficult to study analytically. Due to the interaction between
the human subpopulations, finding a Lyapunov function to prove the global asymptotic stability of

the endemic equilibrium is difficult. Regardless, we can still study this situation numerically.

Consider the following system of nine differential equations:

B _ A LTS (4.1a)
ar e \feTN, )0 e
Ao _ Pdug (Ho+po+d,) 1 (4.1b)
dt - Na a H, Pa a a’ :
dR
¢ = oI —uR, 4.1
- palo = H.R, (4.1c)
D a bul | Pl Plh) o 4.1d
= - + + + k) *
d1 mo\M TN, TN, TN, ) (+1d)
n Puls | Puin | Pl (i, + Py, +dy,) 1 4.1e)
dd ~ \ N, N, N, )" Hiny Py ny) Iy e
dR,
T (.11)
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dSh2 ﬁaZIa ﬁhélhl ﬂhélhz
= Ay, — | o, + + + s 4.1g)

dt N, "N, N,
2 a,ta T 2t h,
dt ( N, N, + N, S, = (M, + Pi, +d,) I, (4.1h)
dR,
dt 2 Py, = Hiy Ry (4.11)

This models a population of animals divided into susceptible, infected, and recovered individuals,
denoted S, I,, and R, respectively, the first population of humans divided into susceptible, in-
fected and recovered individuals, denoted Shl, 1 hyo and Rhl, respectively, and a second separate
population of humans divided into susceptible, infected, and recovered individuals, denoted Shz,
I, , and R, , respectively. The total number of individuals in the first human population is given
as N hl(t) = Shl(t) + 1 hl(t) + Rhl(t), the total number of individuals in the second human pop-
ulation is given as N hz(t) = ShQ(t) +1 hz(t) + ha(t), and the total animal population is given as
N, (1) = S8,(t)+ 1,(t)+ R,(1). For simplicity, from now on we call the first human population H,
and the second human population H,. In H,, susceptible humans are recruited through migration
and birth at the rate A, , susceptible humans in H, are recruited through migration and birth at the
rate A, , and susceptible animals are recruited at arate of A,. Letd,, d), , and d, be the death rates
by monkeypox for the animals, H,, and H,, respectively, yu,,, Hn,» and Hn, be the natural death rates
for the animals, H,, and H,, respectively, and p,,, Ph,> and p hy be the recovery with permanent im-
munity for the animals, H,, and H,, respectively. It is assumed that hunting of animals by humans

is negligible and can be ignored and that animals cannot become infected by humans.

Disease transmission is modeled using standard incidence, assuming a constant (density-independent)

contact rate both within and across the populations resulting in infection rates

fa (Sa’ Ia’ Ra) = %S ’

a
a

Bol,  Budn,  Prly,

+ + S, ,and

N. "N, "N, 1
1 2

a

fhl (Sa’Ia’Ra’Shl’Ihl’Rhl’Shz’Ihz’ha) = (
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Bodo Puln, Pl
N, N, N, )™

th ( o Lo Ry Shl’ Ihl’ Rhl’ Shz’ IhQ’ ha) = <
a
where f, is the effective contact rate within the animal population, f, is the effective contact rate
between the animal population and H |, §,,: is the effective contact rate within H |, §,. is the effective
1 1
contact rate between individuals in H, affecting those in H,, f, is the effective contact rate between
the animal population and H,, ﬂh; is the effective contact rate between individuals in H, affecting

those in H, and ﬁh§ is the effective contact rate within H,. We assume all parameters are non-

negative.

Figure 4.17 shows the results of a numerical simulation of the model in (4.1a)-(4.1i). The initial
values used were S° = 30000, I° = 1000, Sgl = 2000, 522 = 3000, and R’ = I;:l = Rgl = 122 =
R22 = 0. The associated contact values are f, = 3/8, ﬁal =41/120, ﬁa2 = 31/24, ﬂhi =41/120,
ﬁh; =5/12, ﬁhf = 1/8, and ﬁhg = 13/40. The other parameters used, in individuals per month,
were A, = 152500/3, A, = 1450/3, A, =500/3, p, = 1/8, p, =1/6, u,, =1/3, p, = 1/20,
pn, = 17/24, p, = 13/24,d, = 1/30, d, = 1/8, and d,, = 1/9. This shows that even in
the meta-population, although no humans in either population are infected at the beginning of the

simulation, infection from the animals is enough to cause endemic infection in all three populations.

4.5 Summation

In the systems (2.1a)-(2.1f), (3.14a)-(3.14f), and (4.1a)-(4.11), there is cross-infection from at least
one animal population into a human population. As we have noted, it is believed that it would
be impossible to eradicate monkeypox due to the endemic infection in animal populations and the
necessary interactions between humans and animals. Our numerical results show that, even when
there is no infection between humans, the animal infection does indeed cause endemic infection
in both populations in this model. It is clear that more data and information is needed in order to

approximate parameter values so that the system (2.1a)-(2.1f) more accurately model monkeypox.
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Figure 4.17: Column 1 shows the results for the animal population, the second column shows the results for
population H, and the last column shows the results for H,.
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5 A Brief Discussion of Cellular Automata Models

Although different from the system of differential equations, network models have become a com-
mon way of modeling epidemics [6, 7, 16, 24, 32, 38, 39, 45, 52, 57, 58, 62, 63, 65, 67, 68]. Part
of the ongoing investigation into monkeypox modeling can include numerical simulations of the

infection spread in a network setting such a small-world network or by using cellular automata.

We present a brief outline of a basic cellular automata model in this chapter. We run some simula-
tions and it becomes clear that more work needs to be done in order to make appropriate assumptions
for this model. The intention of this chapter is to explore a different kind of monkeypox model, to
present questions and ideas related to monkeypox modeling, and to leave plenty of room for future

work.

5.1 Cellular Automata Model Description

Cellular automata can be represented as a grid or lattice of cells changing between states [16, 32,
63, 65, 68]. This idea is applicable when looking for a way to model monkeypox if we want to
take each individual human and each individual animal into consideration. We now present a basic

cellular automata model for monkeypox.

Consider a grid of cells representing both animal and human populations. We have part of the
grid covered in human cells and the rest of the grid covered in animal cells. We have susceptible,
infected, and recovered states for both animals and humans. In the systems (2.1a)-(2.1f), (3.14a)-
(3.14f), and (4.1a)-(4.1i) we assumed death by monkeypox, natural death by other causes, and a
birth rate, but for now let us make the assumption that there is no birth or death, each cell represents
one individual animal or individual human, and they can only experience the states of susceptible,
infected, and recovered. An example of what a such a cellular automata grid might look like is

shown in Figure 5.1. Notice that this grid only has direct connections between some animals and
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some humans, but not all animals are connected to humans or vice versa. At this time we believe
this assumption is realistic if we consider that those who hunt and cook potentially infected animals
are most likely to become infected from an animal versus other humans with less direct contact.
The grid may look different from Figure 5.1 depending on the sizes of the populations and other

examples will be shown later in the form of simulation results.
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Figure 5.1: This figure shows a cellular automata grid where violet cells are in Ag, green cells are in A,
black cells are in Ay, blue cells are in H g, magenta cells are in H; and white cells are in H g.

For all the examples presented here, let the grid be toroidally connected so that the top row connects
to the bottom row and the left side connects to the right. This way each cell has the same number
of neighbors. For the simplest case, a cell has four neighbors — the cell above, the cell below, the

cell to the left and the cell to the right.

Define the cell states as follows: a susceptible animal is in the state denoted A ¢, an infected animal

is in the state denoted A ;, an animal who has recovered from monkeypox is in the state denoted A,
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a susceptible human is in the state denoted H g, an infected human is in the state denoted H, and a
human who has recovered from monkeypox is in the state H ;. Let ¢, be the number of a susceptible
cell’s infected animal neighbors and ¢, be a susceptible cell’s infected human neighbors [58]. Let #¢
be the probability that a susceptible animal with one infected animal neighbor becomes infected, 7}
be the probability that a susceptible human with one infected animal neighbor becomes infected, and
nZ be the probability that a human with one infected human neighbor becomes infected. Initialize
the grid so that there is at least one infected animal. Let 6, be the probability that an infected
animal recovers and 6, be the probability that a human recovers in one time step. We define @9 :=
1- (1 - ng)¢“ to be the probability that an animal with ¢, infected neighbors will become infected,
@ =1- (1 — nZ)(p“ to be the probability that a human with ¢, animal neighbors will become
infected, and @Z =1- (1 - n2)¢h to be the probability that a human with ¢, infected human

neighbors will become infected [58]. We will calculate @4, ®F

h .
b and ¢ , at each time step and

update the grid according to the following rules:
e Each cell in state Ay with ¢, > 0 changes state to A; with probability @?.
e Each cell in state Hg with ¢, > 0 changes state to H; with probability @}.
e Each cell in state H with ¢, > 0 changes state to H; with probability ®.
e Each cell in state A, changes state to A, with probability 6,,.
e Each cell in state H; changes to state H, with probability &,,.

These rules are not definitive and may be changed to best reflect reality. For instance, changing the

order these rules are followed may change the outcome.

5.2 Preliminary Simulation Results

Figure 5.2 shows the results of a simulation on a 100 X 100 grid where the left half of the grid

contains cells representing animals and the right side contains cells representing humans. For this
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simulation, n = 0.25, n, = 0.3, nf’l = 02,06, = 0.1, and 6, = 0.1. This grid was set up with
a cluster of infected animals and humans in the middle of the grid shown, and two independent
clusters — one in the human section of the grid and one in the animal section. In Figure 5.2 we can
roughly see where these infected clusters are located. At the start of the simulation Ag = 116 and

H g = 124. It should be noted that these values are simply for illustration purposes.
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Figure 5.2: An example of a cellular automata model is shown. The cells in blue are in the state A g, the red
cells are in the state of Ay, the black cells are in the state of H g, and the cells in the state of H i are in green.

Table 5.1 shows the averaged results from this same cellular automata set up as was used in Figure

5.2 run 1000 times.

Mean Ag | Mean A; | Mean A, | Mean Hg | Mean H,; | Mean H
2604.992 0 2395.008 | 4601.289 0 398.711

Table 5.1: The averages for relevant population values after 1000 simulations.

When we change some of the probabilities in this set up, we immediately see a difference. Suppose
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the grid is initialized the same way as was done for the results in Table 5.1 and Figure 5.2, but
nt =03, 5, =03, 112‘ = 0.25, 6, = 0.07, and 6,, = 0.1. An example grid from a simulation
run under these conditions is shown in Figure 5.3 and Table 5.2 shows the mean averaged results
after running 1000 of these simulations. Since 712 <, r];l’ < 1,,and 6, < o, it is expected that
more animals will spread infection than humans, but the result of a relatively small difference in

probabilities was more striking than one may expect.
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Figure 5.3: Another example of a cellular automata model is shown above. The cells in blue are in the state
Ag, the red cells are in the state of A, the black cells are in the state of H g, and the cells in the state of Hy
are in green.

Mean Ag | Mean A; | Mean A, | Mean Hg | Mean H,; | Mean H
152.855 0 4847.145 | 3567.632 0 1432.368

Table 5.2: The averages for relevant population values after 1000 simulations.

The results of a cellular automata model depend on more than just the probabilities. The initial

states and structure of the model are of the utmost importance. In Figure 5.4 and Table 5.3, we see
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Figure 5.4: Another example of a cellular automata model is shown above. The initial infected cells were
along the diagonal. The cells in blue are in the state Ag, the red cells are in the state of Ay, the black cells
are in the state of H g, and the cells in the state of H are in green.

Mean Ag | Mean A; | Mean A, | Mean Hg | Mean H; | Mean Hy
2493.252 0 2506.748 | 4493.359 0 506.641

Table 5.3: The averages for relevant population values after 1000 simulations.

the results of a simulation with the same probabilities as was used in Figure 5.2 and Table 5.1, but
in the initial grid, those who are infected do not exist in three clusters, but along the diagonal of
the grid. Also for comparison, Figure 5.5 and Table 5.4 show the results of a simulation with the
same probabilities as was used in Figure 5.3 and Table 5.2, but with the infected individuals only
along the diagonal initially. Since the initial infected individuals are down the diagonal, for these

grid dimensions, each simulation starts with 50 infected animals and 50 infected humans.

This is only a simple outline for a cellular automata model and it can certainly be made more
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Figure 5.5: Another example of a cellular automata model is shown above. The initial infected cells were
along the diagonal. The cells in blue are in the state Ag, the red cells are in the state of Ay, the black cells
are in the state of H g, and the cells in the state of Hy are in green.

Mean Ay

Mean A,

Mean A,

Mean H g

Mean H,

Mean H

145.54

0

4854.46

3443.601

0

1556.399

Table 5.4: The averages for relevant population values after 1000 simulations.

realistic and complicated. Since these are closed systems with no birth, migration, or death, the
epidemic is always mitigated and A; = H, = 0 at the end of each simulation. Unlike the model in
(2.1a)-(2.11), the disease in this cellular automata is not endemic as long as there is disease in the
animal population. Since monkeypox is endemic in parts of the world, particularly in the animal
population, we believe that the problem is with the accuracy of this cellular automata model in this

form.
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5.3 A Slight Modification

In this section, in an attempt to make the model more accurate, we allow the state of death and then
revive cells with a certain probability. This means that each cell can then go through the states of
susceptible, infected, recovered, and dead. If the cell is revived then it represents another individual
and can then go through the states again as a new individual. Although this may seem like an easy

fix, we will see that whether or not the epidemic remains endemic depends on the probabilities.

To adapt our cellular automata model to include a state of death, let z,, 7, be the probabilities of
natural death for an animal cell and a human cell, respectively, let w,, @, be the probabilities of
death due to monkeypox for an animal cell and a human cell, respectively, and let ¢,, o, be the
probabilities of revival of a dead animal cell and a dead human cell, respectively. In addition to the
states Ag, A;, Ag, Hg, H;, and H, add the state of A, for dead animal cells and the state of H,,
for dead human cells. Initialize the grid with at least one infected animal cell and then at each time

step, update the grid accordingly with the following rules:
e Each cell in state A, changes to state Ay with probability o,.
e Each cell in state H, changes to state H ¢ with probability o,.
e Each cell in state Ag, A;, A changes to state A, with probability 7,.
e Each cell in state Hg, H,, Hy changes to state H,, with probability 7,,.
e Each cell in state A, changes to state A, with probability @,.
e Each cell in state H,; changes to state H, with probability w,,.
e Each cell in state Ay with ¢, > 0 changes state to A; with probability ®?.
e Each cell in state Hg with ¢, > 0 changes state to H; with probability @}.
e Each cell in state H ¢ with ¢, > 0 changes state to H, with probability <I>Z.
e Each cell in state A; changes state to A with probability o,,.
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e Each cell in state H; changes to state H; with probability 6,,.

For clarity in our figures, we will only show the animal population or the human population and the
other population will be blacked out. This allows us to focus on all of the states in each population,

but also reminds us that we are looking at two distinct populations.
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Figure 5.6: This figure shows a picture of an ongoing simulation and highlights the animal population.
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Figure 5.7: This figure shows a picture of an ongoing simulation and highlights the human population.

Figure 5.6 shows an example of modeling monkeypox with cellular automata with the probability
values of 7 = 0.3,n, = 0.25,112 =03,p,=0.1,p, =0.1,7, =0.02,7, = 0.02,06, = 09,0, =
0.9,w, = 0.08, and w, = 0.08. The grid is initialized with infected individuals down the diagonal
and with all remaining cells in the state of susceptible. (All of our remaining simulations will be
initialized this way.) Figure 5.6 shows the model in four stages, but only shows what is happening
among the animals. On the left hand side in this figure, the red cells are in the state A, the black

cells are in the state A,, the green cells are in the state A, and the cells in the state A, are in
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blue. On the right hand side, all human cells are black. Figure 5.7 shows an example of modeling
monkeypox with cellular automata with the same probabilities as were used in 5.6, but highlights
the human population. On the left hand side, the animal cells are shown in black. On the right hand
side, the cells in red are in the state H g, the black cells are in the state H/, the green cells are in the
state H z, and the blue cells in the state H . The bottom right portions of Figures 5.6 and 5.7 are
good representations of what the simulation looks like when it is continued even further. We see
that the epidemic is endemic in both populations in this scenario. The high probabilities of ¢, and

o, result in a cell being revived almost immediately after it has died and this fuels the epidemic.

Table 5.5 shows the averaged results of 1000 simulations for a different scenario. The values av-
eraged were taken at time step 500. The probability values used for these simulations were n¢ =
0.3,n, = 0.25,112‘ =03,p,=0.1,p,=0.1,7,=0.02,7, =0.02,06, = 0.15,0, = 0.15, 0, = 0.08,
and w;, = 0.08. At these values of o, and o, and for higher values of ¢, and o, like in the examples
illustrated in Figures 5.6 and 5.7, when the other values are left as they are, our results indicated
there is enough revival to maintain the infection. In other words, the results presented here indicate
that for these values there are enough new susceptible individuals entering the population for the
epidemic to be endemic. An example of how the epidemic spreads in this situation is shown in

Figure 5.8.

Mean Ag | Mean A; | Mean A, | Mean A, | Mean Hg | Mean H, | Mean H, | Mean H
3838.13 | 79.842 | 383.822 | 698.206 | 3619.454 | 115.125 | 553.268 | 712.153

Table 5.5: The averages for relevant population values after 1000 simulations of 500 time steps each. These
values indicate that the epidemic continues since Ay, H; > 0.

When we change the rate of revival so that the parameters are 77 = 0.3, = 0.25, nZ =03,p, =
0.1,p, = 01,7, = 0.02,7, = 002,06, = 0.14,0,, = 0.14,w, = 0.08, and w, = 0.08, we see

that the infection is mitigated. This is true when we ran 1000 simulations. Those averaged results
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Figure 5.8: This figure shows a picture of an ongoing simulation with the same parameters as those used for
the results in Table 5.5. The animal population is shown on the right and the human population is shown on
the left. For the corresponding population, the susceptible individuals are in red, the infected individuals are
in black, the recovered individuals are in green, and the dead individuals are in blue.

are shown in Table 5.6. Figure 5.9 shows an example of what this looks like in the GUL. In this

figure, the top row shows how the epidemic progresses in the animal population and the bottom row

shows how the epidemic spreads in the human population. The left column of Figure 5.9 shows the

progression after 50 time steps and the right hand side shows what happens after 300 time steps. In

each population, we see that the disease will die out eventually in this example.

Mean Ag

Mean A,

Mean A,

Mean A,

Mean H

Mean H,

Mean H

Mean H,

4247.78

0

19.756

715.466

4216.174

0

66.713

717.113

Table 5.6: The averages for relevant population values after 1000 completed simulations.
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Figure 5.9: This figure shows a picture of an ongoing simulation with the same parameters as those used for
the results in Table 5.6. The animal population is shown in the top row and the human population is shown
in the bottom row. For the corresponding population, the susceptible individuals are in red, the infected
individuals are in black, the recovered individuals are in green, and the dead individuals are in blue.
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6 Future Work

In addition to obtaining more data and finding actual parameter values, we can consider other mod-

eling approaches to further understand monkeypox and similar epidemic models.

A natural mathematical extension of the work in the previous chapters related to system (2.1a)-(2.1f)
is an optimal control problem to determine if there is a threshold where monkeypox can remain
endemic at some low level in the animal population while mitigating it in the human population
using a range of controls. Since there is currently no vaccine for monkeypox available for wide use,
the most realistic control would be a parameter changing the incidence of infection in the human
population as a result of education. Many people in areas affected with monkeypox are not always
aware of the difference between monkeypox and other diseases or ways of preventing the spread of
infection, hence education efforts in these areas may decrease the incidence of monkeypox [48, 51,
53]. Additionally, people in these areas can have increased contact with infected animals because
they have a difficult time finding food and safety from local socioeconomic turbulence and so there
could also be other methods to keep people from becoming infected that are related to these issues

[1, 17,21, 23,27, 40, 44, 10, 14, 11, 48, 49, 51, 53, 54, 66, 67].

While it is interesting to consider network models, a lot of work needs to be done in order for those
models to reflect what we know from ongoing monkeypox research. A cellular automata model

was presented in this work, but only as a catalyst for future work.

Another way of modeling the states of individuals during an epidemic is with a small-world net-
work. An example of a small-world network is shown in Figure 6.1. This network was created in
MATLAB by starting with a series of nodes connected to their neighbor on each side, then discon-
necting each node from a neighboring node with a certain probability, and then connecting each
node by a shortcut to another node across the network with another probability. In general, a small-

world network can most simply be created by taking a lattice network and adding some random
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Figure 6.1: An example of a small-world network without specified states.

connections. Even just two or three of these shortcuts can have a major impact on the spread of the
epidemic versus a lattice without shortcuts. Since each individual in a cellular automata network
is only connected to its four nearest neighbors, this is like a person who can only get infected from
the people they live with or who live right next to them. We know this is not entirely accurate since
people interact with others from different locations at community areas such as schools, churches,

and markets. A small-world network accounts for these kind of interactions [32, 57, 63].

Although we could use a model like the one shown in Figure 6.1 and use rules similar to those

proposed in the previous section for the cellular automata model, it would possibly be more realistic
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to have one such network for the animal population and another for the human population with some
connections between the two networks representing the influence of the animal population on the
human population. As with the cellular automata model, we start with at least one infected animal
node and update each node based on its state and the states of their connections given certain

probabilities.

In order to use network models to better understand the spread of monkeypox, a better understanding

of the interactions between humans and animals in areas with endemic monkeypox is needed.

Although we have been solely focused on monkeypox, the ideas presented here are applicable to
a range of diseases that affect humans and animals. Ebola viruses are thought to have a natural
reservoir in apes, bats, and other animals, avian flu viruses are carried by birds but can adapt to
infect humans as well, and bats are a reservoir for rabies since they can spread it to humans and

other animals [12, 13, 15, 25, 37].

The differential equation models considered in this work corroborate the epidemiological evidence
that once the disease becomes endemic in the reservoir (animal) population, there will be endemic
disease in the human population. While we might wish to suggest a guaranteed way of mitigating
monkeypox in the human population, this is incredibly difficult. The mass culling of birds is one
strategy used to prevent the spread of avian flu, but this is not practical or even possible for the
cases of monkeypox, rabies, or ebola within wild populations. In the case of monkeypox, there are
too many different species of wild animals that can harbor the disease so it is difficult to know what

ways of controlling this disease in the animal populations will work best.

The study and understanding of monkeypox is crucial given its resurgence. The system presented
in (2.1a) - (2.1f) is important in our understanding of monkeypox — as are its extensions. As more
data is collected and as epidemiologists learn more about this disease, the model can be made more

accurate and new insights can be gained.
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