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ABSTRACT

BIOMARKER DEVELOPMENT FOR USE IN REGRESSION CALIBRATION

by

Yiwen Zhang

The University of Wisconsin-Milwaukee, 2020
Under the Supervision of Professor Cheng Zheng

It is challenging to alleviate systematic measurement error in self-reported data when

studying the associations between dietary intakes and chronic disease risk. The regression

calibration method has been used for this purpose when an objectively measured biomarker

that satisfies a classical measurement error assumption is available. The requirement for

the biomarkers needs to be quite strong and very few dietary intake biomarkers as such have

been developed. Feeding studies provide opportunities to develop such potential biomarkers

using regression methods with a much larger variety of dietary variables. However, the

measurement error for the resulting biomarkers will be of Berkson type and these biomarkers

are not suitable to the existing regression calibration method. Ignoring the violation of the

classical measurement error assumption can lead to severe biases in disease association

estimates. In this project, we propose three ways to obtain consistent estimates of such

associations under rare disease assumption. The asymptotics of the proposed estimators is

derived. Theoretical and numerical analyses were performed to compare these estimators.

Estimation procedures are applied to the Women’s Health Initiative (WHI) data to re-

examine the associations between dietary intakes and cardiovascular diseases.
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Chapter 1: Overview

1.1 Introduction

There is an urgent need to obtain reliable information on dietary patterns that can re-

duce the risk of various chronic diseases, such as cancer, cardiovascular diseases (CVD),

and diabetes. Although the positive association between obesity and cancer risk is well

established [1], most epidemiology studies have not shown convincing evidence that key

energy balance factors, such as total energy intake, are risk factors for various chronic

diseases [2, 3, 4]. A likely cause of this apparent discrepancy is bias in dietary assessment,

which is known to be challenging [5]. There is strong evidence [6] that the misreporting

of dietary energy intake is related to individual characteristics (for example, body mass

index (BMI)). The problem due to classical measurement errors which are assumed to be

randomly distributed around true values with mean zero can be attenuated and overcame

by increasing the sample size. However, the assumption of classical measurement errors

can be violated in our study. The systematic measurement error will lead to bias that

cannot be automatically corrected [7]. Previous methodology work and its application to

the Women’s Health Initiative (WHI) [6, 8, 9] have shown the validity and value of using

(joint) regression calibration approaches to tackle this issue when objective measurements

are available to be used as biomarkers of intakes. These biomarkers are used to build

calibration equations using the self-reported measurements of the exposures of interest.

Calibrated intake estimates are subsequently used to estimate associations between these

dietary exposures and the risk of various diseases.

There remains a significant research gap that for many nutritional and physical activity
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variables, it is challenging to build satisfactory biomarkers with only single objective mea-

surement. Therefore, regression models have been used to build biomarkers with multiple

objective measurements. For example, in the WHI Nutrition and Physical Activity Assess-

ment Study (NPAAS), to correct systematic measurement error of the self-reported food

frequency questionnaire (FFQ) data from the full cohort (with 161,808 subjects), blood

and urine measurements were collected for a subgroup (450 subjects) of the cohort [6]. In

addition, a feeding study was performed on another smaller subgroup (153 subjects) where

both blood and urine measurements and the assessed dietary intake information are col-

lected [10]. The standard regression-based biomarker development procedure is as follows:

First, using the 153 subjects regress the feeding study provided dietary intakes on the blood

and urine measurements to predict dietary intake using these biospecimens along with study

object characteristics [10]. Then the putative biomarker values can be calculated for the

450 subjects using their blood and urine measurements to build a calibration equation by re-

gressing the calculated biomarker on the self-reported dietary intakes. Previous application

of the regression calibration methods (i,e. [11]) has used an externally developed biomarker

that plausibly satisfies a classical measurement error assumption, which, however, is known

to be violated by this feeding study based biomarker development procedure. Ignoring this

violation of classical measurement error assumption causes the subsequent estimates of

the association between the dietary variable in question and disease risk to be biased. To

tackle this issue, in this project, we aim to develop new methods for building biomarkers for

regression calibration purposes. Using our new methods, we can establish consistent esti-

mators for diet-disease associations under rare disease assumption and incorporate variation

in the biomarker construction step when estimating the asymptotic variance and building

confidence intervals for disease association parameters.

2



1.2 Motivating Data

1.2.1 WHI Study

Data used in this study is based on the cohort of the US Women’s Health Initiative (WHI).

From the year 1993 to 1998, 48,835 women enrolled in the WHI Dietary Modification Trial

(DM), and 93,676 women enrolled in the prospective WHI Observational Study (OS). The

age range of the participants were from 50 to 79 and all of them were postmenopausal

[12]. Self-reported food frequency questionnaire (FFQ), which is subject to systematic

bias, was collected at baseline and administered in the first year in the DM trial. Then the

subsequent administrations were followed approximately every three years till April 2005

[13, 14]. The average follow-up time for OS and DM is nine years. The information related

to the risk factors of CVD, including age, race, family history of premature CVD, educa-

tional level, diabetes, smoking status, use of statin, use of aspirin, use of postmenopausal

hormone therapy previously, and an estimate of recreational physical activity, were collected

at baseline. Women in the DM were followed after the year-1 visit. Women in the OS were

followed at the enrollment. The study ended if either specific CVD outcomes or September

30, 2010, occurred first.

1.2.2 NPAAS Study

To start building a calibration equation, a sample of 450 women from Nutrition and Physical

Activity Assessment Study (NPAAS) who were recruited from the WHI OS during 2007-

2009 were used [6]. Women in NPAAS were overrepresented minorities and/or had elevated

BMIs. Two clinical visits separated by two weeks are required in the study protocol.

A 4-day food record, three 24-hour nutrient recalls were conducted. In addition, WHI

3



FFQ information, protein consumptions, and urinary nitrogen assessments of energy were

obtained in the NPAAS study [6].

1.2.3 NPAAS Feeding Study

An ancillary study, called Nutrient and Physical Activity Assessment Feeding Study (NPAAS-

FS), with 153 women recruited from 2011 to 2013 from WHI was developed to assess

dietary intake information for a 2-week period [10]. Information collected from NPAAS-FS

includes individual characteristics such as age, height, weight, BMI, race, medical history,

education level, pregnancy history, family history, personal habits, and samples of fasting

blood. Age, height, weight, and BMI were measured in NPAAS-FS at the study entry,

whereas all other information listed above was collected at the time of enrollment in WHI

study [10].

Blood and urine collection are essential information needed for building the calibration

equation. Regarding serum metabolite measurements, a targeted liquid chromatography-

tandem mass spectrometry (LC-MS/MS) assay, based on an Agilent 1260 HPLC/- Sciex

5500 QTRAP-MS platform, was used to measure metabolites from the 172 serum samples.

To monitor the assay performance throughout the 2-day analysis period, 19 split sample

blinded duplicate repeat QC specimens were also used. The global lipidomic analysis was

performed on an Agilent 6520 QTOF-MS platform after spiking with a standard mixture

of C17 lipids. By searching against data embedded in MPP and LIPID MAPS Structure

Database, 200 to 400 lipids among 2000 MS features were identified across the sample set

under high-resolution measurements.

Sample preparation for urine metabolite measurement includes urease treatment, methoxy-

lation, and derivatization using MSTFA. Then with 1H nuclear magnetic resonance (NMR)

spectroscopy at 800 MHz and untargeted gas chromatography-mass spectrometry (GC-

MS), metabolite profiles of 172 (both spot and 24-hour) urine samples (including 19

4



split sample blinded duplicate samples) from the feeding study participants were obtained.

Though some potential measurement errors in metabolite data may exist, the bias for

GC-MS data was minimized through pre-processing and NMR data were normalized. Fur-

thermore, the non-differential measurement error within the metabolite measurements are

under our consideration and would not lead to unexpected bias.

1.3 Literature Review

With a biomarker developed with regression calibration, the association between dietary

intake and disease will be examined and analyzed. Continuous, binary, and time-to-event

endpoints are each selected depending on specific types of outcomes. With continuous

and binary endpoints, generalized linear models will be used, whereas, with time-to-event

endpoints, the Cox regression model will be used in this study. In addition, regression

calibration build upon a multivariate regression model needs to be developed when mul-

tiple exposures are measured. The following subsections provided a brief introduction of

all models/methods mentioned above, including a multivariate regression model, gener-

alized linear model, the Cox regression model, measurement error model, and regression

calibration method.

1.3.1 Multivariate Multiple Linear Regression Model

With multiple exposures, a multivariate multiple linear regression model (MMLR) can be

considered. MMLR is similar to multiple linear regression (MLR) analysis. The difference

is more than one response variable is involved in MMLR. When models are set up indepen-

dently regarding each dependent variables, MMLR and MLR provide the same estimations

on coefficients computationally [15, 16]. However, since multiple response variables could

5



be correlated in general, using MMLR considering the correlation between different ex-

posures is more appropriate compared to MLR. Suppose we have sample size of n, the

response variable Y ∈ Rn×K contains K variables for n individuals. Let X ∈ Rn×p, is a

design matrix. Then the multivariate multiple regression model can be formulated as:

Y = Xβ + ε, εi
i.i.d∼ N(0, Σ),

where β ∈ Rp×K is the coefficient matrix and ε ∈ Rn×K denote matrix of residuals. Both

β and Σ are unknown parameters [17, 18, 19]. A Gaussian model is assumed here with

continuous exposure. Under the low-dimensional setting, the estimated coefficient can be

derived by maximizing the likelihood determined by both the coefficient matrix β and the

covariance matrix Σ

β̂ = argmin
β

{(Y − βX)TΣ(Y − βX)}.

1.3.2 Generalized Linear Model

In the simple linear model, we assumed that Yi follows a normal distribution with mean µi

and variance σ2

Yi ∼ N(µi, σ2),

and the expected value, µi, is assumed to be a linear function of p predictors. To be

more specific, µi takes values xi = (xi1, ..., xip) for the ith case and we have µi = xiβ,

where β is a vector of unknown parameters. In practice, there are different types of

measurements with non-normal error distribution. To accommodate various data types,

generalized linear model (GLM) was developed as a generalization of classical linear models
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by linking response variable with linear models via a link function and extends the linear

model to the general exponential family [20].

We introduce the link function, g(µi), which is a one-to-one continuous differentiable

transformed function. A transformed mean is assumed to follow a linear model with a

form of ηi = xiβ, where ηi is called the linear predictor. With a one-to-one link function,

we can further obtain µi = g−1(xiβ). Note that the expected value, µi, is the one we

should transform. There are various link functions such as identity, log, reciprocal, logit

and probit, etc.

Under the GLM framework, the probability density function of Y is taking the form:

f (yi) = exp{(yiθi − b(θi))/a(φ) + c(yi, φ)}.

Here θi and φ are parameters and ai(φ), b(θi) and c(yi, φ) are known functions.The

parameters θi and φ are essentially location and scale parameters. It can be shown that

if Yi has a distribution in the exponential family then it has mean and variance E(Yi) =

µi = b′(θi); var(Yi) = σ2
i = b′′(θi)ai(φ) where b′(θi) and b′′(θi) are the first and second

derivatives of b(θi). The exponential family provides uniform parameterization for the

parametric family of distributions including normal, binomial, Poisson, exponential, gamma

and inverse Gaussian distributions. Here, θ is related to the mean of the distribution, if

b(θ) is an identity function, we say that we have a canonical link.

One challenge under the framework of GLM is the estimated coefficient usually does

not come with a closed-form solution. The estimation and inference are driven by the

maximum likelihood approach. GLM can be fit to the data using the algorithm, called

iteratively re-weighted least squares (IRLS), and we will introduce this algorithm in this

section.

(1) Choose an initial value β̂(0), we calculated the estimated linear predictor η̂i = xiβ.

Then we can obtain the value for µ̂i = g−1(η̂i).
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(2) With the above calculated values, we can obtain the adjusted response, zi = η̂i +

(yi − µ̂i)
dηi
dµi

.

(3) Next, iterative weight can be calculated: wi = ( dµi
dηi

)2/b′′(θi).

(4) This gives the maximum likelihood estimates: β̂(1) = (XTWX)(−1)XTWz.

(5) Iterate above four steps until β̂ converges.

1.3.3 Cox Regression Model

Since the time-to-event endpoint is also of our interest, we will introduce background infor-

mation regarding the Cox regression model that we applied for the time-to-event endpoint.

The survivor function, S(t), accounts for a patient’s probability of survival from the

time of origin (i.e., diagnosis of cancer) to a specified time, t, in the future. The survival

probabilities at each time point, t, summarize the survival experience overall. The hazard,

denoted by λ(t), is the incident event rate for the patient who has already survived until

time t. To be more specific, λ(t) is the probability encountering an event under the

observation at time t. In contrast to the survivor function, which focuses on the cumulative

survival probability until time t, hazard function focuses on the instantaneous rate of an

event occurring [21, 22, 23].

Cox regression model, also known as the proportional hazard model, is a method used to

investigate the effect of risk factors or exposures upon a time an event occurs simultaneously

[21, 22]. The measure of effect in the Cox regression model is the hazard rate, and it can

be expressed as below:

λ(t) = λ0(t)exp(Xθ),

where λ(t) is a hazard function determined by a set of p covariates, X, and θ is a p× 1

vector of unknown parameters. The term λ0(.) is called the baseline hazard. It corresponds
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to the value of the hazard if all the xi are equal to zero. The estimating equation for

coefficient θ can be expressed as:

U(θ) = ∑
i

∫ τ

0

[
X i −∑

j

Yj(t) exp
{

X jθ
}

∑k Yk(t) exp {Xkθ}X j

]
dNi(t),

where Ni(t) = I(∆i = 1, Yi ≤ t) and Yi(t) = I(Yi ≥ t). The asymptotic normality of θ̂

can be proved with the above estimating equation.

1.3.4 Measurement Error Model

We will first introduce two types of measurement error.

(1) Classical measurement error

Classical measurement error is the most common assumption made in measurement

error literature [7]. Suppose Z is the true dietary intake, X is the corresponding biomarker

and ε be the measurement error, then classical measurement error model is

X = Z + ε,

where this model states E(ε|Z) = 0 and usually the error structure of ε is constant

variance [7]. Classical measurement error are independent of the true exposure with mean

zero.

(2) Berkson error

With the same symbols in classical measurement error, Berkson error model states that

Z = X + ε,

indicating the true dietary intakes contain more variability than biomarker [7]. In this model,

E(ε|X) = 0. In other words, the approximate exposure is followed by many subjects, while
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the true exposure varies randomly around the approximate exposure with Berkson error.

Regression calibration is one of the most common methods to accommodate measurement

error. Other than regression calibration, various other strategies have also been studied

and proposed to reduce or eliminate the bias due to measurement error. Stefanski &

Carroll (1987) [24] proposed the conditional score method. Nakamura & Tsuyoshi (1990)

[25] proposed the corrected score method. The expected estimating equation proposed

by Wang et al. (2000) [26] is a technique to attenuate bias when repeated mismeasured

variables or surrogate variables are available. Stefanski & Cook (1995) [27] introduced a

simulation-based method called simulation extrapolation (SIMEX) without requirement in

making an assumption on the distribution of true covariates. SIMEX has been extensively

studied and implemented under both parametric and non-parametric statistical problems.

The moment reconstruction proposed by Freedman et al. (2004) [28] is another substitution

for regression calibration to correct measurement error in univariate continuous exposures.

One advantage with the moment reconstruction approach is the covariate measurement

error is allowed to be differential.

1.3.5 Regression Calibration

There are generally two types of regression calibration to accommodate measurement error.

One is regression calibration with repeated measurements using the same instrument. With

repeated measurements, the conditional expectations of the true values given observed

values can be estimated. This technique can be used to attenuate random error under the

classical measurement error model.

The other is regression calibration with the validation set. Measurement error correc-

tion using the validation set usually compares results obtained between a dietary instrument

such as FFQ and another instrument with more accurate measurements [29]. The cali-

bration regression study is usually based on a much smaller cohort with consumed dietary
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intakes and other observed variables with no error. Usually, a bias-corrected matrix can

be computed with the coefficients from the linear regression of actual exposures on ob-

served values. This technique is often used to deal with the systematic error. Sugar et

al. (2007) [30] developed statistical estimation methods for odds ratio estimation under

the framework of the measurement error model proposed by Prentice et al. (2002) [31].

Prentice (1982) [8] developed a failure time regression model for parameter estimation with

measurement errors in covariates. To be more specific, an induced hazard function model

for failure time developed by Prentice (1982) [8] is as shown below. The hazard function

with true covariates, Z ∈ RP , can be written as:

λ(t, Z) = λ0(t)exp(Zθ),

with baseline hazard function, λ0(.). With measurement errors in observed covariates,

X ∈ RP, we have biased estimations on parameters, θ. The hazard functions of λ(t, Z)

and λ(t, X) can induce a new hazard function to alleviate measurement errors in covariates

based on the assumption that {X,T ≥ t } is conditional independent given Z. Under the

assumptions, we have:

λ{t; Z, X} = λ{t; Z}.

Then λ{t; X} can be written as the conditional expectation of λ{t; Z, X} given T ≥ t

and X where T is the failure time, that is:

λ{t; X} = E [λ{t; Z, X}|T ≥ t, X] ,

λ{t; X} = E [λ{t; Z}|T ≥ t, X] .
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Therefore, an induced hazard function can be derived as:

λ(t; X) = λ0(t)E [exp(Zθ)|T ≥ t, X] .

Under rare disease assumption where P(T < t|Z) ≈ 0, the induced hazard function can

be approximated as:

λ(t; X) ≈ λ0(t)E [exp(Zθ)|X] .

This approximation indicates that Z given {X,T ≥ t } is constant over time. With normally

distributed covariates, the conditional distribution of (X|Z) is normal with mean E(Z|X)

and variance Var(Z|X). Hence the induced hazard function can be further written as:

λ(t; X) = λ0(t)exp
[

E(Z|X)θ +
1
2

θTVar(Z|X)θ

]
,

λ(t; X) = λ∗0(t)exp [E(Z|X)θ] ,

where λ∗0(t) = λ0(t)exp(1
2 θTVar(Z|X)θ).

A regression calibration model with failure time regression analysis is conducted by

Wang et al. (1997) [32] when data on covariates are missing or inaccurately measured.

Shaw & Prentice (2012) [9] applied three estimation procedures for hazard ratio with

measurement error data structure. Gorfine, Hsu & Prentice (2004) [33] developed a non-

parametric correction approach for covariate measurement error in a stratified Cox model.

Liao et al. (2011) [34] proposed a risk set regression calibration in survival analysis with

time-varying covariates.
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1.4 General Notation and Framework

The proposed association study between specified dietary variables and chronic diseases

is composed of 3 stages (Figure 1: the biomarker construction, the calibration, and the

association assessment) with three corresponding aims: (1) develop a valid biomarker that

could be further used in calibration regression study; (2) develop a valid calibration equation

for the self-reported dietary intake; (3) achieve a valid estimation of the association between

the dietary intake and disease risks.

The more detailed procedure is as follows. In stage 1, we build a model to establish

biomarkers using a group of subjects from a controlled feeding study. This model can

be built by regressing the consumed dietary intakes measured from the controlled feed-

ing study onto (i) blood/urine measurements combined with personal characteristics; (ii)

blood/urine measurements, personal characteristics and self-reported dietary intake; or (iii)

personal characteristics and self-reported dietary intake. From the NPAAS, there are 153

individuals whose consumed dietary intakes over a 2-week controlled feeding period were

collected. In stage 2, using data from a different group of individuals, we build a calibration

equation using the self-reported dietary intakes, and low dimensional personal characteris-

tics to predict the true dietary intake if (i) or (ii) is used in stage 1. If (iii) is used in stage 1,

then the calibration equation was already established and stage 2 can be omitted. We have

450 NPAAS samples to use in this stage. In stage 3, for a much larger group of individuals,

we only have information on the self-reported dietary intake, the (low dimensional) per-

sonal characteristics, and a composite survival outcome. We use the calibration equation

developed in stage 2 to calibrate the self-reported dietary intake for the large cohort and

perform the association studies with various diseases. In this thesis, we will compare the

existing biomarker development method and three newly proposed methods.

First, we list all notations involved in these 3 stages. Denote the sample sizes of
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these three stages as n1, n2 and n3. When there is no sample overlapping among these

three sets, we can assume they are mutually independent and we will handle this scenario

when deriving asymptotic results. Without loss of generality, we assume i = 1, · · · , n1

are from the first sample, i = n1 + 1, · · · , n1 + n2 are from the second sample and

i = n1 + n2 + 1, · · · , n1 + n2 + n3 are from the third sample.

We denote the underlying long term dietary intakes as Z ∈ RK, which are primary

exposures of interest. For example, Z may be the average daily sodium to potassium

intake ratio over a specified one-year period. We denote personal characteristics as V ∈

Rq. We denote the short-term dietary intakes over the feeding period as X ∈ RK and

assume the classical measurement error model that X = Z + εx, where εx ∼ N(0, Σx) is

independent of Z, V . We denote the assessed dietary intake in the feeding study as X∗,

where X∗ = X + ε∗x, where ε∗x ∼ N(0, Σ∗x) is independent of εx, Z, V . The self-reported

dietary intakes are denoted as Q ∈ RK and are assumed to follow a parametric model

Q = (1, ZT, V T)A+ εq, where εq ∼ N(0, Σq) is independent of εx, ε∗x, Z and V and A ∈

R(1+K+q)×K are unknown parameters. The objective blood and urine measurements are

denoted as W ∈ Rp and are assumed to follow a parametric model W = (1, XT, V T)B +

εw, where εw ∼ N(0, Σw) is independent of εx, ε∗x, εq, Z, V and B ∈ R(1+K+q)×p

are unknown parameters. For continuous outcome or binary outcome, we denote it as

Y, which are assumed to follow a generalized linear model g(E[Y|Z, V , Q, X, X∗, W ]) =

(1, ZT, V T)θ, where θ ∈ R1+K+q is parameter of interest. With time-to-event endpoint,

the composite outcome are denoted as (Y = T ∧ C, ∆ = I(T ≤ C)) where T is the

time to disease occurrence which is assumed to follow a Cox model with hazard specified

as λ(t|Z, V , Q, X, X∗, W) = λ0(t) exp((ZT, V T)θ), where θ ∈ RK+q is parameter of

interest. The censoring time C is assumed to be independent of T given (Z, V). For the

biomarker construction sample, researcher can observe (X∗, W , V) and possibly Q. For

the calibration set, researcher can observe (Q, W , V) and for the cohort, researcher can
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observes (Y, Q, V) or (Y, ∆, Q, V) depending on the type of outcomes. For distribution

theory development, we use traditional counting process notation Ni(t) = I(∆i = 1, Yi ≤

t) and Yi(t) = I(Yi ≥ t).
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Figure 1: Flow chart of the whole procedure from biomarker construction
to association assessment
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Chapter 2: Low-dimensional Setting with Single

Exposure

2.1 Introduction

Cardiovascular disease (CVD), which encompasses a class of diseases that involves several

conditions affecting major blood vessels and heart, is a leading cause of mortality worldwide

[35]. The associations between dietary consumption and CVD had been indicated in many

recent studies [36, 37].

In the US Dietary Guidelines of the year 2015 [38], the sodium intake is recommended

to be limited within 2,300 mg/day for CVD prevention. Self-reported intakes are heav-

ily relied for studying these associations in epidemiological studies. However, substantial

biases in self-reported intakes that are correlated with personal characteristics (i.e., Body

mass index (BMI, measured as weight/height)) were found in many prior studies. More

reliable assessments for sodium intakes are needed, but it is extremely hard to estimate

sodium intake with standard dietary assessment methods since over 70% of packaged and

processed foods contain sodium. The assessment with standard self-report methods is

particularly difficult to accurately assess the amounts of hidden sodium in these processed

foods. Studies with constructed biomarkers involving 24-hour urine measurements are more

reliable.

Based on current literatures, it has been found that a high sodium-to-potassium ratio

is directly associated with systolic blood pressure [39, 40]. A positive association between

sodium-to-potassium excretion ratio in 24 hours and the incidence of CVD is reported in

a small study with 193 CVD incident events [14]. Though 24-hour urinary excretion is
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an ideal approach, it is impractical to assess the actual 24-hour urinary collections for an

extensive epidemiological cohort study based on the Prospective Urban Rural Epidemiology

Study. Hence large cohort studies typically do not collect the 24-hour urine measurements.

Moderate-sized subcohort with 24-hour urine collected in WHI was utilized to construct cal-

ibration equations to alleviate the biases in self-reported dietary data [14]. Then calibrated

estimates for disease association parameters can be obtained through calibration equations

on self-reported dietary data. In many studies [8, 32], the main assumption of the regres-

sion calibration to follow is the biomarker estimated dietary intakes equal log-transformed

true dietary intakes plus some errors. This is the so-called classical measurement model.

With a classical measurement model, the objective dietary intakes can be different from

the true dietary intakes and in a manner that is random and independent among subjects.

For instance, an exposure during a 2-week period with some noises is independent of the

true dietary intake and of other individual characteristics. However, when true dietary

intakes contain more variability with random errors, the classical measurement error as-

sumption can be violated and lead to large bias. This is the so-called Berkson error. Under

such cases, we developed a bias factor to correct the bias. In this chapter, we evaluated

the associations of the risk of cardiovascular diseases and nutrient intakes with regression

calibration.

2.2 Methods

We first consider the case for a single exposure of interest (K = 1) where Σ∗X = σ∗2x

is known. We propose methods to estimate σ∗2x in Section 2.6 in this Chapter. In the

real data analysis where σ∗2x is not available, we vary this parameter to perform sensitivity

analysis. The notations listed in Chapter 1 is followed in the rest of the chapters. Recall

that the number of variables and sample size in the biomarker construction step is denoted

by p and n1, respectively. In this chapter, we focus on low-dimensional data (p < n1).
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2.2.1 Method 1: The naïve three-step approach

We first consider the naïve three-step approach. We first perform a linear regression among

n1 subjects in the biomarker discovery sample of consumed diet (X∗) on blood and urine

measurements (W) as well as subject characteristics (V) to obtain:

β̂1 =

{
n1

∑
i=1

(1, W T
i , V T

i )
T(1, W T

i , V T
i )

}−1{ n1

∑
i=1

(1, W T
i , V T

i )
TX∗i

}
.

Then we compute X̂1i = (1, W T
i , V T

i )β̂1 for i = n1 + 1, · · · , n1 + n2 to predict the

long-term dietary intake (Z) among the n2 calibration samples and run a regression of X̂1

on self-reported food frequency questionnaire data (Q) and subject characteristics (V) to

build calibration equation using the n2 calibration samples with

γ̂1 =

{
n1+n2

∑
i=n1+1

(1, Qi, V T
i )

T(1, Qi, V T
i )

}−1{ n1+n2

∑
i=n1+1

(1, Qi, V T
i )

TX̂1i

}
.

Finally, we predict the exposure by Ẑ1i = (1, Qi, V T
i )γ̂1 for i = n1 + n2 + 1, · · · , n1 +

n2 + n3 in the n3 association sample. For continuous endpoint, a linear model of Y on

Ẑ1 and V is performed to estimate the association parameter by solving the estimating

equation:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ1i, V T

i )
T
{

Yi − (1, Ẑ1i, V T
i )θ
}]

.

For binary endpoint, a logistic model is used to estimate the association parameter based

on the estimating equation as below:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ1i, V T

i )
T

{
Yi −

exp((1, Ẑ1i, V T
i )θ)

1 + exp((1, Ẑ1i, V T
i )θ)

}]
.
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For time-to-event endpoint, the score function for a Cox model is used:

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ1i

V i

−∑
j

Yj(t) exp
{
(Ẑ1j, V T

j )θ
}

∑k Yk(t) exp
{
(Ẑ1k, V T

k )θ
}
 Ẑ1j

V j


 dNi(t),

(2.1)

where τ is a pre-specified large number and we assume P(C > τ) > 0.

We show in Appendix A (Theorem 4) that E(Ẑ1|Q, V) = BF × E(Z|Q, V) + (1−

BF)× E(Z|V) 6= E(Z|Q, V), where the bias factor (BF) is defined as:

BF = 1− Var(X|W , V)

Var(X|V)
= R2

1|V .

Here R2
1|V represents the multiple partial correlation coefficient from stage 1. Such BF will

lead to bias in the estimation of association parameter θ. If we further assume E(X|V) =

(1, V T)δ, we show in Appendix A (Theorem 4) that the estimator θ̂1 → θ∗1 as n → ∞,

with θ∗1z ≈
θz
BF and θ∗1v ≈ θv − 1−BF

BF θ1z where (θ∗0 , θ∗1z, θ∗T1v )
T = θ∗1 and (θ0, θz, θT

v )
T =

theta. When the outcome is continuous and linear regression model is used, there is no

approximation error. When the outcome is binary or time-to-event, the approximation

error is ignorable only under rare disease assumption. That is, P(T < t|Z, V) → 0 when

n → ∞ for t ∈ [0, τ] under time-to-event endpoint or P(Y = 1|Z, V) → 0 under binary

endpoint for all levels of Z and V .
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2.2.2 Method 2: Three-step with Bias Correction

As shown in Method 1, we have a bias factor in Ẑ1 when using X̂1, so we propose a

bias-corrected estimator X̂2i = X̂1iB̂F
−1

where,

B̂F = R̂2
1|V = 1− V̂ar(X∗|W , V)− σ∗2x

V̂ar(X∗|V)− σ∗2x
,

is an estimated version of the bias factor. Then we have:

γ̂2 =

{
n1+n2

∑
i=n1+1

(1, Qi, V T
i )

T(1, Qi, V T
i )

}−1 n1+n2

∑
i=n1+1

{
(1, Qi, V T

i )
TX̂2i

}
.

Finally, we predict the exposure by Ẑ2i = (1, Qi, V T
i )γ̂2 for i = n1 + n2 + 1, · · · , n1 +

n2 + n3 and we have θ̂2 by solving the following estimating equations with respect to

continuous, binary and time-to-event endpoints:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ2i, V T

i )
T
{

Yi − (1, Ẑ2i, V T
i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ2i, V T

i )
T

{
Yi −

exp((1, Ẑ2i, V T
i )θ)

1 + exp((1, Ẑ2i, V T
i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ2i

V i

−∑
j

Yj(t) exp
{
(Ẑ2j, V T

j )θ
}

∑k Yk(t) exp
{
(Ẑ2k, V T

k )θ
}
 Ẑ2j

V j


 dNi(t).

(2.2)

This method does not require the self-reported dietary intake data (Q) to be collected

in the feeding study. As a remark, even if the self-reported data is available in the feeding
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study, the correlation structure between the self-reported and the actual dietary intake in

the feeding study might be different from that correlation structure in the cohort because

of, (1) the modification on the dietary pattern during the controlled feeding study or (2)

the potential change in dietary preference in the period of the feeding study. This method

is robust to such an association difference since we have not directly included Q in stage 1

for biomarker construction. We will next propose two methods that require the availability

of the self-reported dietary intake in the feeding study and assume the association between

the self-reported dietary intake and the actual dietary intake to be the same among all

three samples.

2.2.3 Method 3: Three-step with self-reported data

When the self-reported dietary intake Q is available from the feeding study and we believe

that the distribution of (Q|Z, V) are the same between controlled feeding study and the

cohort, then the bias in the naïve estimator can be corrected simply by including Q in the

biomarker development equation since the inclusion of Q guarantees that E[Ẑ|Q, V ] =

E[E[Z|W , Q, V ]|Q, V ] = E[Z|Q, V ].

The three steps of the first method remain the same, but in the first step regression

model, the log-transformed self-reported food frequency questionnaire data (Q) is added.

That is, for the first step, we regress X∗ on W , V and Q to build the biomarker, and then

use W , V and Q to predict Z in the second step. Mathematically, we have:

β̂3 =

{
n1

∑
i=1

(1, W T
i , Qi, V T

i )
T(1, W T

i , Qi, V T
i )

}−1{ n1

∑
i=1

(1, W T
i , Qi, V T

i )
TX∗i

}
,

X̂3i = (1, W T
i , Qi, V T

i )β̂3 for i = n1 + 1, · · · , n1 + n2, and then,

γ̂3 =

{
n1+n2

∑
i=n1+1

(1, Qi, V T
i )

T(1, Qi, V T
i )

}−1{ n1+n2

∑
i=n1+1

(1, Qi, V T
i )

TX̂3i

}
,
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and Ẑ3i = (1, Qi, V T
i )γ̂3 for i = n1 + n2 + 1, · · · , n1 + n2 + n3. We obtain θ̂3 by solving

the following estimating equations with respect to continuous, binary and time-to-event

endpoints:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ3i, V T

i )
T
{

Yi − (1, Ẑ3i, V T
i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ3i, V T

i )
T

{
Yi −

exp((1, Ẑ3i, V T
i )θ)

1 + exp((1, Ẑ3i, V T
i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ3i

V i

−∑
j

Yj(t) exp
{
(Ẑ3j, V T

j )θ
}

∑k Yk(t) exp
{
(Ẑ3k, V T

k )θ
}
 Ẑ3j

V j


 dNi(t).

(2.3)

2.2.4 Method 4: Direct Estimation

When Q is available from the feeding study, another possibility is to ignore the second

dataset and directly build the estimating equation by regressing X∗ on Q and V in the

first step and directly apply it to the third step. All other steps remain the same as the

third method, except that we ignore the n2 calibration samples and directly build the

calibration equation using the feeding study by regressing X∗ on V and Q. Then we use

the calibration equation to predict Z and perform a regression of Y on Z and V in the full

cohort to estimate the association parameter. In other words, we have:

γ̂4 =

{
n1

∑
i=1

(1, Qi, V T
i )

T(1, Qi, V T
i )

}−1{ n1

∑
i=1

(1, Qi, V T
i )

TX∗i

}
,
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with Ẑ4i = (1, Qi, V T
i )γ̂4 for i = n1 + n2 + 1, · · · , n1 + n2 + n3 and θ̂4 by solving

the following estimating equations for continuous, binary and time-to-event endpoints,

respectively:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ4i, V T

i )
T
{

Yi − (1, Ẑ4i, V T
i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, Ẑ4i, V T

i )
T

{
Yi −

exp((1, Ẑ4i, V T
i )θ)

1 + exp((1, Ẑ4i, V T
i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ4i

V i

−∑
j

Yj(t) exp
{
(Ẑ4j, V T

j )θ
}

∑k Yk(t) exp
{
(Ẑ4k, V T

k )θ
}
 Ẑ4j

V j


 dNi(t).

(2.4)

2.3 Theory

The asymptotic distributions of the four estimators were derived and show that Method

1 tends to give biased result while the other three methods provide consistent estimators

under rare disease assumption (P(T < t|Z, V) → 0 when n → ∞ for t ∈ [0, τ] or

P(Y = 1|Z, V) → 0). In practice, the violation of rare disease assumption will lead to

bias in the estimators from Method 2-4 for binary and time-to-event outcome models (i.e.,

θ∗2 , θ∗3 , θ∗4 as shown in theorems below can be different from θ), but the scale of the bias

from Method 2-4 is usually smaller than that of Method 1 based on our numerical studies.

Intuitively, Method 4 can be less efficient compared with Method 2 and 3 since it ignores

the information contained in W . Also, Method 2 can be less efficient than Method 3

when the controlled feeding study does not modify individuals’ self-reported behavior as it
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ignores the information of Q in the first sample. However, if the relationships between the

self-reported dietary intake and the short-term dietary intake are different before and after

the controlled feeding study, then both Method 3 and Method 4 will yield biased results,

while Method 2 can still produce a valid estimator. We will illustrate these properties via

simulation studies in the next section. Here we summarize the asymptotic results in the

following theorems with the proofs given in Appendix A.

Theorem A1: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1)

where Σθ1 = I−1
θ1 (Iθ1 +C2 Iγ1Σγ1 IT

γ1)I−T
θ1 can be consistently estimated by Σ̂θ1 = Î−1

θ1 ( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1) Î−T

θ1 where the detail expression of Iθ1 and Iγ1 are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix A

(Theorem 5 and 6).

Theorem A2: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂2 − θ∗2) → N(0, Σθ2)

where Σθ2 = I−1
θ2 (Iθ2 +C2 Iγ2Σγ2 IT

γ2)I−T
θ2 can be consistently estimated by Σ̂θ2 = Î−1

θ2 ( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2) Î−T

θ2 where the detail expression of Iθ2 and Iγ2 are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix A

(Theorem 5 and 6).

Theorem A3: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂3 − θ∗3) → N(0, Σθ3)

where Σθ3 = I−1
θ2 (Iθ2 +C2 Iγ3Σγ3 IT

γ3)I−T
θ2 can be consistently estimated by Σ̂θ3 = Î−1

θ3 ( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3) Î−T

θ3 where the detail expression of Iθ3 and Iγ3 are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix A

(Theorem 5 and 6).

Theorem A4: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂4 − θ∗4) → N(0, Σθ4)

where Σθ4 = I−1
θ2 (Iθ2 + C1C2 Iγ4Σγ4 IT

γ4)I−T
θ2 can be consistently estimated by Σ̂θ4 =
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Î−1
θ4 ( Îθ4 +

n3
n1

Îγ4Σ̂γ4 ÎT
γ4) Î−T

θ4 where the detail expression of Iθ4 and Iγ4 are different for

different types of regression models. The detailed expressions are defined in the proofs in

Appendix A (Theorem 5 and 6).

Here we compare the efficiency of the estimators from Method 3 and Method 4. For

simplicity, we assume all variables are centered and only compare the efficiency in estimating

Ẑ because the variance of θ̂ is a monotone function of the variance of Ẑ. We compare the

expected variance under fixed design. For Method 4,

E[Var(Ẑ4|Q, V)] = E[n−1
1 (1, Q, V T)

{
(1, Q, V T)T(1, Q, V T)

}−1
(1, Q, V T)TVar(X∗|Q, V)],

and for Method 3,

E[Var(Ẑ3|Q, V)]

= E[n−1
2 (1, Q, V T)

{
(1, Q, V T)T(1, Q, V T)

}−1
(1, Q, V T)TVar(X∗|Q, V)]

+(n−1
1 − n−1

2 )(1, Q, V T)
{
(1, Q, V T)T(1, Q, V T)

}−1
(1, Q, V T)TVar(X∗|Q, V , W)

= n−1
1 (1, Q, V T)

{
(1, Q, V T)T(1, Q, V T)

}−1
(1, Q, V T)TVar(X∗|Q, V)

×
{

n1

n2
+ (1− n1

n2
)(1− R2

(X∗,W )|Q,V )

}
.

Therefore the relative efficiency between the two methods is

n1

n2
+ (1− n1

n2
)(1− R2

(X,W )|Q,V ).

This shows that the key quantity to quantify the usefulness of biomarker W is R2
(X,W )|Q,V .

The closer the value of R2
(X,W )|Q,V is towards 0, the ‘weaker’ the biomarker is; the closer

it is towards 1, the ‘stronger’ the biomarker is.
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Let’s look at two extreme examples: (1) when R2
(X,W )|Q,V = 0, the relative efficiency

is 1; Method 3 does not have any efficiency gain compared with Method 4; the biomarker

is completely useless. (2) when R2
(X,W )|Q,V = 1, the relative efficiency is n1

n2
. In such

a case, we have observed all X information in NPAAS dataset and the efficiency gain is

proportional to the sample size gain. The asymptotic efficiencies comparing θ̂3 and θ̂4 are

always smaller than 1, which indicates the loss of efficiency due to ignoring the second

dataset.

2.4 Simulation

We performed simulations to study the finite sample behavior of our proposed estimators.

We generate exposure and covariates from the following models:

(Z, V) ∼ N

0,

 1− σ2
x ρ

ρ 1


 ,

W = b0 + b1X + b2V + εw,

X = Z + εx,

X∗ = X + ε∗x,

Q = a0 + a1Z + a2V + εq,

where εw, εx, ε∗x and εq are independently sampled from normal distributions with mean

zero and standard deviations σw, σx, σ∗x and σq.

Then we generate the final outcome from linear, logistic and Cox regression model with

continuous, binary and time-to-event endpoints, respectively. With continuous endpoint,
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we have:

Y = θ0 + θzZ + θvV + εy,

where εy is drawn from a N(0, 1.8).

With binary endpoint , we have:

logit(P(Y = 1|Z, V)) = θ0 + θzZ + θvV.

With time-to-event endpoint, we have:

λ(t|Z, X, V, W, Q) = λ(t|Z, V) = λ0(t) exp(θzZ + θvV).

For all three models, sample size with n1 = 150, n2 = 300, n3 = 5150 denoted by

N1 and n1 = 300, n2 = 600, n3 = 10300 denoted by N2 are used to simulate the

data. We set b0 = 5, b2 = 1, σx = 0.2, σ∗x = 0.5, θ0 = 1, θz = 0.4, θv = 0.6 and

σw = 1. Specifically, the censoring time is sampled from a mixture of Uni f (0, 10) and

a point mass at 10 with equal probability and we set λ0(t) = 0.002t when we have the

time-to-event endpoint . Then we change the values of b1, ρ, a1, a2 and σq to change the

range of the measurements including multiple coefficient of determination on long-term

dietary intake quantified by biomarker, personal characteristic and long-term dietary intake

quantified by biomarker given personal characteristic in the biomarker construction step,

mathematically, R2
ZWV = 1− Var(Z|W,V)

Var(Z) , R2
ZW|V = 1− Var(Z|W,V)

Var(Z|V)
; multiple coefficient of

determination on long-term dietary intake by self-reported data, personal characteristic and

long-term dietary intake by self-reported data given personal characteristic, mathematically,

R2
ZQV = 1− Var(Z|Q,V)

Var(Z) , R2
ZQ|V = 1− Var(Z|Q,V)

Var(Z|V)
; multiple coefficient of determination

on long-term dietary intake by self-reported data, biomarker, personal characteristic and

28



long-term dietary intake by self-reported data and biomarker given personal characteristic,

mathematically, R2
ZQWV = 1− Var(Z|W,Q,V)

Var(Z) , R2
ZQW|V = 1− Var(Z|W,Q,V)

Var(Z|V)
; multiple co-

efficient of determination on consumed dietary intake by biomaker, personal characteristic

and consumed dietary intake by biomarker given personal characteristic, mathematically,

R2
X∗WV = 1− Var(X∗|W,V)

Var(X∗) , R2
X∗W|V = 1− Var(X∗|W,V)

Var(X∗|V)
; multiple coefficient of determi-

nation on consumed dietary intake by biomaker, self-reported data, personal characteristic

and consumed dietary intake by biomarker and self-reported data given personal charac-

teristic, mathematically, R2
X∗WQV = 1− Var(X∗|W,Q,V)

Var(X∗) , R2
X∗WQ|V = 1− Var(X∗|W,Q,V)

Var(X∗|V)
,

multiple coefficient of determination on estimated dietary intake with Method 2 by self-

reported data, personal characteristic and estimated dietary intake by biomarker and self-

reported data given personal characteristic, mathematically, R2
X̂2QV

= 1 − Var(X̂2|Q,V)

Var(X̂2)

and R2
X̂2Q|V = 1− Var(X̂2|Q,V)

Var(X̂2|V)
. All such R2 listed above are calculated to describe the

strength of different variables for each method in different steps. For example, R2
ZW|V is

related to the strength of biomarker on long-term dietary intake given personal character-

istics for Method 2 in the biomarker construction step; R2
X∗W|V is related to the strength

of biomarker for Method 2 on consumed dietary intake given personal characteristics in

stage 1;R2
X̂2QV

is related to the strength of FFQ on estimated dietary intake given personal

characteristics in the regression calibration step for Method 2; R2
ZWQ|V and R2

ZQ|V are two

quantities that are related to the strength of FFQ data and biomarker for Method 3 and

only FFQ data for Method 4 in the biomarker construction step. Based on different levels

of such quantities, six settings are selected.

In setting 1, 2 and 3, we fixed the effect on Q by setting a0 = 4, a1 = 1.5 and

σq = 3. In setting 4, 5 and 6, we set a0 = 0.4, a1 = 2 and σq = 4. In addition, we

decrease the coefficient of X on W from 1.3 to 0.8 in the first three settings while we

decrease the coefficient of X on W from 1.1 to 0.5 in the last three settings. Table 1

displayed all different types of R2 mentioned above for all six settings. To be more specific,
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by fixing the strength of self-reported data and the correlation between true dietary intake

and subject characteristics, we gradually decreased the strength of the biomarker in the first

three settings. In the last three settings, the correlation between true dietary intake and

personal characteristic is set to be 0. The strength of self-reported data is again fixed but

at a different level compared to the first three settings. We again decreased the strength

of biomarker gradually in the last three settings. Below is the list of the six settings with

varying parameters.

b1 = 1.3, ρ = 0.6, a0 = 4, a1 = 1.5, σq = 3 (setting 1);

b1 = 1.1, ρ = 0.6, a0 = 4, a1 = 1.5, σq = 3 (setting 2);

b1 = 0.8, ρ = 0.6, a0 = 4, a1 = 1.5, σq = 3 (setting 3);

b1 = 1.1, ρ = 0, a0 = 0.4, a1 = 2, σq = 4 (setting 4);

b1 = 0.8, ρ = 0, a0 = 0.4, a1 = 2, σq = 4 (setting 5);

b1 = 0.5, ρ = 0, a0 = 0.4, a1 = 2, σq = 4 (setting 6).

Table 2, 3, and 4 summarized simulation results comparing different methods’ per-

formance when the correlation structures between FFQ and true dietary intakes of the

controlled feeding study and the full cohort are the same with continuous endpoint, binary

endpoint and time-to-event endpoint, respectively for all six settings. The bias, mean esti-

mated standard error (SE), empirical standard deviation (SD), and coverage rate (CR) of

95% nominal confidence interval for all four methods with original sample size (N1) and

enlarged sample size (N2) from 1000 simulations have listed in all tables. In general, the

results showed that our proposed estimators with Methods 2-4 behave well, while Method

1 tends to be biased even when the R2 and partial R2 is high in all cases. When the

sample size is N1, the CR for Method 1 is acceptable in many settings when endpoint-type

is binary and time-to-event (i.e., left panel in Table 3 and 4). This may be due to the

large variance with relatively small sample size. When the sample size is doubled, the

variance becomes smaller and the bias dominates the error for Method 1, where lower
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CR has been shown (i.e., right panel in Table 3 and 4). In general, when the correlation

structure between Q and Z is the same in controlled feeding study and full cohort, bias

is well controlled with Method 2-4. With relatively strong FFQ information (Q) shown in

setting 4-6, Method 3 and Method 4 tend to provide more efficient results with smaller

SD compared with Method 2. On the other hand, for settings with relatively weak FFQ

information (setting 1-3), Method 2 is more efficient than Method 3 and 4. In addition,

with a strong biomarker (i.e., setting 1 and 4), the efficiency of estimated parameters with

Method 2 has shown to be comparable or even better with Method 3 and 4. This indi-

cates the stronger biomarker employed in the model, the better efficiency with Method 2.

Furthermore, Method 3 performs better than Method 4 under enlarged sample size, N2,

which is in accordance with our theoretical result for the asymptotic distributions shown in

Appendix A. The performance of Method 3 and 4 are less sensitive to the strength of W

compared with Method 2.

To evaluate the relationship of bias versus R2
X∗WV and bias versus R2

X∗W|V , Figure

2 is displayed under the framework of setting 1 by varying the parameter, ρ, from 0

to 0.6 and setting σw = 1 and σw = 1.7, respectively. The plot of estimated bias

for Method 1 with respect to the squared multiple correlation coefficient from the first

stage (R2
X∗WV) and squared multiple partial correlation coefficient given covariate V from

the first stage (R2
X∗W|V) is shown in Figure 2. Based on the plot, we can see that the

bias is not a monotonic decreasing function of R2
X∗WV , but is a decreasing function of

R2
X∗W|V , which is consistent with our theoretical derivation. Figure 2 suggests that the

requirement R2 > 0.36 (Lampe, 2017) is insufficient as one criterion to decide whether

a biomarker is useful or not. In particular, the partial R2 after given the effect of subject

characteristics is an important factor influencing the bias of the current biomarker-based

regression calibration for the association study.
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Figure 3 shows the relationship between SD of the association parameter upon bias-

corrected estimator and the R2
X∗WV and R2

X∗W|V . Based on Figure 3, we can see that the

SD is a decreasing function of R2
X∗W|V rather than R2

X∗WV which indicates that partial R2

again is an essential factor in affecting SD rather than R2. Therefore, to evaluate whether

the calibration equation is useful, we should also focus on the partial R2 instead of the

R2. Similar patterns for the other two estimators by adopting self-reported dietary data

based on feeding study (Method 3 and Method 4) are shown in Figure 4. In conclusion,

the precision is affected by partial R2 (R2
X∗W|V) rather than R2 (R2

X∗WV) itself.

Table 5, 6 and 7 summarized simulation results comparing different methods’ per-

formance when the correlation structures between FFQ and true dietary intakes of the

controlled feeding study and the full cohort are different with continuous endpoint, binary

endpoint and time-to-event endpoint, respectively under settings 1 and 4. With the corre-

lation unequal between controlled feeding study and full cohort, Method 2 with BF involved

gives more robust results in controlling bias compared with Method 3 and 4. Though bias

is well controlled with Method 2, The under-coverage rates with less than 0.9 were shown

in a few cases under binary endpoint and enlarged sample size (i.e., setting 4 in Table 6).

This may be due to poor approximation with regression calibration on empirical SE, leading

the bias-variance trade-off problem with relatively small SD. In general, as the difference

of association between Q and Z increase from 10% to 50%, the performance of both

Method 3 and Method 4 become worse (large bias) while the performance in controlling

the bias of the estimator derived based on Method 2 is consistently good in most cases

under different types of endpoints. Furthermore, we noticed that Method 2 attains more

efficiency in estimated association parameters compared with Method 3 and 4 in most

cases. Overall, the performance of Method 2 is adequate even when partial R2s (i.e.,

Setting 3: R2
X∗W|V = 0.21; Setting 6: R2

X∗W|V = 0.16) from the biomarker construction

step and the calibration equation building step are both low, which suggests that in the
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real application of Method 2, one may not need to be too stringent on the threshold of

partial R2.

2.5 Data Analysis

We illustrate our methods with the WHI NPAAS feeding study (n = 153), NPAAS

biomarker study (n = 450) and the full WHI cohort data (n = 161, 808). These three

datasets are not mutually exclusive. Asymptotic normality is still followed and is not relying

on the mutually exclusive assumption. In addition, bootstrap was utilized to obtain valid

SE. The log-transformed self-reported sodium and potassium intakes from FFQ were used

as Q. Variables including age, BMI, race/ethnicity, education level, self-reported physical

activity, and smoking status are set as V ; the 24-hour urine sodium and potassium measure-

ments are set as W and the disease outcomes are different types of CVD, including total

coronary heart disease (CHD) and its myocardial infarction (MI) and coronary death com-

ponents, total stroke and its hemorrhagic and ischemic components, total CVD comprised

of CHD and stroke, CABG and PCI, and total CVD that also includes CABG and PCI, and

heart failure. Using the log-transformed sodium-to-potassium ratio as a single predictor, we

obtained R2 = 0.36, which increased to R2 = 0.38 when we used the log sodium and the

log potassium as separate predictors. Therefore, we used these two measurements as two

predictors in analyzing the data. The further inclusion of personal characteristics increased

the R2 to 0.45 with a partial R2 conditional on personal characteristics to be 0.37.

For the feeding study, moderate measurement errors in the assessed consumed di-

etary data exist. So we differentiated the short term dietary intake, X, and the observed

consumed dietary intake, X∗. Specifically, the adjusted bias factor can be estimated by

B̂F = 1− V̂ar(X∗|W ,V )−σ̂∗2x
V̂ar(X∗|V )−σ̂∗2x

, where σ̂∗2x was treated as a sensitivity parameter since there

is not enough replication data to provide accurate estimations. Hence, σ̂∗2x was set at
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several different levels and the most conservative estimate, σ̂∗2x = 0, was used to illustrate

the potential bias.

The estimated hazard ratio (HR), according to a 20% increase in the sodium-to-

potassium ratio, are shown in Table 8. From the result, we found that the naïve three-step

approach (Method 1) over-estimated the HR. The bias factor was estimated as about 0.37

as the partial R2 under the assumption that there was no measurement error in the con-

sumed dietary data in the controlled feeding study, therefore it is the most conservative HR

estimate. The HR estimated from Method 3 (three-step with FFQ approach) is about the

same as the estimate using Method 2 with a BF around 0.78, which is equivalent to the

case where approximately 50% of the variation in the estimated consumed diet data is from

noise. This noise level is about the same across all disease outcomes and is consistent with

our estimation from the total energy expenditure. So the three-step with FFQ approach

provides an estimator which is very similar to the estimator from the three-step BF correc-

tion (Method 2) when we assume σ̂∗2x = 0.5×Var(X∗). Comparing with the results from

Prentice et al. (2017), our findings can be mostly matched, where the sodium-to-potassium

ratio is positively associated with the risk of CHD, nonfatal MI, coronary death, ischemic

stroke, total CVD, coronary revascularization, non-revascularization are negatively associ-

ated with Hemorrhagic stroke. However, the conservative lower bounds of such effects are

much smaller than presented before. Method 3 gives a slightly wider confidence interval

compared with those in Prentice et al. (2017) [14], however, the difference with respect

to point estimate is not statistically significant. Method 2 with 50% error assumption pro-

vides a point estimate and a confidence interval that is closed to the results with Method

3. This is consistent with what we have observed from our simulation. For Method 2 with

no error assumption, the confidence interval is narrower than Method 3 because of the

shrinkage effect on over-estimated BF. However, since the assumption of no error is obvi-

ously implausible, it leads to biased results towards the null. In such case, the comparison
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of efficiency is not of much interest. Method 4 has a wider confidence interval compared

with Method 3, indicating that the urine biomarker is ’strong’ and provides independent

information beyond the self-reported data.

2.6 Discussion

In this study, we carefully examined the requirement for a valid biomarker for regression

calibration purposes. Specifically, we showed that the methods without bias correction

(Method 1, 3, 4) could lead to severe bias when the R2
1|V is low or when the association

between the true dietary intake and the self-reported diet is very different from the feeding

study to the cohort. Our proposed BF corrected biomarker can solve this problem and

lead to consistent association estimation when regression calibration is used to handle the

systematic measurement error.

In conclusion, Method 1 should not be used due to its large bias. All rest three methods

have their advantages/disadvantages. Method 4 is the simplest one in design and requires

fewest assumptions. However, it depends on the availability of a strong dietary instrument in

the feeding study with large sample size to accurately characterize the association between

the dietary instrument and the true dietary intake. Method 3 is a three-step approach and

allows the use of biomarker information efficiently. It is robust to the measurement error

in the assessed diet from the controlled feeding study. This method works well under the

assumption that the dietary instrument and the true dietary intake between the cohort and

the controlled feeding study subgroup in the WHI data, where the self-reported dietary

information (served as the dietary instrument) was collected long before the controlled

feeding study. On the other hand, if such dietary instruments are not available, we need

to consider Method 2. Method 2 does not use dietary instrument information in the

biomarker development stage, and it depends more on the biological association between

the biomarker and the dietary intakes. Therefore, as long as the model is correctly specified,
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the same biomarker can be used to build calibration equations for the dietary instruments

that are available for the cohort but are not necessarily measured in the controlled feeding

study (such as 4-day food record (4DFR)).

One caveat for Method 2 is that unlike the other methods (Method 3 and 4), which only

require the measurement error of the assessed diet to be mean zero, this method further

requires the variation of noise in the assessed diet (σ∗2x ) to be identifiable. The major

portion of this variation might be from the inaccuracy of the records from the nutritional

database (a bag of chips labeled with 100 cal might be 90 cal or 110 cal). Ideally, if this

variation information can be added to the nutritional database, then the problem will be

solved. This might be done by analyzing multiple samples for each type of food used in

the feeding study during the nutritional analysis stage and reporting the standard error for

each food type.

The σ∗x was set to be 0.5 and fixed in our simulation settings. However, in a real-word

example, a true σ∗x is usually unknown. One advantage with Method 3 is including crucial

FFQ in the controlled feeding study. A BF in Method 2 was derived to supplement the lack

of information on FFQ in the controlled feeding study. Hence by setting θ̂1 = θ̂3/BF, we

can get an estimated σ∗x by solving the equation. We know BF is a function of σ∗x . With

some transformations, we have

σ̂∗x =

√√√√ θ̂1

θ̂3

(
Var(X∗|W , V)−Var(X∗|V)(1− θ̂3

θ̂1
)

)

One concern using σ̂∗x instead of using the true σx∗ in our simulation setting is Method

2 may generate large variance leading poor efficiency as compared with Method 3 in the

end. As an extension, we also investigated the performance of Method 2 with σ̂∗x . Setting

1 and 4 were selected since partial R2 of X∗ on W given V are greater than 0.36 in

these two settings. Then we modified σq while keeping other parameters unchanged. To
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better understand, we denote FFQ in the controlled feeding study as Q1 and FFQ in the

full cohort as Q2. The efficiency of Method 2 with σ̂∗x involved and Method 3 with Q1

involved were compared. Table 9 displayed the bias, SD, R2
ZQV and R2

ZQ|V under different

σq and corresponding R2 and partial R2
ZQV for Method 2 and 3 with the time-to-event

endpoint. Based on Table 9, we can see partial R2 of Z on Q given V (R2
ZQ|V) is

apparently lower than R2 of Z on Q and V (R2
ZQV) in setting 1 while R2

ZQV and R2
ZQ|V

are approximately equal to each other in setting 4, giving two different levels of association

between V and Z. Method 2 can provide better efficiency (smaller SD) than Method 3 on

the estimated associated parameter when the strength of Q2 is large enough. Specifically,

with R2
ZQ|V = 0.25 in Method 2 and R2

ZQ|V = 0.13 in Method 3, SD of Method 2 is

0.222, which is lower than SD of Method 3, 0.399. Similar trends on SD can be found

under other scenarios. This indicates the efficiency of Method 2 can be improved and

comparable with Method 3 using σ̂∗x .
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Table 1: List of R2 and partial R2 among different measurements under
6 simulation settings

Setting 1 Setting 2 Setting 3 Setting 4 Setting 5 Setting 6
R2

ZWV 0.68 0.64 0.55 0.53 0.38 0.19
R2

ZW|V 0.49 0.41 0.28 0.53 0.38 0.19
R2

ZQV 0.46 0.46 0.46 0.20 0.20 0.20
R2

ZQ|V 0.13 0.13 0.13 0.20 0.20 0.20
R2

ZQWV 0.71 0.67 0.60 0.58 0.46 0.33
R2

ZQW|V 0.53 0.46 0.35 0.58 0.46 0.33
R2

X∗WV 0.56 0.52 0.44 0.44 0.32 0.16
R2

X∗W|V 0.38 0.32 0.21 0.44 0.32 0.16
R2

X∗WQV 0.58 0.54 0.48 0.48 0.38 0.26
R2

X∗WQ|V 0.40 0.35 0.26 0.48 0.38 0.26
R2

X̂2QV 0.59 0.92 0.98 0.11 0.08 0.04
R2

X̂2Q|V 0.07 0.06 0.04 0.11 0.08 0.04
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Table 2: Simulation results comparing different methods’ performance
when the correlation structures between the FFQ and true dietary intakes of
the controlled feeding study and the full cohort are the same with continuous

endpoint

Setting Method N1 N2

Bias SE SD CR Bias SE SD CR

1

1 0.51 0.336 0.338 0.85 0.40 0.192 0.226 0.46
2 0.06 0.171 0.176 0.94 0.01 0.098 0.101 0.93
3 0.06 0.181 0.197 0.95 0.01 0.097 0.090 0.96
4 0.07 0.189 0.182 0.94 0.01 0.104 0.101 0.94

2

1 0.71 0.448 0.448 0.81 0.56 0.247 0.301 0.25
2 0.07 0.190 0.196 0.95 0.01 0.105 0.108 0.92
3 0.07 0.187 0.204 0.94 0.01 0.098 0.092 0.96
4 0.07 0.189 0.182 0.94 0.01 0.104 0.101 0.94

3

1 0.45 0.577 0.560 0.97 1.08 0.464 0.612 0.09
2 0.03 0.293 0.294 0.96 0.01 0.126 0.129 0.91
3 0.05 0.321 0.428 0.97 0.01 0.100 0.094 0.96
4 0.04 0.315 0.347 0.97 0.01 0.104 0.101 0.94

4

1 0.41 0.209 0.212 0.52 0.35 0.132 0.162 0.14
2 0.03 0.112 0.117 0.95 0.00 0.071 0.078 0.93
3 0.03 0.104 0.111 0.93 0.01 0.067 0.064 0.96
4 0.03 0.112 0.113 0.97 0.01 0.073 0.074 0.94

5

1 0.77 0.360 0.361 0.34 0.66 0.219 0.273 0.01
2 0.04 0.135 0.141 0.95 0.00 0.082 0.089 0.91
3 0.03 0.107 0.115 0.92 0.01 0.068 0.065 0.96
4 0.03 0.112 0.113 0.97 0.01 0.073 0.074 0.94

6

1 2.14 1.282 1.384 0.43 1.77 0.635 0.809 0.01
2 0.08 0.233 0.256 0.93 0.00 0.116 0.122 0.90
3 0.03 0.111 0.117 0.95 0.01 0.070 0.068 0.96
4 0.03 0.112 0.113 0.97 0.01 0.073 0.074 0.94
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Table 3: Simulation results comparing different methods’ performance
when the correlation structures between the FFQ and true dietary intakes
of the controlled feeding study and the full cohort are the same with binary

endpoint

Setting Method N1 N2

Bias SE SD CR Bias SE SD CR

1

1 0.48 0.407 0.407 0.98 0.34 0.234 0.235 0.77
2 0.04 0.206 0.195 1.00 -0.02 0.120 0.112 0.93
3 0.04 0.211 0.202 0.99 -0.01 0.121 0.121 0.92
4 0.05 0.222 0.206 0.96 0.00 0.127 0.141 0.89

2

1 0.67 0.530 0.547 0.97 0.49 0.293 0.300 0.69
2 0.05 0.223 0.215 1.00 -0.02 0.125 0.116 0.93
3 0.04 0.216 0.209 0.98 -0.01 0.122 0.123 0.91
4 0.05 0.222 0.206 0.96 0.00 0.127 0.141 0.89

3

1 0.64 0.727 0.701 0.97 0.98 0.513 0.565 0.51
2 0.04 0.308 0.311 0.96 -0.02 0.141 0.130 0.93
3 0.06 0.330 0.453 0.97 -0.01 0.123 0.127 0.93
4 0.04 0.315 0.347 0.97 0.00 0.127 0.141 0.89

4

1 0.37 0.245 0.273 0.82 0.32 0.157 0.179 0.45
2 0.01 0.131 0.139 0.96 -0.01 0.084 0.089 0.89
3 0.00 0.123 0.124 0.96 0.00 0.082 0.087 0.91
4 0.01 0.131 0.139 0.94 0.00 0.087 0.102 0.93

5

1 0.72 0.405 0.464 0.74 0.63 0.248 0.285 0.18
2 0.02 0.151 0.166 0.95 -0.01 0.094 0.098 0.89
3 0.00 0.126 0.131 0.96 0.00 0.083 0.090 0.94
4 0.01 0.131 0.139 0.94 0.00 0.087 0.102 0.93

6

1 2.06 1.371 1.695 0.77 1.70 0.667 0.782 0.01
2 0.06 0.247 0.291 0.93 -0.01 0.123 0.124 0.85
3 0.01 0.129 0.139 0.96 0.00 0.085 0.094 0.94
4 0.01 0.131 0.139 0.94 0.00 0.087 0.102 0.93
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Table 4: Simulation results comparing different methods’ performance
when the correlation structures between the FFQ and true dietary intakes
of the controlled feeding study and the full cohort are the same with time-

to-event endpoint

Setting Method N1 N2

Bias SE SD CR Bias SE SD CR

1

1 0.48 0.564 0.558 0.97 0.40 0.362 0.374 0.87
2 0.05 0.290 0.286 0.97 0.01 0.187 0.191 0.96
3 0.07 0.470 0.649 0.97 0.01 0.186 0.191 0.97
4 0.05 0.299 0.299 0.98 0.02 0.194 0.204 0.97

2

1 0.67 0.721 0.727 0.97 0.56 0.445 0.460 0.84
2 0.06 0.309 0.309 0.97 0.01 0.192 0.196 0.97
3 0.07 0.625 0.838 0.97 0.01 0.187 0.192 0.97
4 0.05 0.299 0.299 0.98 0.02 0.194 0.204 0.97

3

1 1.38 1.816 1.967 0.98 1.09 0.739 0.763 0.79
2 0.10 0.502 0.547 0.96 0.02 0.210 0.212 0.96
3 0.07 0.545 0.732 0.97 0.01 0.189 0.195 0.97
4 0.05 0.299 0.299 0.98 0.02 0.194 0.204 0.97

4

1 0.38 0.354 0.342 0.91 0.35 0.238 0.244 0.75
2 0.03 0.192 0.190 0.96 0.01 0.129 0.130 0.96
3 0.02 0.188 0.193 0.97 0.00 0.126 0.129 0.95
4 0.02 0.192 0.187 0.97 0.01 0.130 0.135 0.95

5

1 0.73 0.551 0.551 0.87 0.66 0.357 0.369 0.58
2 0.03 0.211 0.217 0.96 0.01 0.137 0.138 0.96
3 0.02 0.190 0.197 0.97 0.00 0.127 0.130 0.96
4 0.02 0.192 0.187 0.97 0.01 0.130 0.135 0.95

6

1 2.17 2.306 2.865 0.91 1.77 0.861 0.900 0.42
2 0.09 0.452 0.595 0.94 0.02 0.165 0.166 0.96
3 0.02 0.192 0.198 0.97 0.01 0.129 0.132 0.96
4 0.02 0.192 0.187 0.97 0.01 0.130 0.135 0.95

41



Table 5: Simulation results comparing different methods’ performance
when the correlation structures between the short term dietary intake and
true dietary intakes of the controlled feeding study and the full cohort are

different with continuous endpoint

Setting Difference Method N1 N2

Bias SE SD CR Bias SE SD CR

1

0.1 1 0.51 0.336 0.338 0.85 0.40 0.192 0.226 0.46
0.1 2 0.06 0.171 0.176 0.94 0.01 0.098 0.101 0.93
0.1 3 0.09 0.205 0.224 0.95 0.03 0.104 0.098 0.96
0.1 4 0.12 0.237 0.226 0.96 0.05 0.121 0.119 0.97

0.3 1 0.51 0.336 0.338 0.85 0.40 0.192 0.226 0.46
0.3 2 0.06 0.171 0.176 0.94 0.01 0.098 0.101 0.93
0.3 3 0.16 0.284 0.315 0.99 0.07 0.125 0.118 0.99
0.3 4 0.32 0.519 0.470 1.00 0.16 0.188 0.185 0.99

0.5 1 0.51 0.336 0.338 0.85 0.40 0.192 0.226 0.46
0.5 2 0.06 0.171 0.176 0.94 0.01 0.098 0.101 0.93
0.5 3 0.29 0.537 0.566 1.00 0.13 0.158 0.151 1.00
0.5 4 0.50 5.548 2.509 1.00 0.42 0.429 0.431 1.00

4

0.1 1 0.41 0.209 0.212 0.52 0.35 0.132 0.162 0.14
0.1 2 0.03 0.112 0.117 0.95 0.00 0.071 0.078 0.93
0.1 3 0.04 0.113 0.122 0.95 0.02 0.071 0.068 0.96
0.1 4 0.06 0.132 0.132 0.98 0.04 0.084 0.085 0.95

0.3 1 0.41 0.209 0.212 0.52 0.35 0.132 0.162 0.14
0.3 2 0.03 0.112 0.117 0.95 0.00 0.071 0.078 0.93
0.3 3 0.09 0.138 0.149 0.99 0.06 0.085 0.080 0.98
0.3 4 0.17 0.210 0.205 1.00 0.14 0.124 0.124 0.99

0.5 1 0.41 0.209 0.212 0.52 0.35 0.132 0.162 0.14
0.5 2 0.03 0.112 0.117 0.95 0.00 0.071 0.078 0.93
0.5 3 0.15 0.180 0.196 1.00 0.11 0.105 0.099 0.97
0.5 4 0.44 0.503 0.452 1.00 0.33 0.239 0.234 0.99
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Table 6: Simulation results comparing different methods’ performance
when the correlation structures between the short term dietary intake and
true dietary intakes of the controlled feeding study and the full cohort are

different with binary endpoint

Setting Difference Method N1 N2

Bias SE SD CR Bias SE SD CR

1

0.1 1 0.48 0.407 0.407 0.98 0.34 0.234 0.235 0.77
0.1 2 0.04 0.206 0.195 1.00 -0.02 0.120 0.112 0.93
0.1 3 0.06 0.233 0.225 0.99 0.01 0.129 0.129 0.95
0.1 4 0.10 0.269 0.247 0.96 0.03 0.146 0.162 0.94

0.3 1 0.48 0.407 0.407 0.98 0.34 0.234 0.235 0.77
0.3 2 0.04 0.206 0.195 1.00 -0.02 0.120 0.112 0.93
0.3 3 0.13 0.305 0.301 1.00 0.05 0.150 0.150 0.98
0.3 4 0.29 0.531 0.454 0.99 0.14 0.214 0.235 0.99

0.5 1 0.48 0.407 0.407 0.98 0.34 0.234 0.235 0.77
0.5 2 0.04 0.206 0.195 1.00 -0.02 0.120 0.112 0.93
0.5 3 0.24 0.523 0.508 1.00 0.11 0.183 0.183 0.98
0.5 4 0.52 5.052 2.307 1.00 0.39 0.455 0.484 0.99

4

0.1 1 0.37 0.245 0.273 0.82 0.32 0.157 0.179 0.45
0.1 2 0.01 0.131 0.139 0.96 -0.01 0.084 0.089 0.89
0.1 3 0.02 0.131 0.133 0.97 0.01 0.087 0.092 0.93
0.1 4 0.04 0.150 0.158 0.96 0.03 0.098 0.115 0.93

0.3 1 0.37 0.245 0.273 0.82 0.32 0.157 0.179 0.45
0.3 2 0.01 0.131 0.139 0.96 -0.01 0.084 0.089 0.89
0.3 3 0.06 0.155 0.155 0.99 0.04 0.100 0.106 0.96
0.3 4 0.14 0.225 0.229 1.00 0.12 0.139 0.161 0.97

0.5 1 0.37 0.245 0.273 0.82 0.32 0.157 0.179 0.45
0.5 2 0.01 0.131 0.139 0.96 -0.01 0.084 0.089 0.89
0.5 3 0.12 0.193 0.191 0.99 0.09 0.120 0.126 0.97
0.5 4 0.39 0.500 0.460 1.00 0.32 0.255 0.285 1.00
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Table 7: Simulation results comparing different methods’ performance
when the correlation structures between the short term dietary intake and
true dietary intakes of the controlled feeding study and the full cohort are

different with time-to-event endpoint

Setting Difference Method N1 N2

Bias SE SD CR Bias SE SD CR

1

0.1 1 0.48 0.564 0.558 0.97 0.40 0.362 0.374 0.87
0.1 2 0.05 0.290 0.286 0.97 0.01 0.187 0.191 0.96
0.1 3 0.04 0.988 1.203 0.97 0.03 0.197 0.203 0.97
0.1 4 0.10 0.352 0.357 0.98 0.06 0.223 0.240 0.97

0.3 1 0.48 0.564 0.558 0.97 0.40 0.362 0.374 0.87
0.3 2 0.05 0.290 0.286 0.97 0.01 0.187 0.191 0.96
0.3 3 0.01 9.056 3.701 0.99 0.08 0.227 0.235 0.98
0.3 4 0.25 0.662 0.684 0.99 0.18 0.326 0.367 0.99

0.5 1 0.48 0.564 0.558 0.97 0.40 0.362 0.374 0.87
0.5 2 0.05 0.290 0.286 0.97 0.01 0.187 0.191 0.96
0.5 3 0.28 3.033 1.903 0.99 0.15 0.275 0.292 0.98
0.5 4 0.60 12.144 4.627 1.00 0.37 17.903 7.286 1.00

4

0.1 1 0.38 0.354 0.342 0.91 0.35 0.238 0.244 0.75
0.1 2 0.03 0.192 0.190 0.96 0.01 0.129 0.130 0.96
0.1 3 0.04 0.199 0.209 0.98 0.02 0.132 0.135 0.96
0.1 4 0.06 0.215 0.216 0.98 0.04 0.144 0.149 0.97

0.3 1 0.38 0.354 0.342 0.91 0.35 0.238 0.244 0.75
0.3 2 0.03 0.192 0.190 0.96 0.01 0.129 0.130 0.96
0.3 3 0.08 0.232 0.269 0.99 0.06 0.148 0.152 0.97
0.3 4 0.18 0.370 0.522 1.00 0.14 0.193 0.202 0.97

0.5 1 0.38 0.354 0.342 0.91 0.35 0.238 0.244 0.75
0.5 2 0.03 0.192 0.190 0.96 0.01 0.129 0.130 0.96
0.5 3 0.16 0.351 0.570 0.99 0.11 0.173 0.178 0.97
0.5 4 0.47 1.425 1.364 1.00 0.42 3.896 2.252 0.98
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Table 8: Association between 20% increase in sodium-to-potassium ratio
with various cardiovascular diseases

Outcome Method 1 Method 3 Method 4
HR 95% CI HR 95% CI HR 95% CI

CHD 1.20 (1.06, 1.36) 1.16 (1.04, 1.28) 1.21 (1.03,1.43)
Nonfatal MI 1.22 (1.04, 1.42) 1.16 (1.04, 1.30) 1.19 (1.01,1.41)

Coronary death 1.21 (1.07, 1.38) 1.17 (1.03, 1.33) 1.27 (0.98,1.64)
Stroke 1.11 (1.02, 1.21) 1.10 (1.00, 1.20) 1.17 (1.02,1.34)

Ischemic Stroke 1.18 (1.06, 1.31) 1.15 (1.02, 1.29) 1.24 (1.05,1.46)
Hemorrhagic Stroke 0.86 (0.67, 1.10) 0.90 (0.73, 1.11) 0.92 (0.63,1.35)

Total CVD 1.15 (1.08, 1.22) 1.12 (1.03, 1.21) 1.17 (1.06,1.29)
Revascularization 1.21 (1.06, 1.37) 1.15 (1.04, 1.28) 1.18 (1.01,1.39)

Non-Revascularization 1.15 (1.05, 1.26) 1.12 (1.03, 1.22) 1.18 (1.04,1.34)
Heart Failure 1.06 (0.94, 1.19) 1.03 (0.94, 1.14) 1.00 (0.84,1.18)

Outcome Method 2 (no Error) Method 2 (40% Error) Method 2 (50% Error)
HR 95% CI HR 95% CI HR 95% CI

CHD 1.07 (1.02, 1.12) 1.13 (1.04, 1.23) 1.16 (1.04,1.30)
Nonfatal MI 1.08 (1.03, 1.13) 1.14 (1.03, 1.25) 1.17 (1.03,1.34)

Coronary death 1.07 (1.02, 1.14) 1.14 (1.02, 1.26) 1.17 (1.03,1.34)
Stroke 1.04 (1.00, 1.08) 1.07 (1.00, 1.15) 1.09 (1.00,1.18)

Ischemic Stroke 1.06 (1.01, 1.11) 1.11 (1.02, 1.21) 1.14 (1.03,1.27)
Hemorrhagic Stroke 0.94 (0.86, 1.03) 0.90 (0.77, 1.06) 0.88 (0.72,1.08)

Total CVD 1.05 (1.02, 1.09) 1.10 (1.03, 1.16) 1.12 (1.04,1.21)
Revascularization 1.07 (1.02, 1.12) 1.13 (1.03, 1.25) 1.17 (1.03,1.32)

Non-Revascularization 1.05 (1.02, 1.09) 1.10 (1.03, 1.17) 1.12 (1.03,1.22)
Heart Failure 1.02 (0.98, 1.07) 1.04 (0.96, 1.12) 1.05 (0.94,1.16)

Table 9: Simulation results comparing efficiency between Method 2 and
Method 3 with σ̂x∗ used for Method 2 with time-to-event endpoint

Setting (σq1, σq2) Method R2
ZQV R2

ZQ|V

N1 N2

Bias SD Bias SD

1 (2,3)
2 0.54 0.25 -0.01 0.222 0.01 0.167
3 0.46 0.13 0.08 0.399 0.02 0.187

4 (2,3)
2 0.34 0.34 -0.01 0.196 0.00 0.170
3 0.18 0.18 0.08 0.387 0.03 0.204
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Figure 2: Bias from Method 1 in relation with R2 and partial R2
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Figure 3: SD of Method 1 and Method 2 in relation with R2 and partial
R2
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Figure 4: SD of Method 3 and Method 4 in relation with R2 and partial
R2
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Chapter 3: Low-dimensional Setting with Multiple

Exposures

3.1 Introduction

In Chapter 2, we developed the calibration equation by focusing on a single exposure,

sodium-to-potassium ratio. The association between sodium-to-potassium ratio and CVD

risks has been evaluated in a recent WHI study using the regression calibration method

where the nutrient intake was calibrated by a single measurement biomarker (from a single

24-hour urine collection) [14, 41, 42]. The previous study suggested positive associations

between CVD and sodium-to-potassium ratio [43]. However, the single measurement is

suboptimal for the performance of the regression calibration approach, as it has a low

correlation with the true dietary intakes [43]. Sodium and potassium jointly can be set

as two exposures and are found to have a different direction of associations with CVD in

several studies. Recent study [44, 45, 46] showed systolic and diastolic blood pressure are

positively associated with sodium and negatively associated with potassium. A J-shaped

association was found between major cardiovascular events and sodium while no significant

association with potassium. O’Donnell et al. (2014) [47] found individuals with 3-6 g of

sodium excretion per day have a reduced risk of CVD. Lower risk of hypertension has been

identified with a higher level of potassium intake and lower level of sodium intake in many

observational studies and randomized trials [43, 48]. Long-term potassium substitution

for sodium or sodium intake reduction may also lead to a lower risk of CVD. Other than

the sodium-to-potassium ratio, the joint effect of sodium and potassium on CVD is also

of particular interest. In this chapter, we will show that simply combining the univariate
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biomarkers developed from Chapter 2 is not appropriate. We developed biomarkers that

can be used in the multivariate regression calibration method for multiple exposures.

3.2 Methods

With multiple exposures, a matrix form for the variance of consumed dietary intake, Σ∗x,

is considered. Similar to Chapter 2, we first consider the case where Σ∗x is known. In the

real data analysis where Σ∗x is not available, we vary the parameters to perform sensitivity

analysis. In this chapter, we conducted both multivariate analysis and univariate analysis

for comparison. Detailed information is provided for each method below.

3.2.1 Method 1: The naïve three-step approach with multiple

exposures

(i) Multivariate approach for Method 1

Considering the Method 1 with multiple exposures using the multivariate approach,

we first perform a linear regression among n1 subjects in the biomarker discovery

sample of consumed diet (X∗) on blood and urine measurements (W) as well as

subject characteristics (V) to obtain:

β̂1 =

{
n1

∑
i=1

(1, W T
i , V T

i )
T(1, W T

i , V T
i )

}−1{ n1

∑
i=1

(1, W T
i , V T

i )
TX∗

i
T

}
.

Then we compute X̂1i = [(1, W T
i , V T

i )β̂1]
T for i = n1 + 1, · · · , n1 + n2 to predict

the long-term dietary intake (Z) among the n2 calibration sample to predict the long-

term dietary intake (Z) among the n2 calibration samples and run a regression of X̂1

on self-reported food frequency questionnaire data (Q) and subject characteristics
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(V) to build calibration equation using the n2 calibration samples with:

γ̂1 =

{
n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
T(1, QT

i , V T
i )

}−1{ n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
TX̂T

1i

}
.

Finally, we predict the exposure by Ẑ1i = [(1, QT
i , V T

i )γ̂1]
T for i = n1 + n2 +

1, · · · , n1 + n2 + n3 in the n3 association sample. Then a linear model, a logistic

model or a Cox model of Y on Ẑ1 and V are performed to estimate the association

parameter θ̂1 by solving the following score equations with respect to continuous,

binary or time-to-event endpoint:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

1i, V T
i )

T
{

Yi − (1, ẐT
1i, V T

i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

1i, V T
i )

T

{
Yi −

exp((1, ẐT
1i, V T

i )θ)

1 + exp((1, ẐT
1i, V T

i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ1i

V i

−∑
j

Yj(t) exp
{
(ẐT

1j, V T
j )θ
}

∑k Yk(t) exp
{
(ẐT

1k, V T
k )θ
}
 Ẑ1j

V j


 dNi(t),

(3.1)

where τ is a pre-specified large number and we assume P(C > τ) > 0.

We show in Appendix B (Theorem 7) that E(Ẑ1|Q, V) = BF × E(Z|Q, V) + (1−

BF)× E(Z|V) 6= E(Z|Q, V) for multiple exposures, where the bias factor (BF) is

defined as:

BF = IK −Var(X|V)−1Var(X|V , W).
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Such BF will lead to bias in the estimation of association parameter and if we further

assume E(X|V) = Vδ, we show in Appendix B (Theorem 7) that the estimator

θ̂1 → θ∗1 as n→ ∞, with θ∗1z = (BF)−1θ1z and θ∗1v = θ1v − BF−1(IK − BF)θ1z.

(ii) Univariate approach for Method 1

Instead of performing multivariate analysis, we can also perform univariate linear

regression regarding each element of W and V on X∗ in the first step and similar

procedures in the second step. Suppose X∗ = (X∗1 ...X∗K)
T, Q = (Q1...QK)

T are

K-dimensional, W = (W1, ...Wp)T is p-dimensional and V = (V1, ..., Vq)T is q-

dimensional. For ease of interpretation and explanation, k is used to denote each

element in the K-dimensional space and we used the same settings for the univariate

approach in the rest of method sections. Then each element in β̂1 = (β̂11, ...β̂1K)
T

can be estimated as below:

β̂1k =

{
n1

∑
i=1

(1, W T
i , V i

T)T(1, W T
i , V i

T)

}−1{ n1

∑
i=1

(1, W T
i , V i

T)TXki
∗
}

,

X̂1ki = (1, W T
i , V i

T)β̂1k,

for i = n1 + 1, ..., n1 + n2. Then we can derive γ̂1, that is,

γ̂1k =

{
n1+n2

∑
i=n1+1

(1, Qki, V i
T)T(1, Qki, Vi

T)

}−1{ n1

∑
i=1

(1, Qki, Vi
T)TX̂1ki

}
,

Ẑ1ki = (1, Qki, V i
T)γ̂1k,

Ẑ1i = (Ẑ11i, ...Ẑ1Ki)
T,

for i in the full cohort. Finally, we estimate the association parameter based on

estimating equation 3.1 with respect to different types of endpoints.
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3.2.2 Method 2: Three-step with Bias Correction

(i) Multivariate approach for Method 2

As shown in method 1, we have a bias factor in Ẑ1 when using X̂1, so we propose a

bias-corrected estimator X̂2 = X̂1B̂F
−1

using the multivariate approach where,

B̂F = IK −
{

V̂ar(X∗|V)− Σ∗x
}−1 {

V̂ar(X∗|W , V)− Σ∗x
}

,

is an estimated version of the bias factor. Then we have:

X̂2 = X̂1B̂F
−1

,

γ̂2 =

{
n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
T(1, QT

i , V T
i )

}−1{ n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
TX̂T

2i

}
.

Finally, we predict the exposure by Ẑ2i = [(1, QT
i , V T

i )γ̂2]
T for i = n1 + n2 +

1, · · · , n1 + n2 + n3 in the n3 association sample and we have θ̂2 by solving:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

2i, V T
i )

T
{

Yi − (1, ẐT
2i, V T

i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

2i, V T
i )

T

{
Yi −

exp((1, ẐT
2i, V i

T)θ)

1 + exp((1, ẐT
2i, V i

T)θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ2i

V i

−∑
j

Yj(t) exp
{
(ẐT

2j, V T
j )θ
}

∑k Yk(t) exp
{
(ẐT

2k, V k
T)θ
}
 Ẑ2j

V T
j


 dNi(t),

(3.2)
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for the continuous, binary and time-to-event endpoint, respectively. Again, Method

2 does not require the self-reported dietary intake data (Q) in the feeding study,

where we have multiple exposures. We will next propose two methods that require

the availability of self-reported data in the feeding study and assume the association

between the self-reported and the actual dietary intake to be the same among all

studies.

(ii) Univariate approach for Method 2

Similar to in the univariate approach for Method 1, suppose W is p-dimensional,

V is q-dimensional, X∗ = (X∗1 ...X∗K) and Q = (Q1...QK) are multivariate in K-

dimensional space, then we have:

B̂Fk = 1−
V̂ar(X∗

k |W , V)− σ∗2xk

V̂ar(X∗
k |V)− σ∗2xk

,

where σ∗2xk denote the kth element along the diagonal of Σ∗x. With B̂Fk, the bias-

corrected estimator can be calculated, that is:

X̂2k =
X̂1k

B̂Fk
.

Then we have:

γ̂2k =

{
n1+n2

∑
i=n1+1

(1, Qki, V i
T)T(1, Qki, V i

T)

}−1{ n1+n2

∑
i=n1+1

(1, Qki, V i
T)TX̂2ki

}
.

Finally, we predict the exposure by:

Ẑ2ki = (1, Qki, V i
T)γ̂2k,
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for i = n1 + n2 + 1, · · · , n1 + n2 + n3 in the full cohort. Then we have:

Ẑ2i = (Ẑ21i, ...Ẑ2Ki)
T,

for i in the full cohort. Finally, we can obtain θ̂2 by solving estimating equation 3.2

with respect to different types of endpoints.

3.2.3 Method 3: Three-step with self-reported data

(i) Multivariate approach for Method 3

When the self-reported data Q is available from the feeding study and we believe

that the distribution of (Q|Z, V) are the same between controlled feeding study and

the cohort, then the bias in the naïve estimator can be corrected simply by including

Q in the biomarker development equation because the inclusion of Q guarantee that

E[Ẑ|Q, V ] = E[E[Z|Q, V , W ]|Q, V ] = E[Z|Q, V ]. The three steps of the first

method remain the same, but in the first step regression model, the log-transformed

self-reported food frequency questionnaire data (Q) is added. That is, for the first

step, we regress X∗ on W , V and Q to build the biomarker, and then use W , V and

Q to predict Z in the second step. Mathematically, we have:

β̂3 =

{
n1

∑
i=1

(1, W T
i , QT

i , V T
i )

T(1, W T
i QT

i , V T
i )

}−1{ n1

∑
i=1

(1, W T
i , QT

i , V T
i )

TX∗T
i

}
,

X̂3i = [(1, W T
i , QT

i , V T
i )β̂3]

T for i = n1 + 1, · · · , n1 + n2, and then,

γ̂3 =

{
n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
T(1, QT

i , V T
i )

}−1{ n1+n2

∑
i=n1+1

(1, QT
i , V T

i )
TX̂T

3i

}
,
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and Ẑ3i = [(1, QT
i , V T

i )γ̂3]
T for i = n1 + n2 + 1, · · · , n1 + n2 + n3. We obtain θ̂3

by solving the following estimating equations:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

3i, V T
i )

T
{

Yi − (1, ẐT
3i, V T

i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

3i, V T
i )

T

{
Yi −

exp((1, ẐT
3i, V T

i )θ)

1 + exp((1, ẐT
3i, V T

i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ3i

V i

−∑
j

Yj(t) exp
{
(ẐT

3j, V T
j )θ
}

∑k Yk(t) exp
{
(ẐT

3k, V T
k )θ
}
 Ẑ3j

V j


 dNi(t),

(3.3)

for the continuous, binary and time-to-event endpoint, respectively.

(ii) Univariate approach for Method 3

The univariate approach for Method 3 is similar as the univariate approach for Method

1 except for the first step, where we add Q = (Q1, ..., QK) as an estimator in the

first linear model to build the biomarker, that is,

β̂3k =

{
n1

∑
i=1

(1, W T
i , Qki, V T

i )
T(1, W T

i , Qki, V T
i )

}−1{ n1

∑
i=1

(1, W T
i , Qki, V T

i )
TX∗ki

}
.

Then we have:

X̂3ki = (1, W T
i , Qki, V i

T)β̂3k,

γ̂3k =

{
n1+n2

∑
i=n1+1

(1, Qki, V i
T)T(1, Qki, V i

T)

}−1{ n1+n2

∑
i=n1+1

(1, Qki, V i
T)TX̂3ki

}
.
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Finally, we predict the exposure by:

Ẑ3ki = (1, Qki, V i
T)γ̂3k,

for i = n1 + n2 + 1, · · · , n1 + n2 + n3 in the full cohort.

Ẑ3ki = (1, Qki, V i
T)γ̂3k,

Ẑ3i = (Ẑ31i, ...Ẑ3Ki)
T,

for i in the full cohort. Finally, we can obtain θ̂3 by solving estimating equation 3.3

with respect to different types of endpoints.

3.2.4 Method 4: Direct Estimation

(i) Multivariate approach for Method 4

When Q is available from the feeding study, another possibility is to ignore the second

dataset and directly build the estimating equation by regressing X∗ on Q and V in

the first step and directly apply it to the third step. All other steps remain the same

as the third method, except for the ignorance of the n2 calibration samples. Instead,

we directly build the calibration equation using the feeding study by regressing X∗ on

V and Q and use the calibration equation to predict Z and perform a linear, logistic

and Cox regression of Y on Z and V in the full cohort to estimate the association

parameter based on different types of outcomes. In other words, we have:

γ̂4 =

{
n1

∑
i=1

(1, QT
i , V T

i )
T(1, QT

i , V T
i )

}−1{ n1

∑
i=1

(1, QT
i , V T

i )
TX∗T

}
,
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Ẑ4i = [(1, QT
i , V T

i )γ̂4]
T for i = n1 + n2 + 1, · · · , n1 + n2 + n3 in the full cohort

and θ̂4 by solving:

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

4i, V T
i )

T
{

Yi − (1, ẐT
4i, V T

i )θ
}]

,

0 =
n1+n2+n3

∑
i=n1+n2+1

[
(1, ẐT

4i, V T
i )

T

{
Yi −

exp((1, ẐT
4i, V T

i )θ)

1 + exp((1, ẐT
4i, V T

i )θ)

}]
,

0 =
n1+n2+n3

∑
i=n1+n2+1

∫ τ

0


 Ẑ4i

V i

−∑
j

Yj(t) exp
{
(ẐT

4j, V T
j )θ
}

∑k Yk(t) exp
{
(ẐT

4k, V T
k )θ
}
 Ẑ4j

V j


 dNi(t),

(3.4)

with respect to the continuous, binary and time-to-event endpoints.

(ii) Univariate approach for Method 4

In the univariate approach, we perform univariate linear regression regarding each

element in exposures to build biomarker. Below are the steps to obtain Ẑ4 in the

univariate approach for Method 4.

γ̂4k =

{
n1

∑
i=1

(1, Qki, V T
i )

T(1, Qki, V T
i )

}−1{ n1

∑
i=1

(1, Qki, V T
i )

TX∗ki

}
,

Then the long-term dietary intake can be estimated by:

Ẑ4ki = (1, Qki, V i
T)γ̂4k,
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for i = n1 + n2 + 1, · · · , n1 + n2 + n3. Then,

Ẑ4i = (Ẑ41i, ...Ẑ4Ki)
T,

for i in the full cohort. Finally, we can obtain θ̂4 by solving estimating equation 3.4

with respect to different types of endpoints.

3.3 Theory for Multivariate Approaches

Theoretical proof for multivariate approaches can be found in Appendix B.

Theorem B1: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1)

where Σθ1 = I−1
θ1 (Iθ1 +C2 Iγ1Σγ1 IT

γ1)I−T
θ1 can be consistently estimated by Σ̂θ1 = Î−1

θ1 ( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1) Î−T

θ1 where the detail expression of Iθ and Iγ are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix B

(Theorem 8 and 9).

Theorem B2: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂2 − θ∗2) → N(0, Σθ2)

where Σθ2 = I−1
θ2 (Iθ2 +C2 Iγ2Σγ2 IT

γ2)I−T
θ2 can be consistently estimated by Σ̂θ2 = Î−1

θ2 ( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2) Î−T

θ2 where the detail expression of Iθ and Iγ are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix B

(Theorem 8 and 9).

Theorem B3: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂3 − θ∗3) → N(0, Σθ3)

where Σθ3 = I−1
θ2 (Iθ2 +C2 Iγ3Σγ3 IT

γ3)I−T
θ2 can be consistently estimated by Σ̂θ3 = Î−1

θ3 ( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3) Î−T

θ3 where the detail expression of Iθ and Iγ are different for different types

of regression models. The detailed expressions are defined in the proofs in Appendix B
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(Theorem 8 and 9).

Theorem B4: With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂4 − θ∗4) → N(0, Σθ4)

where Σθ4 = I−1
θ2 (Iθ2 + C1C2 Iγ4Σγ4 IT

γ4)I−T
θ2 can be consistently estimated by Σ̂θ4 =

Î−1
θ4 ( Îθ4 +

n3
n1

Îγ4Σ̂γ4 ÎT
γ4) Î−T

θ4 where the detail expression of Iθ and Iγ are different for dif-

ferent types of regression models. The detailed expressions are defined in the proofs in

Appendix B (Theorem 8 and 9).

3.4 Simulation

We performed simulations to study the finite sample behavior of our proposed two log-

transformed parameter estimators. We generate data from Cox, logistic and linear model

with time-to-event, binary and continuous endpoints, respectively as listed below:

(Z, V) ∼ N

0,


1− σ2

x ρz ρz1v

ρz 1− σ2
x ρz2v

ρz1v ρz2v 1


 ,

W = (1, ZT, V)B + εw,

X = Z + εx,

X∗ = X + ε∗x,

Q = (1, ZT, V)A + εq.
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With continuous endpoint, we have:

Y = (1, ZT, V)θ + εy.

With binary endpoint, we have:

logit(P(Y = 1|Z, V)) = (1, ZT, V)θ.

With time-to-event endpoint, we have:

λ(t|Z, X, V, W , Q) = λ(t|1, Z, V) = λ0(t) exp((ZT, V)θ),

where W , Z, X, Q are bivariate and V is a single covariate in our simulation. Hence,

B =

 b0 b1 b2 b3

b′0 b′1 b′2 b′3

 ,

A =

 a0 a1 a2 a3

a′0 a′1 a′2 a′3

 ,

and we have θ = (θ0, θ1, θ2, θ3)
T, θ = (θ′0, θ1, θ2, θ3)

T and θ = (θ1, θ2, θ3)
T for the

continuous, binary and time-to-event endpoint, respectively. The error terms, εx, ε∗x and

εw are independently sampled from multivariate normal distributions with mean zero and

covariate matrix of σ2
x I, σ∗2x I and σ2

w I. For Cox model with time-to-event endpoint,

censoring time is sampled from a mixture of Uni f (0, 10) and a point mass at 10 with

equal probability. For linear model with continuous endpoint, a random noise is drawn

from a N(0,1.8). We fixed the sample size at n1 = 300, n2 = 600, n3 = 5150 for all

settings. We set b0 = b′0 = 5, b3 = b′3 = 1, a3 = a′3 = 1, σx = 0.2, σ∗x = 0.5, σw = 1,
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ρz1v = 0.3, ρz2v = 0.4, θ0 = 1, θ′0 = −4, θ1 = 0.4, θ2 = 0.6 and θ3 = 0.4. Two types

of data structure are assumed in our simulation, that is, multivariate and univariate data.

Specifically, we set b2 = 0, b′1 = 0, a2 = 0 , a′1 = 0 under univariate cases, and b2 = 0.7,

b′1 = 0.9, a2 = 0.6, a′1 = 0.4 under multivariate cases. With time-to-event endpoint, we

set λ0(t) = 0.002t. We performed analysis under univariate and multivariate assumptions.

For univariate cases, we simulate εq from multivariate normal distribution with mean 0 and

covariance matrix σ2
q I. For multivariate cases, we simulate εq from multivariate normal

distribution as below:

εq ∼ N

0,

 σ2
q 0.2

0.2 σ2
q


 .

Then we change the values of b1, b′2, a0, a′0, a1, a′2, ρz and σq to change the range of R2

listed in Table 10 under both multivariate and univariate assumptions. Eight representative

settings are selected for multivariate data type and another eight settings are selected for

univariate data type to make the multiple coefficient of determination comparable between

them. Below are eight settings selected under multivariate assumption:

b1 = 1.8, b′2 = 2.2, a0 = a′0 = 4, a1 = 1.4, a′2 = 1.6, ρz = 0.12, σq = 4 (setting 1);

b1 = b′2 = 1.2, a0 = a′0 = 4, a1 = 1.4, a′2 = 1.6, ρz = 0.12, σq = 4 (setting 2);

b1 = 1.8, b′2 = 2.2, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = 0.12, σq = 5 (setting 3);

b1 = b′2 = 1.2, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = 0.12, σq = 5 (setting 4);

b1 = 1.8, b′2 = 2.2, a0 = a′0 = 4, a1 = 1.7, a′2 = 2, ρz = −0.1, σq = 4 (setting 5);

b1 = 1.3, b′2 = 1, a0 = a′0 = 4, a1 = 1.7, a′2 = 2, ρz = −0.1, σq = 4 (setting 6);

b1 = 1.8, b′2 = 2.2, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = −0.1, σq = 5 (setting 7);

b1 = 1.3, b′2 = 1, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = −0.1, σq = 5 (setting 8).

Eight settings under univariate assumption are listed below:

b1 = 1.5, b′2 = 2, a0 = a′0 = 4, a1 = 1.3, a′2 = 1.6, ρz = 0.12, σq = 4 (setting 1);

b1 = b′2 = 0.9, a0 = a′0 = 4, a1 = 1.3, a′2 = 1.6, ρz = 0.12, σq = 4 (setting 2);
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b1 = 1.5, b′2 = 2, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = 0.12, σq = 5 (setting 3);

b1 = b′2 = 0.9, a0 = a′0 = 4, a1 = a′2 = 1.1, ρz = 0.12, σq = 5 (setting 4);

b1 = 1.5, b′2 = 2, a0 = a′0 = 4, a1 = 1.6, a′2 = 1.8, ρz = −0.1, σq = 4 (setting 5);

b1 = b′2 = 0.7, a0 = a′0 = 4, a1 = 1.6, a′2 = 1.8, ρz = −0.1, σq = 4 (setting 6);

b1 = 1.5, b′2 = 2, a0 = a′0 = 4, a1 = a′2 = 1, ρz = −0.1, σq = 5 (setting 7);

b1 = b′2 = 0.7, a0 = a′0 = 4, a1 = a′2 = 1, ρz = −0.1, σq = 5 (setting 8).

For both multivariate and univariate data types, the correlation between bivariate Z, ρz,

is 0.12, which is independent conditioning on V in the first four settings and ρz is -0.1 in

the last four settings. For every two sequential settings, we simulated data with biomarkers

in the first setting to be stronger than the second one. The strength of self-reported data

is fixed in every two sequential settings and showed different levels of strength among every

two settings. More detailed information on the explained variation of true, consumed and

estimated dietary intakes by biomarkers and FFQ information can be found in Table 10.

Based on Table 10, we can see the lowest and highest coefficient determination of true

dietary intakes (Z) on FFQ (Q) given personal characteristics (V) is (0.13, 0.14) and

(0.35, 0.41) with the multivariate data type, respectively. The consumed dietary intake

(X∗) can be explained by biomarkers (W) given personal characteristics (V) as large as

(0.53,0.58) and as low as (0.31, 0.21). Calculated multiple coefficient of determination

for univariate data types is showed in the lower part in Table 10 and showed similar trends

through different settings.

The bias, SE, SD and CR of 95% nominal confidence interval from 100 simulations are

calculated for the multivariate approach while bias and SD are calculated for the univariate

approach. For data simulated under the multivariate assumption, results are summarized

in Tables 11, 12 and 13 for each type of endpoint. First, we focus on results with the

multivariate approach, which are displayed in the left panel in all tables. Though the CR

with the multivariate approach for Method 1 is above 0.9 in several cases, we can see
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Method 1 showed significant bias in most cases. The bias was greatly attenuated and

controlled under the absolute value of 0.02 with Method 2 in most cases, especially when

biomarkers are relatively strong. In addition, coverage rates are consistently above 0.9 with

Method 2. However, With relatively weak biomarkers and FFQ information, Method 2 did

not show good estimation on empirical SE and generated relatively large bias (i.e., setting

4 and 8 in Table 11). Method 3 and 4 provide consistent good estimations on association

parameters with good CR. However, the efficiency of Method 2 performed better when we

have weak FFQ data and strong biomarkers. For example, Method 2 showed smaller SD

compared with Method 3 and 4 in settings 3 and 7 based on Tables 11, 12 and 13. With

the univariate approach (right panel), we can see bias is higher compared with those in

the multivariate approach in all settings with all different methods. The SD shown with

the univariate approach is smaller compared with the multivariate approach in most cases.

With a small increase in bias and lower SD, the mean squared error (MSE) is calculated

to be smaller with the univariate approach compared with the multivariate approach in

several cases. When there is a relatively large amount of increase in bias, the MSE with

the univariate approach appeared to be larger than the MSE with the multivariate approach.

For data simulated under the univariate assumption, results are summarized in Tables

14, 15 and 16. Method 1 again generated a large bias in most cases under all three types

of endpoints. Focusing on the multivariate approach, Method 2, 3 and 4 showed adequate

estimations on association parameters and comparable to each other in all settings and all

different endpoints. With relatively strong biomarkers and weak FFQ, we can see Method 2

still tended to provide more efficient results with smaller SD compared with Method 3 and

4. When a relatively small amount of variation of true dietary intake can be explained by

biomarkers and FFQ information (setting 8 of Table 14), SD and bias of Method 2 slightly

increased with the binary endpoint. When the univariate data structure is simulated,

Method 2, 3 and 4 with the univariate approach controlled the bias under 0.02 in the first
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4 settings, when bivariate true dietary intakes are independent conditioning on personal

characteristics. At the same time, apparent bias is showed in the last four settings when

bivariate true dietary intakes are not independent conditioning on individual characteristics.

3.5 Data Analysis

Similar to Chapter 2, we illustrate our methods with the WHI NPAAS feeding study(n =

150), NPAAS biomarker study (n = 450) and the full WHI cohort data in this section.

Variables including age, BMI, race/ethnicity, education level, self-reported physical activity

and smoking status are included and used as V ; the disease outcomes are different types of

CVD, including total CHD and its myocardial infarction and coronary death components,

total stroke and its hemorrhagic and ischemic components, total CVD comprised of CHD

and stroke, CABG and PCI, and total CVD that also includes CABG and PCI, and heart

failure. Data are analyzed based on two forms of exposures, including the ratio of sodium

and calories, ratio of potassium and calories on logarithm base, as well as sodium and

potassium in milligram (mg) per day on logarithm base. For ease of interpretation, the

ratio of sodium and potassium with calories are expressed as percentages for the rest of

this section. Biomarkers (W) and FFQ information (Q) are also corresponding to the

units of exposures measured in percentage and mg per day. To be specific, biomarkers

(W) adopted in this section include the 24-hour urine sodium and potassium measured in

percentage on logarithm base and sodium and potassium measured in total mg per day.

Furthermore, log-transformed self-reported sodium and potassium intake in percentage

and total log-transformed self-reported sodium and potassium in mg per day are set as

Q with corresponding biomarkers and exposures to generate different tables, respectively.

Multivariate and univariate analysis with regards to two exposures are both performed.

With multiple exposures, the adjusted bias factors are estimated by
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B̂F = IK − (V̂ar(X∗|V)− Σ̂∗x)
−1(V̂ar(X∗|W , V)− Σ̂∗x)

where Σ̂∗x can be treated as a sensitivity parameter under multivariate analysis. The

most conservative estimate on Σ̂∗x, a zero matrix, is utilized to illustrate the potential

bias. The adjusted bias factor under univariate analysis can be estimated by B̂Fk =

1 − V̂ar(X∗k |W ,V )−σ̂∗2xk
V̂ar(X∗k |V )−σ̂∗2xk

where k denotes each element in the diagonal matrix of multiple

exposures.

The estimated hazard ratio (HR) according to a 20% increase in the sodium and

potassium is shown in Table 17 and 18 for measurements in percentage and mg per day

under multivariate analysis, respectively. Based on the result, we found that the naïve

three-step approach (Method 1) provided the highest HR for sodium and the lowest HR

for potassium among all 4 methods. The HR estimated from Method 3 (three-step with

FFQ approach) is similar to the estimate using Method 2 in both Table 17 and 18. To

be more specific, the point estimated HR with Method 2 is slightly lower for sodium

and slightly higher for potassium and Method 2 generated a narrower confidence interval

compared with Method 3 in most cases. Overall, we found the point estimate of HR with

Method 2 and 3 when total dietary intake is measured in mg per day shown in Table 18 is

similar to the results shown in Table 17 when the unit of measurements is in percentage per

day. Comparing to the results in Prentice et al. (2017) [14], sodium is positively associated

with the risk of CVD, while potassium is negatively associated with cardiovascular diseases,

which is consistent with the results in Prentice et al. (2017) [14]. In addition, Method 3

gives a slightly narrower confidence interval compared with Prentice et al. (2017) [14].

Tables 19 and 20 displayed the results of the estimated hazard ratio according to a

20% increase in sodium and potassium for measurements in percentage and mg per day

under univariate analysis, respectively. The confidence interval shown in Table 19 is slightly

narrower with univariate analysis compared with multivariate analysis in most cases in Table
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17. The results are comparable with those shown in Prentice et al. (2017) [14]. Comparing

with the previous three tables, higher estimated HR on sodium and lower estimated HR

on potassium with broader confidence intervals are generated by Method 2, 3 and 4 under

univariate analysis and showed in Table 20 for measurements in mg per day. This may be

due to the strong correlation among different multivariate estimated assessed dietary intakes

given personal characteristics found in such cases. In general, the multivariate approach

seemed to provide more efficient results with narrower CI in estimating the association of

CVD with sodium and potassium compared to the univariate approach.

3.6 Discussion

In this chapter, we examined the requirement for a valid biomarker for regression calibration

purposes with multiple exposures. Multivariate and univariate analyses are both performed

to test the performance in controlling bias. The multivariate approach is more complex

to implement compared with the univariate approach. The bias is well controlled with the

univariate approach only when the bivariate long-term dietary intakes are independent con-

ditioning on personal characteristics in our simulation settings. When multiple exposures

are correlated conditioning on personal characteristics, the univariate approach can lead to

large bias even when the data structure is univariate. The multivariate approach provides

results with small bias and good CR in most settings with Method 2, 3 and 4. However,

when bias increased by a small amount while SD is substantially low, MSE with the uni-

variate approach can be smaller compared with MSE for the corresponding multivariate

approach. Hence a bias and variance trade-off problem need to be considered. In general,

the multivariate approach generated consistent and more robust estimations on association

parameters compared with the univariate approach. The multivariate approach is recom-

mended, especially when the correlation between multiple dietary intakes conditioning on

personal characteristics exists. Under such cases, large bias and worse MSE are usually
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shown with the univariate approach. The univariate analysis can be considered for the

occasions when long-term dietary intakes are independent given personal characteristics,

where comparable or even smaller MSE are shown with the univariate approach.

With the multivariate approach, we noticed estimation on association parameters with

Method 2 could be affected by weak biomarker and weak FFQ information. Few extreme

estimated values on asymptotic SE could be generated among 100 simulations under such

settings and lead inaccurate mean estimated SE in the end. Such an issue could be solved

by increasing sample size in the biomarker construction and calibration building steps. The

performance of Method 1 in controlling bias is not good in most settings and should not be

used. Method 3 and 4 provided consistent estimations and have shown more efficient results

when FFQ information is strongly associated with long-term dietary intakes. However, in

reality, the association between FFQ data and true dietary intakes may be much smaller

than the value shown in such settings. Under such cases, Method 2 can give better

efficiency.

In order to derive empirical SE for Method 2 under multivariate analysis, Delta method

was used to approximate the Σβ2 . More detailed information can be found in appendix

B, however, due to the imprecision by our Delta method, an alternative way through the

bootstrap approach was found to provide a more accurate estimator and was utilized in

our programming to obtain Σ̂β2 . More precise methods can be further considered in our

future analysis.
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Table 11: Simulation results under multivariate assumption comparing
multivariate and univariate approaches with continuous endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.05 0.143 0.163 0.91 0.36 0.147
0.11 0.130 0.134 0.87 0.21 0.097

2
0.01 0.085 0.099 0.9 0.04 0.084
0.00 0.085 0.082 0.96 -0.03 0.073

3
0.01 0.091 0.100 0.95 0.10 0.091
-0.01 0.089 0.088 0.94 0.00 0.078

4
0.02 0.105 0.117 0.94 0.11 0.096
0.00 0.101 0.107 0.95 0.01 0.093

2

1
-0.46 0.817 0.727 0.98 0.63 0.197
0.78 0.804 0.688 0.85 0.69 0.183

2
0.01 0.130 0.110 0.94 -0.05 0.070
0.00 0.136 0.099 0.98 -0.10 0.075

3
0.01 0.095 0.101 0.96 0.11 0.093
-0.01 0.092 0.092 0.94 0.01 0.086

4
0.02 0.105 0.117 0.94 0.11 0.096
0.00 0.101 0.107 0.95 0.01 0.093

3

1
0.06 0.259 0.283 0.93 0.49 0.196
0.10 0.248 0.248 0.98 0.25 0.139

2
0.02 0.144 0.161 0.94 0.11 0.112
0.00 0.151 0.144 0.97 -0.01 0.101

3
0.02 0.159 0.164 0.96 0.20 0.126
-0.02 0.165 0.153 0.96 0.05 0.117

4
0.03 0.205 0.205 0.96 0.21 0.133
-0.01 0.211 0.199 0.96 0.06 0.147

4

1
-0.86 103.783 5.071 1.00 0.77 0.245
1.24 118.929 5.703 0.98 0.68 0.236

2
-0.01 5.708 0.362 0.98 0.00 0.087
0.04 7.705 0.429 0.98 -0.11 0.092

3
0.02 0.170 0.167 0.96 0.21 0.128
-0.01 0.178 0.158 0.95 0.05 0.130

4
0.03 0.205 0.205 0.96 0.21 0.133
-0.01 0.211 0.199 0.96 0.06 0.147
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Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.06 0.102 0.095 0.94 0.25 0.127
0.13 0.089 0.095 0.74 0.16 0.097

2
0.00 0.071 0.066 0.97 -0.05 0.065
0.00 0.070 0.066 0.95 -0.09 0.063

3
0.00 0.073 0.068 0.97 -0.03 0.067
-0.01 0.069 0.071 0.96 -0.07 0.069

4
0.00 0.080 0.088 0.93 -0.02 0.073
0.00 0.078 0.084 0.95 -0.06 0.082

6

1
-0.73 0.557 0.433 0.88 0.92 0.301
1.51 0.714 0.557 0.26 1.08 0.324

2
0.00 0.225 0.097 0.98 -0.14 0.061
-0.01 0.241 0.087 0.97 -0.17 0.079

3
0.00 0.075 0.072 0.97 -0.02 0.070
0.00 0.072 0.074 0.96 -0.06 0.079

4
0.00 0.080 0.088 0.93 -0.02 0.073
0.00 0.078 0.084 0.95 -0.06 0.082

7

1
0.07 0.196 0.191 0.98 0.49 0.242
0.13 0.177 0.190 0.91 0.22 0.185

2
0.00 0.124 0.118 0.98 0.08 0.123
0.00 0.126 0.126 0.95 -0.05 0.121

3
0.00 0.135 0.121 0.98 0.14 0.131
-0.01 0.140 0.148 0.93 0.01 0.149

4
-0.01 0.166 0.174 0.96 0.15 0.155
0.03 0.192 0.207 0.97 0.05 0.224

8

1
-2.47 1021.523 10.996 1.00 1.11 0.399
3.63 1215.715 12.912 0.96 1.01 0.453

2
-0.08 75.236 0.585 0.99 -0.10 0.080
0.26 169.272 1.560 0.97 -0.18 0.113

3
-0.01 0.146 0.131 0.97 0.15 0.140
0.00 0.157 0.162 0.93 0.02 0.188

4
-0.01 0.166 0.174 0.96 0.15 0.155
0.03 0.192 0.207 0.97 0.05 0.224
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Table 12: Simulation results under multivariate assumption comparing
multivariate and univariate approaches with binary endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.04 0.234 0.244 0.96 0.35 0.199
0.09 0.213 0.231 0.91 0.19 0.167

2
0.00 0.137 0.139 0.97 0.03 0.110
-0.01 0.135 0.146 0.93 -0.05 0.123

3
0.00 0.140 0.140 0.98 0.09 0.126
-0.02 0.136 0.142 0.93 -0.01 0.128

4
0.01 0.151 0.153 0.97 0.10 0.128
-0.02 0.146 0.145 0.96 -0.01 0.130

2

1
-0.47 1.303 1.242 0.99 0.62 0.291
0.75 1.288 1.233 0.94 0.66 0.278

2
0.00 0.181 0.164 0.99 -0.05 0.090
-0.01 0.195 0.163 0.99 -0.12 0.117

3
0.00 0.143 0.144 0.98 0.10 0.127
-0.02 0.140 0.145 0.93 -0.01 0.133

4
0.01 0.151 0.153 0.97 0.10 0.128
-0.02 0.146 0.145 0.96 -0.01 0.130

3

1
0.04 0.418 0.429 0.98 0.47 0.241
0.08 0.400 0.430 0.98 0.22 0.238

2
0.00 0.230 0.232 0.98 0.10 0.134
-0.02 0.241 0.258 0.97 -0.02 0.173

3
0.00 0.238 0.228 1.00 0.18 0.160
-0.03 0.248 0.243 0.95 0.03 0.188

4
0.01 0.280 0.272 0.99 0.19 0.164
-0.02 0.292 0.276 0.97 0.04 0.198

4

1
-1.67 179.173 9.380 1.00 0.74 0.333
2.01 205.153 10.349 0.99 0.64 0.369

2
-0.12 10.005 0.808 1.00 -0.01 0.104
0.11 13.354 0.822 1.00 -0.12 0.151

3
0.00 0.253 0.240 1.00 0.19 0.162
-0.02 0.265 0.253 0.96 0.03 0.198

4
0.01 0.280 0.272 0.99 0.19 0.164
-0.02 0.292 0.276 0.97 0.04 0.198

72



Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.08 0.171 0.178 0.90 0.27 0.208
0.11 0.147 0.151 0.89 0.13 0.163

2
0.01 0.115 0.120 0.95 -0.04 0.109
-0.01 0.112 0.118 0.93 -0.11 0.113

3
0.00 0.116 0.111 0.96 -0.02 0.111
-0.02 0.111 0.114 0.91 -0.08 0.117

4
0.00 0.121 0.114 0.96 -0.02 0.113
-0.01 0.118 0.124 0.89 -0.08 0.123

6

1
-0.69 0.808 0.796 0.95 0.95 0.455
1.42 1.025 0.959 0.76 1.03 0.411

2
0.01 0.154 0.145 0.95 -0.13 0.096
-0.02 0.153 0.138 0.90 -0.18 0.110

3
0.00 0.118 0.114 0.96 -0.02 0.114
-0.02 0.113 0.117 0.91 -0.08 0.122

4
0.00 0.121 0.114 0.96 -0.02 0.113
-0.01 0.118 0.124 0.89 -0.08 0.123

7

1
0.08 0.326 0.324 0.95 0.49 0.340
0.11 0.293 0.288 0.96 0.20 0.280

2
0.01 0.203 0.204 0.96 0.08 0.177
-0.01 0.205 0.207 0.92 -0.06 0.194

3
0.00 0.210 0.201 0.98 0.14 0.196
-0.02 0.214 0.211 0.94 -0.01 0.216

4
-0.01 0.238 0.218 0.99 0.14 0.213
0.02 0.263 0.262 0.94 0.03 0.266

8

1
-1.12 1243.604 13.833 1.00 1.13 0.611
1.85 1480.000 16.263 0.99 0.96 0.584

2
0.03 91.595 0.765 0.98 -0.10 0.133
0.00 206.071 1.963 0.94 -0.19 0.157

3
0.00 0.223 0.212 0.99 0.15 0.219
-0.01 0.235 0.228 0.93 0.01 0.244

4
-0.01 0.238 0.218 0.99 0.14 0.213
0.02 0.263 0.262 0.94 0.03 0.266
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Table 13: Simulation results under multivariate assumption comparing
multivariate and univariate approaches with time-to-event endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.04 0.266 0.286 0.92 0.36 0.235
0.11 0.237 0.245 0.93 0.21 0.182

2
0.00 0.155 0.169 0.92 0.04 0.138
0.00 0.148 0.159 0.92 -0.03 0.138

3
0.01 0.157 0.163 0.93 0.10 0.154
0.00 0.145 0.147 0.95 0.00 0.137

4
0.01 0.169 0.177 0.96 0.11 0.165
0.00 0.154 0.164 0.92 0.01 0.149

2

1
-0.59 8.130 1.353 1.00 0.63 0.319
0.89 8.426 1.320 1.00 0.69 0.290

2
0.00 1.357 0.190 0.99 -0.05 0.116
0.00 1.164 0.185 0.98 -0.10 0.133

3
0.01 0.161 0.165 0.95 0.10 0.159
0.00 0.149 0.151 0.95 0.01 0.143

4
0.01 0.169 0.177 0.96 0.11 0.165
0.00 0.154 0.164 0.92 0.01 0.149

3

1
0.02 0.486 0.466 0.97 0.48 0.284
0.13 0.479 0.442 0.97 0.25 0.259

2
0.00 0.265 0.263 0.96 0.11 0.166
0.01 0.292 0.272 0.95 0.00 0.190

3
0.00 0.271 0.265 0.97 0.19 0.192
0.00 0.278 0.261 0.95 0.05 0.200

4
0.01 0.338 0.332 0.97 0.21 0.210
0.01 0.351 0.330 0.95 0.06 0.232

4

1
-1.24 92898.200 5.495 1.00 0.75 0.370
1.61 106425.736 6.035 1.00 0.69 0.390

2
-0.04 7616.258 0.504 1.00 0.00 0.136
0.05 10241.661 0.601 0.99 -0.10 0.169

3
0.00 0.292 0.277 0.96 0.20 0.200
0.01 0.301 0.274 0.96 0.06 0.209

4
0.01 0.338 0.332 0.97 0.21 0.210
0.01 0.351 0.330 0.95 0.06 0.232
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Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.07 0.203 0.205 0.94 0.25 0.246
0.13 0.161 0.178 0.87 0.15 0.206

2
0.00 0.137 0.136 0.96 -0.05 0.127
0.00 0.122 0.128 0.96 -0.10 0.135

3
0.00 0.134 0.137 0.94 -0.02 0.143
-0.01 0.117 0.127 0.94 -0.08 0.140

4
0.00 0.140 0.137 0.96 -0.02 0.141
0.00 0.122 0.140 0.94 -0.07 0.150

6

1
-0.74 3.412 0.830 1.00 0.93 0.537
1.51 5.366 1.077 1.00 1.06 0.486

2
0.00 0.520 0.161 0.99 -0.14 0.110
-0.01 1.607 0.139 1.00 -0.17 0.131

3
0.00 0.137 0.140 0.93 -0.02 0.144
-0.01 0.119 0.129 0.95 -0.07 0.145

4
0.00 0.140 0.137 0.96 -0.02 0.141
0.00 0.122 0.140 0.94 -0.07 0.150

7

1
0.06 0.390 0.399 0.96 0.48 0.397
0.13 0.355 0.361 0.96 0.21 0.360

2
-0.01 0.246 0.242 0.97 0.07 0.204
0.00 0.254 0.238 0.96 -0.06 0.235

3
0.00 0.241 0.246 0.95 0.14 0.256
-0.01 0.234 0.242 0.95 0.00 0.265

4
-0.02 0.276 0.249 0.97 0.14 0.253
0.03 0.296 0.301 0.95 0.04 0.343

8

1
1.71 10032598.422 24.923 1.00 1.12 0.716
-1.45 11950680.950 29.647 1.00 0.99 0.734

2
0.14 627708.499 1.922 0.99 -0.10 0.150
-0.43 1401293.651 4.105 1.00 -0.19 0.197

3
0.00 0.258 0.255 0.96 0.15 0.263
0.01 0.256 0.256 0.94 0.02 0.302

4
-0.02 0.276 0.249 0.97 0.14 0.253
0.03 0.296 0.301 0.95 0.04 0.343
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Table 14: Simulation results under univariate assumption comparing mul-
tivariate and univariate approaches with continuous endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.23 0.137 0.154 0.70 0.18 0.125
0.20 0.116 0.113 0.59 0.19 0.097

2
0.00 0.092 0.102 0.92 -0.02 0.083
0.00 0.089 0.082 0.93 0.00 0.075

3
0.01 0.091 0.099 0.93 -0.02 0.079
-0.01 0.084 0.086 0.96 -0.01 0.078

4
0.02 0.102 0.111 0.93 -0.01 0.084
0.00 0.095 0.101 0.94 0.00 0.092

2

1
0.58 0.295 0.304 0.49 0.51 0.228
0.94 0.302 0.293 0.03 0.92 0.239

2
0.01 0.122 0.126 0.94 -0.01 0.093
-0.01 0.120 0.107 0.93 0.00 0.097

3
0.01 0.097 0.102 0.94 -0.02 0.081
0.00 0.090 0.097 0.92 -0.01 0.086

4
0.02 0.102 0.111 0.93 -0.01 0.084
0.00 0.095 0.101 0.94 0.00 0.092

3

1
0.24 0.178 0.202 0.77 0.19 0.162
0.21 0.168 0.165 0.85 0.19 0.142

2
0.01 0.118 0.131 0.92 -0.01 0.107
0.00 0.127 0.118 0.94 0.00 0.107

3
0.02 0.122 0.129 0.93 -0.01 0.102
-0.01 0.130 0.128 0.94 -0.01 0.114

4
0.02 0.140 0.145 0.93 -0.01 0.106
0.00 0.152 0.154 0.95 0.00 0.140

4

1
0.61 0.378 0.397 0.67 0.53 0.297
0.96 0.432 0.401 0.28 0.93 0.335

2
0.02 0.155 0.158 0.95 0.00 0.122
0.00 0.169 0.143 0.93 0.01 0.135

3
0.02 0.130 0.133 0.94 -0.01 0.104
-0.01 0.140 0.143 0.94 -0.01 0.126

4
0.02 0.140 0.145 0.93 -0.01 0.106
0.00 0.152 0.154 0.95 0.00 0.140
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Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.28 0.134 0.120 0.47 0.02 0.083
0.28 0.122 0.127 0.34 0.07 0.081

2
0.00 0.084 0.073 0.96 -0.12 0.056
0.00 0.087 0.081 0.95 -0.09 0.058

3
0.00 0.081 0.075 0.96 -0.12 0.056
0.00 0.082 0.084 0.95 -0.09 0.064

4
0.00 0.089 0.093 0.97 -0.12 0.062
0.01 0.092 0.098 0.94 -0.08 0.075

6

1
1.45 0.576 0.517 0.05 0.50 0.218
1.99 0.630 0.618 0.00 1.17 0.310

2
0.00 0.147 0.129 0.96 -0.11 0.068
-0.01 0.153 0.132 0.93 -0.09 0.082

3
0.00 0.087 0.087 0.96 -0.12 0.060
0.00 0.089 0.093 0.93 -0.09 0.070

4
0.00 0.089 0.093 0.97 -0.12 0.062
0.01 0.092 0.098 0.94 -0.08 0.075

7

1
0.29 0.218 0.191 0.85 -0.03 0.126
0.28 0.207 0.208 0.81 0.05 0.144

2
0.00 0.135 0.116 0.97 -0.15 0.085
0.00 0.145 0.138 0.94 -0.11 0.103

3
0.00 0.141 0.120 0.97 -0.15 0.084
0.00 0.158 0.162 0.92 -0.11 0.119

4
0.01 0.172 0.160 0.97 -0.15 0.095
0.04 0.215 0.220 0.93 -0.08 0.160

8

1
1.55 1.070 0.875 0.70 0.41 0.331
2.11 1.223 1.032 0.31 1.16 0.533

2
0.02 0.256 0.201 0.98 -0.14 0.105
0.01 0.290 0.241 0.94 -0.09 0.146

3
0.01 0.161 0.143 0.95 -0.15 0.090
0.02 0.194 0.201 0.93 -0.09 0.136

4
0.01 0.172 0.160 0.97 -0.15 0.095
0.04 0.215 0.220 0.93 -0.08 0.160
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Table 15: Simulation results under univariate assumption comparing mul-
tivariate and univariate approaches with binary endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.21 0.202 0.200 0.79 0.17 0.172
0.18 0.168 0.174 0.83 0.16 0.161

2
0.00 0.134 0.132 0.95 -0.02 0.114
-0.02 0.128 0.135 0.94 -0.02 0.127

3
0.00 0.133 0.128 0.96 -0.03 0.112
-0.03 0.124 0.124 0.94 -0.03 0.121

4
0.01 0.142 0.136 0.96 -0.02 0.113
-0.02 0.132 0.126 0.97 -0.02 0.123

2

1
0.56 0.376 0.379 0.72 0.49 0.286
0.88 0.382 0.372 0.33 0.86 0.327

2
0.00 0.155 0.153 0.94 -0.02 0.118
-0.03 0.150 0.154 0.91 -0.02 0.143

3
0.00 0.137 0.132 0.97 -0.03 0.113
-0.03 0.128 0.127 0.94 -0.03 0.121

4
0.01 0.142 0.136 0.96 -0.02 0.113
-0.02 0.132 0.126 0.97 -0.02 0.123

3

1
0.21 0.256 0.246 0.93 0.17 0.211
0.17 0.244 0.251 0.91 0.15 0.236

2
0.00 0.169 0.160 0.97 -0.02 0.140
-0.02 0.185 0.193 0.95 -0.03 0.184

3
0.00 0.171 0.160 0.98 -0.03 0.140
-0.04 0.184 0.179 0.95 -0.04 0.176

4
0.01 0.186 0.174 0.97 -0.02 0.141
-0.03 0.202 0.190 0.96 -0.03 0.186

4

1
0.56 0.478 0.47 0.79 0.50 0.351
0.89 0.554 0.53 0.71 0.86 0.483

2
0.00 0.197 0.18 0.96 -0.02 0.146
-0.03 0.216 0.21 0.95 -0.02 0.206

3
0.00 0.177 0.17 0.99 -0.02 0.143
-0.04 0.191 0.18 0.93 -0.04 0.178

4
0.01 0.186 0.17 0.97 -0.02 0.141
-0.03 0.202 0.19 0.96 -0.03 0.186
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Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.29 0.205 0.214 0.76 0.03 0.154
0.26 0.184 0.183 0.72 0.05 0.143

2
0.01 0.128 0.132 0.95 -0.11 0.103
-0.01 0.129 0.133 0.91 -0.11 0.110

3
0.00 0.125 0.117 0.95 -0.11 0.098
-0.02 0.126 0.125 0.93 -0.11 0.109

4
0.00 0.131 0.120 0.98 -0.11 0.097
-0.01 0.134 0.137 0.91 -0.10 0.115

6

1
1.48 0.699 0.730 0.33 0.54 0.363
1.93 0.751 0.685 0.06 1.11 0.447

2
0.01 0.182 0.182 0.95 -0.10 0.113
-0.03 0.179 0.172 0.90 -0.10 0.132

3
0.01 0.129 0.121 0.97 -0.11 0.098
-0.01 0.131 0.132 0.92 -0.10 0.112

4
0.00 0.131 0.120 0.98 -0.11 0.097
-0.01 0.134 0.137 0.91 -0.10 0.115

7

1
0.31 0.338 0.346 0.91 -0.01 0.229
0.27 0.318 0.305 0.93 0.02 0.236

2
0.01 0.209 0.213 0.95 -0.14 0.155
-0.01 0.221 0.217 0.92 -0.12 0.183

3
0.01 0.209 0.192 0.98 -0.14 0.151
-0.01 0.228 0.215 0.92 -0.13 0.183

4
0.01 0.233 0.199 0.98 -0.14 0.155
0.02 0.276 0.266 0.94 -0.10 0.207

8

1
1.59 1.323 1.250 0.89 0.46 0.537
2.05 1.461 1.195 0.75 1.10 0.746

2
0.04 0.323 0.299 0.95 -0.13 0.172
0.00 0.344 0.300 0.89 -0.10 0.226

3
0.02 0.225 0.199 0.98 -0.14 0.153
0.01 0.255 0.241 0.91 -0.11 0.195

4
0.01 0.233 0.199 0.98 -0.14 0.155
0.02 0.276 0.266 0.94 -0.10 0.207
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Table 16: Simulation results under univariate assumption comparing mul-
tivariate and univariate approaches with time-to-event endpoint

Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

1

1
0.16 0.204 0.205 0.90 0.18 0.222
0.16 0.171 0.172 0.84 0.18 0.171

2
0.01 0.152 0.152 0.94 -0.01 0.149
0.00 0.137 0.145 0.93 -0.01 0.137

3
0.01 0.143 0.145 0.94 -0.02 0.144
-0.01 0.128 0.130 0.96 -0.02 0.127

4
0.01 0.153 0.151 0.93 -0.01 0.150
0.00 0.133 0.144 0.93 -0.01 0.143

2

1
0.33 0.343 0.290 0.90 0.51 0.355
0.51 0.341 0.269 0.77 0.90 0.358

2
0.01 0.196 0.165 0.96 -0.01 0.155
-0.01 0.192 0.155 0.95 0.00 0.154

3
0.01 0.146 0.147 0.94 -0.02 0.147
-0.01 0.129 0.135 0.95 -0.01 0.135

4
0.01 0.153 0.151 0.93 -0.01 0.150
0.00 0.133 0.144 0.93 -0.01 0.143

3

1
0.16 0.288 0.266 0.93 0.19 0.274
0.17 0.279 0.258 0.97 0.18 0.254

2
0.01 0.215 0.197 0.96 -0.01 0.183
0.00 0.227 0.210 0.94 0.00 0.199

3
0.01 0.197 0.192 0.95 -0.02 0.178
-0.01 0.195 0.190 0.95 -0.02 0.186

4
0.02 0.217 0.206 0.95 -0.01 0.189
0.00 0.215 0.222 0.91 0.00 0.219

4

1
0.33 0.536 0.372 0.96 0.53 0.439
0.53 0.682 0.405 0.98 0.93 0.530

2
0.01 0.320 0.211 0.96 0.00 0.190
0.00 0.411 0.222 0.96 0.01 0.218

3
0.01 0.203 0.196 0.95 -0.01 0.183
-0.01 0.200 0.198 0.95 -0.01 0.199

4
0.02 0.217 0.206 0.95 -0.01 0.189
0.00 0.215 0.222 0.91 0.00 0.219

80



Setting Method Multivariate Univariate

Bias SE SD CR Bias SD

5

1
0.20 0.235 0.195 0.95 0.02 0.178
0.21 0.191 0.189 0.84 0.06 0.179

2
0.00 0.166 0.137 0.98 -0.12 0.118
0.00 0.143 0.137 0.98 -0.10 0.133

3
0.00 0.141 0.134 0.94 -0.12 0.120
-0.01 0.124 0.135 0.94 -0.10 0.131

4
0.00 0.150 0.134 0.95 -0.12 0.122
0.00 0.130 0.148 0.94 -0.09 0.138

6

1
0.51 0.652 0.299 1.00 0.50 0.400
0.91 0.816 0.383 0.98 1.16 0.543

2
0.00 0.327 0.163 0.97 -0.11 0.129
-0.01 0.337 0.148 0.98 -0.09 0.150

3
0.00 0.146 0.136 0.95 -0.12 0.123
0.00 0.126 0.139 0.95 -0.09 0.135

4
0.00 0.150 0.134 0.95 -0.12 0.122
0.00 0.130 0.148 0.94 -0.09 0.138

7

1
0.21 0.437 0.293 1.00 -0.02 0.270
0.22 0.417 0.316 0.99 0.05 0.310

2
0.00 0.320 0.205 0.97 -0.15 0.180
0.00 0.327 0.229 0.97 -0.11 0.230

3
0.00 0.241 0.205 0.95 -0.15 0.187
0.00 0.237 0.234 0.96 -0.11 0.230

4
0.01 0.292 0.205 0.97 -0.15 0.190
0.03 0.313 0.277 0.96 -0.08 0.266

8

1
0.53 1.745 0.469 1.00 0.41 0.601
0.95 2.550 0.641 1.00 1.15 0.931

2
0.01 1.053 0.244 0.98 -0.14 0.193
0.00 1.299 0.245 0.98 -0.09 0.256

3
0.01 0.263 0.212 0.96 -0.15 0.193
0.01 0.266 0.251 0.96 -0.10 0.245

4
0.01 0.292 0.205 0.97 -0.15 0.190
0.03 0.313 0.277 0.96 -0.08 0.266
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Chapter 4: High-dimensional Setting

4.1 Introduction

In this chapter, we focused on high-dimensional measurements for a single exposure of

interest, where the sample size is less than the dimension of the variables in building

a biomarker model. Nowadays, variable selection problems under high-dimensional data

structure encompass a majority of areas in statistics. There are extensive studies that were

developed and are devoted to understanding the pros and cons of different variable selection

techniques with high-dimensional data. Frank & Friedman (1993) [49] first proposed a

technique called bridge regression. Then the nonnegative garrote for shrinkage estimation

and the variable selection was mentioned in Breiman & Leo (1995) [50]. Least absolute

shrinkage and selection operator (Lasso) with L-1 regularized least squares was studied and

introduced by Tibshirani & Robert (1996) [51]. Fan & Li (2001) [52] and Fan & Peng

(2004) [53] proposed nonconcave penalized likelihood estimators such as smoothly clipped

absolute deviation (SCAD). In particular, Fan & Li (2001) [52] proposed a unified algorithm

for optimizing nonconcave penalized likelihood. Efron et al. (2004) [54] introduced the

least angle regression for variable selection and presented an algorithm named as LARS. Zou

& Li (2008) [55] proposed one-step sparse estimates for nonconcave penalized likelihood

models and introduced the LLA algorithm for optimizing nonconcave penalized likelihood.

Predictive performance is important to build a biomarker model with high dimensional

sparse data. One problem performing high dimensional model is collinearity among covari-

ates. Collinearity can lead to a wrong model with spurious correlations among variables [56].

Penalized regressions such as Lasso and SCAD have been extensively studied and discussed

by many researchers to deal with high-dimensional sparse data. Furthermore, random forest
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(RF), which is based on the ranking of predictive power, is another approach for variable

selection [57, 58]. In addition, under high-dimensional sparse feature space, the BF build

upon variance estimation in our proposed Method 2 needs to be carefully considered and

generated. In high-dimensional linear regression, ordinary linear regression does not work

properly. A recent study [59] implies that spurious variables can be easily selected to enter

the model leading to severe underestimation on error variance. Advanced estimating tech-

niques were developed that can greatly attenuate the bias, including k-fold cross-validation,

naive two-stage estimator, and refitted cross-validation (RCV) [59]. The rest of this chap-

ter is organized as below. First, we introduced different methods and detailed variance

estimation procedures for BF construction. Second, We will perform extensive simulations

to show that the conclusion we obtained from asymptotic results above also holds for finite

sample cases. Last, we will extend our methods to real data analysis.

4.2 Methods

Similar to Chapter 2, we consider the case where σ∗2x is known. We propose methods to

estimate σ∗2x in the discussion section. In the real data analysis where σ∗2x is not available,

we vary this parameter to perform sensitivity analysis.

With high-dimensional data on urine measurements (W), we first need to obtain esti-

mated coefficients among n1 subjects in the biomarker discovery sample of consumed diet

(X∗) on high-dimensional blood and urine measurements (W) as well as subject charac-

teristics (V). In this chapter, three different approaches including Lasso, SCAD, and RF

are used to conduct variable selection in high-dimensional statistical inference. We will

describe each approach explicitly for every method in the following subsections.
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4.2.1 Method 1: The naïve three-step approach with multiple

exposures

In the first step, we need to fit a linear regression of X∗ on W and V . That is:

X∗ = (1, W T, V T)β1 + εX∗ .

With the Lasso approach, the coefficients, β̂1, minimize the penalized least squares (PLLasso)

as below:

PLLasso = ||X∗ − (1, W T, V T)β1||2 + λ
p

∑
j=1
|β1j|.

The Lasso performs variable selection by shrinking coefficients estimates towards zero lead-

ing to a sparse model in the end. λ is selected through cross-validation based on the smallest

MSE.

With the SCAD approach, a nonconvex penalty is given by:

PLSCAD(β1j) =


λ|β1| i f |β1j| < λ

2aλ|β1|2 − 2aλ|β1| i f λ < |β1j| < aλ

(a + 1)λ2/2 i f |β1j| > aλ

.

The first derivatives of PLSCAD(β1j) is continuous and is given by:

PLSCAD(β1)
′ = λ{I(β1 < λ) +

(aλ− β1)+
(a− 1)λ

I(β1 > λ)},

for some a>2 and β1 > 0. Similar to Lasso, λ in SCAD is selected through cross-

validation based on the smallest MSE whereas a is set to be 3.7 based on simulation

results and Bayesian statistical point of view from Fan & Li (2001) [52]. Other than

penalized regression as we described above, RF is another choice for variable selection.
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The basic concept is to grow a regression tree. The general form of a regression tree is as

below:

X∗ =
M

∑
m=1

cm1(W ,V )∈Rm
,

where R1, ..., RM denotes a partition of feature space. Then we can repeat this procedure to

build the RF by considering the approximately square root of the total number of predictors

each time. The advantages of RF is we can see the contribution of each variable to the

regression tree and their relative importance.

For each method, we did the direct-regression selection and post-regression selection.

For direct-regression, we applied the estimated model from each approach to predict the

long-term dietary intake directly. For post-regression, we performed linear regression af-

terward with selected variables from each approach. Specifically, for Lasso and SCAD, we

have:

β̂1 = argmin{||X∗ − (1, W T
selected, V T

selected)β1||22},

β1 ∈ RP and β̂1j = 0 ∀ j /∈ Ŝ.

For RF, the 10 most important variables will be considered as final selected variables. For

both direct and post-regression, we thought two ways dealing with W and V , where one is

considering both W and V in the variable selection procedure, while the other is considering

only W . To be more specific, in Lasso and SCAD, the penalization will be applied to (W ,

V) and to only W , respectively. In RF, the decision trees will be built by considering (W ,

V) and only W , respectively.

With estimated β̂1 we had in the prior step, we can then compute X̂1 = (1, W T, V T)β̂1

to predict the long-term dietary intake (Z) among the n2 calibration samples and run a

regression of X̂1 on self-reported food frequency questionnaire data (Q) and V to build

calibration equation using the n2 calibration samples same in Chapter 2. Finally, the

association parameter θ̂1 can be estimated by solving the score equations 2.1 in Chapter 2
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with respect to continuous, binary, and time-to-event endpoints.

4.2.2 Method 2: Three-step with Bias Correction

As shown in method 1, we have a bias factor in Ẑ1 when using X̂1, so we propose a

bias-corrected estimator X̂2 = X̂1B̂F
−1

where,

B̂F = R̂2
1|V = 1− V̂ar(X∗|W , V)− σ∗2x

V̂ar(X∗|V)− σ∗2x
,

is an estimated version of the bias factor.

When we perform direct-selection, we used mean cross-validated errors as V̂ar(X∗|W , V)

in penalized regression and RF to obtain B̂F.

Regarding post-selection, we first obtain selected variables from Lasso, SCAD, or RF. Then

coefficients can be estimated by refitting a linear regression. For ease of interpretation, we

consider both W and V in variable selection for the rest of this subsection, we have:

X∗ = (1, W T
s , V T

s )βPS
WV + εX∗k

.

Second, we can fit a low dimensional model as below:

X∗ = (1, V T)βV + ε′X∗k
,

where W s and V s represent for selected W and V , βPS
WV , βV are the corresponding coef-

ficients and εX∗k
, ε′X∗k

are the corresponding error terms in above equations. From there,

BF can be estimated as:

B̂F = 1− V̂ar(X∗|W , V)− σ∗2x

V̂ar(X∗|V)− σ∗2x
,
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where

V̂ar(X∗|W , V) = n−1
n1

∑
i=1

(X∗i − (1, W T
si , V T

si)β̂PS
WV)

2,

V̂ar(X∗|V) = n−1
n1

∑
i=1

(X∗i − V T
i β̂V)

2.

As we can see above, a good estimation of V̂ar(X∗|W , V) is the key to get a good

estimation of BF. Chatterjee & Jafarov (2015) [60] showed that estimator, V̂ar(X∗|W , V),

listed above lead to downward bias with Lasso, So we decide to calculate and compare three

types of V̂ar(X∗|W , V) in our study with post-selection. We will describe each of them

below:

(i) K-fold cross-validation

We need to fit penalized regression or RF with a training dataset and get predicted

X∗ with selected (W , V) for each fold. Denote the selected subset as Sk for each

training set X∗−k.

Denote WSk as selected W and V Sk as selected V in the (K-1) training dataset for

each fold, then we can fit a linear regression with WSk , V Sk , V k and X∗k in the kth

test dataset as below:

X∗k = (1, W T
Sk

, V T
Sk
)βWSk

VSk
+ εX∗k

. (4.1)

The estimated value with (4.1) is denoted as X̂∗1k

X∗k = (1, V T
k )βVk + ε′X∗k

. (4.2)

The corresponding regression coefficients and error terms for each fold are βWSk
VSk

,

βVk , and εX∗k
, ε′X∗k

in the above equations, respectively. The estimated value with

(4.2) is denoted as X̂∗2k. With (4.1) and (4.2), we get the estimated values of X∗ for
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the whole sample 1, that is,

X̂∗1 = (X̂∗11, X̂∗12...X̂∗1K),

X̂∗2 = (X̂∗21, X̂∗22...X̂∗2K).

With X̂∗1 and X̂∗2 , B̂F can be calculated,

B̂F = 1− ∑n1
i=1 (X∗i − X̂∗1i)

2

∑n1
i=1 (X∗i − X̂∗2i)

2 .

(ii) Naive two-stage estimator

When penalized regression for variable selection was applied for variable selection,

the choice of λ is an essential factor in determining whether accurately informative

estimators can enter the model. A very large λ can lead to a failure to include all

correct contributed variables into the model and an upward bias usually appeared in

variance estimation with more significant signal appeared in each selected variable.

On the other hand, when a too small λ is applied, unnecessary variables with many

noises may enter the model leading to a downward bias in variance estimation. Hence

the size of λ is to some extent determines the number of variables entering into the

model and the degree of shrinkage towards zero of the estimated coefficient for each

variable. Based on Ried, Tibshirani & Friedman (2014)’s [61] paper, selecting the

appropriate λ to maintain the balance is suggested. That is:

V̂ar∗(X∗|W , V) = (n− ŝλ)
−1 ∑

i
(X∗i − (1, W T

si, V T
si)β̂PS

WV)
2,
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where ŝλ is the number of nonzero elements in b̂ at the regulation parameter λ

selected with K-fold (usually 5 to 10) cross-validation. Then we have:

B̂F = 1− V̂ar∗(X∗|W , V)

V̂ar(X∗|V)
.

(iii) Refitted cross-validation estimator (RCV).

This estimator is derived by the refitted cross-validation (RCV) procedure suggested

by Fan et al. (2012) [59]. We first split the dataset into roughly equal two parts,

(X∗(1), W (1), V (1)) and (X∗(2), W (2), V (2)). Then on the first part, penalized regres-

sion and RF need to be performed. With penalized regression, we fit Lasso or SCAD

on W and V with cross-validated λ̂1 to obtain the non-zero estimated coefficients

for W and V . With RF, the 10 most important variables are selected based on the

residual sum of squares (RSS). Then we refit the model with selected W and V to

get the post-selected estimations on their coefficients, β̂
PS(1)
WV . Next, with selected

W and V in W (2) and V (2), we can obtain the following variance estimate on the

second part:

V̂ar∗∗1 (X∗|W , V) = (n− ŝ(1))−1 ∑
i
(X∗(2)i − (1, W T(2)

si , V T(2)
si )β̂

PS(1)
WV )2,

where ŝ(1) is the number of selected variables in the first part. Repeating the mirror

image procedure on (X∗(2), W (2)
s , V (2)

s ), we can obtain λ̂2, selected W obtained from

Lasso in the second part and V̂ar2(X∗|W , V). Last, B̂F can be derived as below:

V̂ar∗∗(X∗|W , V) =
1
2
(V̂ar∗∗1 (X∗|W , V) + V̂ar∗∗2 (X∗|W , V)),

B̂F = 1− V̂ar∗∗(X∗|W , V)

V̂ar(X∗|V)
.
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With B̂F, we have X̂2 = X̂1/B̂F. Then we can follow the steps illustrated in Method 2

section of Chapter 2 and estimate the θ̂2 by solving estimating equations 2.2 for continuous,

binary, and time-to-event points, respectively.

This method does not require the self-reported dietary intake data (Q) in the feeding

study. As a remark, even if the self-reported data is available in the feeding study, the

association between the self-reported and the actual dietary intake in the feeding study

might be different from that association from the cohort because of, (1) the modification

on the dietary pattern during the controlled feeding study or (2) the potential change

in dietary preference in the period of the feeding study. This method is robust to the

difference in the association since we have not directly included Q in stage 1 for biomarker

construction. We will next propose two methods that require the availability of self-reported

data in the feeding study and assume the association between the self-reported and the

actual dietary intake to be the same among all studies.

4.2.3 Method 3: Three-step with self-reported data

The three steps of the first method remain the same, but in the first step regression model,

the log-transformed self-reported food frequency questionnaire data (Q) is added. That is,

for the first step, predictors, W , V and Q are used here to build the biomarker, and then

in the second step, we use W , V and Q to predict Z. Lasso, SCAD, and RF previously

described by considering both direct-selection and post-selection are all applied in Method 3

to perform variable selection and estimating effects in high-dimensional statistical inference.

Then with estimated β̂3 in the first step, X̂3 = (1, W T, Q, V T)β̂3, and then we can follow

the steps illustrated in Method 3 section of Chapter 2 and estimate the θ̂3 by solving

estimating equations 2.3 for continuous, binary, and time-to-event points, respectively.
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4.2.4 Method 4: Direct Estimation

Since the predictors in the first step in Method 4 are V and Q, which are low-dimensional,

the procedure for Method 4 in this chapter is the same as in Chapter 2. We build the

estimating equation by regressing X∗ on Q and V in the first step and directly apply

it to the third step. Then we build the calibration equation using the feeding study by

regressing X∗ on V and Q and use the calibration equation to predict Z and perform a

Cox regression of Y on Z and V in the full cohort to estimate the association parameter.

In other words, we have γ̂4 = ∑n1
i=1

{
(1, Qi, V T

i )
T(1, Qi, V T

i )
}−1

∑n1
i=1

{
(1, Qi, V T

i )
TX∗i

}
,

Ẑ4 = (1, Q, V T)γ̂4 and θ̂4 by solving estimating equations 2.4 for continuous, binary and

time-to-event points, respectively.

4.3 Simulation

We simulate data with different sparsity, effect size, and shape within high-dimensional

statistical inference. We are intended to explore how the sparsity, effect size, and shape

among different measurements play an important role in the bias and variance of different

estimators. The bias, empirical standard error (SD), estimated standard error (SE), and

coverage rate for nominal 95% confidence interval (CR) will be compared with varying

sample sizes, effect shape, effect sizes, and correlation structures. We study both settings

whether the penalty was given or not on the personal characteristics V during the first

stage penalized regression. Data are generated from Cox, logistic and linear models with
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time-to-event, binary and continuous endpoints, respectively.

(Z, V) ∼ N

0,

 1− σ2
x ρ

ρ 1


 ,

W = b0 + b1X + b2V + εw ,

X = Z + εx ,

X∗ = X + ε∗x ,

Q = a0 + a1Z + a2V + εq ,

where Z, V, X and Q are all in one-dimensional space while W is in high-dimensional

space. In our simulation, we set W in 100-dimensional space. That is, b0 = (b1
0, ..., b100

0 )T,

b1 = (b1
1, ..., b100

1 )T and b2 = (b1
2, ..., b100

2 )T. In the last step of the simulation, data are

generated based on continuous, binary, and time-to-event endpoints. With continuous

endpoint, we have:

Y = θ0 + θzZ + θvV + εy .

With binary endpoint, we have:

logit(P(Y = 1|Z, V)) = θ0 + θzZ + θvV.

With time-to-event endpoint, we have:

λ(t|Z, X, V, W , Q) = λ(t|Z, V) = λ0(t) exp(θzZ + θvV),
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where εx and εq are independently sampled from normal distributions with mean zero and

standard deviations σx and σq. For the Cox model with time-to-event endpoint, censoring

time is sampled from a mixture of Uni f (0, 10) and a point mass at 10 with equal probability

and we set λ0(t) = 0.002t. For the linear model with continuous endpoint, a random noise

is drawn from a N(0, 1.8). We fixed the sample size at n1 = 150, n2 = 300, n3 = 5150.

We simulate b0 randomly based on Uni f (4, 5). Furthermore, we set b2 = (1, .., 1),

σx = 0.2, σx∗ = 0.5, θz = 0.4, θv = 0.6, σw = 1. Then we change the values of ||b1||2,

ρ, a1, a2 and σq to change the range of R2. All types of R2 are shown in Table 21 with

respect to different patterns, effect sizes, and levels of the sparsity of X on W in this

chapter. Three representative settings were selected with the sparsity of W equal to 2, 5,

and 10. Under each size of sparsity, three different forms on the effect size of W are also

generated and compared, including an equivalent effect size of X on W , random pattern

of effect size on W and decreasing effect size on W . Below are the three settings selected

for simulation in this chapter:

||b1||2 = 1.3, ρ = 0.6, a0 = 4, a1 = 1.5, σq = 3 (setting 1);

||b1||2 = 1.1, ρ = 0, a0 = 0.4, a1 = 2, σq = 4 (setting 2);

||b1||2 = 2, ρ = 0.6, a0 = 4, a1 = 1.5, σq = 3 (setting 3);

where ||b1||2 shown in above settings is the total effect size of X on W , that is, ||b1||2 =√
∑100

i=1 (b
i
1)

2. For example, if we assume the pattern of the effect of X on W is equally

distributed with a sparse size of 5 using setting 1, then we have:

b1 = (1.1/
√

5, 1.1/
√

5, 1.1/
√

5, 1.1/
√

5, 1.1/
√

5, 0..., 0)T.

Based on Table 21, almost all types of R2 are similar to each other for different patterns,

sparsity within each setting except for R2
X̂QV

and R2
X̂Q|V under the random pattern of

effect size. Specifically, the strength of FFQ on long term dietary intake given personal

characteristics in stage 1 is controlled to be relatively low (R2
ZQ|V=0.13) in setting 1 and
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3 while increased to some extent with R2
ZQ|V=0.19 in setting 2. The strength of the

biomarker on consumed dietary intakes in stage 1 given personal characteristics generally

follow an increasing trend from setting 1 to setting 3 with R2
ZW|V from 0.49 to 0.68.

The bias, mean estimated standard error (SE), empirical standard deviation (SD), and

coverage rate (CR) of 95% nominal confidence interval for all four methods from 100

simulations are listed in Tables 22-33 with Lasso penalized regression. The performance of

our proposed method with BF, Method 2, varied under different scenarios. Under sparsity

of 2, 5, and 10, three patterns of effect size for W are generated, which includes equivalent,

random, and decreasing patterns on the sized of effect. Post-selection or direct-selection

are performed for variable selection. Within each type of selection, fixed and non-fixed

personal characteristics (V) are applied. With weak strength on FFQ (Q) in setting 1

and 3, bias showed to some extent non-stabilized with Method 2. To be more specific,

the bias is large especially when the equivalent effect size is taken under sparsity of 5 or

10 with Method 2. The direct-selection with non-fixed personal characteristics considered

for filtering showed more stable results compared with direct-selection with fixed personal

characteristics considered in Method 2. Three different approaches of variance estimation,

shown as 2.1, 2.2, and 2.3 in all tables consequently, were applied for BF construction

within Method 2 when variables are post selected under high-dimensional space. The third

approach, named as RCV estimation under post-selection within Method 2, performs the

best among all three approaches with the smallest bias and good CR as shown in tables

under all scenarios for all types of endpoints. Under both post and direct-selections, there

is an increasing trend on SD as sparsity increase for equivalent effect form when personal

characteristics are not fixed for penalization. On the other hand, the change in SD is not

following an obvious trend with personal characteristics fixed. Comparing different settings,

we can see setting 1, where weak FFQ and biomarkers were applied, is generally showed

the largest bias compared with setting 2 and 3 and SD of setting 1 is also the highest
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compared with the other two settings. Method 3 and 4 both provided promising and stable

results in most cases. However, when the strength of biomarker is strong and strength of

FFQ is relatively weak (i,e., setting 3), we can see Method 2 generally generated the most

efficient result compared with Method 3 and 4, which is consistent with our summarized

results found under low-dimensional data space in Chapter 2.

Table 34-45 displayed results for SCAD penalized regression. Compared with Lasso, a

similar trend on bias control and SD can be found among different patterns of effect size

and settings with SCAD. Focusing on the change of SD, we can see SD increased as sparsity

increased under equivalent and random effect size with personal characteristics both fixed

and non-fixed for variable filtering. Furthermore, comparing three approaches on variance

estimation for BF construction of Method 2 when post-selection were applied, RCV still

performs the best in controlling bias and gives the most efficient result. With direct-

selection using SCAD in Method 2, the bias is generally well controlled with promising

CR when personal characteristics are not fixed for variable filtering and the results are

comparable with those gained with Lasso. On the other hand, when variables are post

selected, the performance of SCAD is not as well as Lasso since the bias is not well

controlled under many scenarios, especially when the sparsity is large under binary and

time-to-event endpoints. Overall, the performance of Lasso is better in variance estimation

and controlling bias compared with SCAD.

RF provides another way of building a biomarker prediction model in the second stage.

Table 46-51 displayed results with RF. With the 10 most important variables selected

directly with RF, the estimated bias is noticeably large in most cases. With post-selection

on variables using RF, results with variance estimation 2.2 and 2.3 both showed small

bias with promising CR. The results are comparable to those obtained with Lasso for

Method 2 with RCV estimation (2.3). In general, RF did not provide a good estimation

of the associated parameter with direct-selection and performed similarly as Lasso with
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post-selection.

Overall, Lasso generally provides a consistent estimator in most cases and largely atten-

uates the bias compared with SCAD and RF. The Lasso post-selection with RCV variance

estimation for BF construction provides a consistent estimation of associated parameters

with stable CR and is recommended especially when we have a sparse high-dimensional

data structure.

4.4 Data Analysis

The estimated HR and corresponding 95% confidence interval according to a 20% increase

in the sodium-to-potassium ratio are shown in Table 52 for Lasso, SCAD, and RF with

WHI data. High-dimensional measurements in 24-hour NMR are used as W and analyzed

in the WHI NPAAS feeding study. After excluding measurements with missing values

exceeding the extent of 20%, 59 NMR measurements were included. Such measurements

were normalized and log-transformed. Missing observations were also imputed with the

median values for each corresponding NMR measurement. Log-transformed self-reported

dietary intake from FFQ is set as Q. Variables related to personal characteristics, V, include

age, BMI, race/ethnicity, educational level, self-reported physical activity, and smoking

status. The disease outcomes applied are total CVD. Log transformed sodium-to-potassium

ratio is again set as a single predictor in this section.

The proportion of variance that can be explained for each selected variable is of our

interests and is further explored in the feeding study. Based on the ANOVA table, the calcu-

lated sodium-to-potassium ratio based on the existing biomarkers were found to account for

the highest proportion of explained variance for short-term assessed sodium-to-potassium

ratio compared to all other variables. To be more specific, 34% and 35% of variance

were explained by the sodium-to-potassium ratio, with respect to Method 2 and 3 under

post-lasso selection. Other selected NMR variables include acetone (7%), allantoin (3%),
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methyl-guanidine (3%) and methy-benzyl-alcohol (3%) for Method 2, and acetone (7%),

methyl-guanidline (4%), methyl-benzyl-alcohol (3%), tyrosine (2%), self-reported sodium-

to-potassium ratio (2%) and hippurate and trimethylamine-N-oxide (1%) for Method 3.

Furthermore, we found Race is the only variable selected among individual characteristics

and it accounts for 4% and 3% of explained variance for Method 2 and 3.

Based on Table 52, we can see the estimated HR is greater than 1 in all cases, indicating

a higher risk of CVD with a higher level of sodium-to-potassium ratio regardless of different

approaches in high-dimensional space, which is consistent with the results in chapter 2.

The most conservative estimate on σ̂∗2x , 0, is utilized to construct the BF in Method 2. In

addition, RCV variance estimation was adopted to construct the BF for the post-selection

approach with Method 2. The estimation of the association parameter derived from Method

2 shrinks to a small scale compared with Method 1 and is comparable with Method 3 and

Method 4. We noticed that the 95% CI does not embrace HR of 1 with Lasso and RF in

most cases, indicating the significant association between calibrated dietary intake and risk

of CVD. On the other hand, the 95% CI with SCAD showed less efficient results with larger

variance indicating a non-significant association between calibrated dietary intake and risk

of CVD in many cases.

4.5 Discussion

In this chapter, we examined the requirement for a valid biomarker for regression calibration

purposes in high-dimensional space. Different methods to handle high-dimensional data

(i.e., Lasso, SCAD, and RF), as well as different approaches on variable selections (i.e.,

direct and post-selection) are applied and compared across different scenarios such as

sparse level, patterns of effect size. This chapter provides researchers a comprehensive

picture dealing with high-dimensional data for calibrated regression study. The challenge

of dealing with high-dimensional data when building linear regression models is the ease
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of overfitting to samples and not generic enough for estimation. Multicollinearity is also

an issue in building linear regression models under high-dimensional space. To identify the

most effective measurements associated with consumed dietary intakes in the feeding study,

Lasso, SCAD, and RF in the high dimensional data set were applied for variable selection in

this chapter. Overall, Lasso represents more stable results for variable selection compared to

the other two approaches. Method 2 with BF constructed under RCV estimation of Lasso

post-selection approach achieves our expectation with consistent good estimation in most

cases. Generally speaking, various factors such as ways of obtaining tuning parameters and

filtering conditions can affect the accuracy of the biomarker prediction model with penalized

regression methods and RF. Depending on these choices, accuracy on the estimation of

the association parameter can be substantially different.

Identifying the effective measurements associated with consumed dietary intakes is a

very important step for biomarker construction. Statistical inference is a challenging issue

with the penalized estimator. In this chapter, a bootstrapping approach was utilized for

variance estimation in high-dimensional data for penalized regression and RF. There are

other approaches for variance estimation under high-dimensional data with penalized re-

gression we can consider in future analysis. One issue of the estimated covariance matrix

is related to the zero components. Specifically, with coefficients equal to zero, the ap-

proximate covariance matrix produces zero for the estimated variance. The estimation on

non-zero components is robust, however, the signs of zero-components may take negative

or positive values. The same issue also exists with the sandwich formula of the covari-

ance matrix developed by Fan & Lv (2008) [56]. A two-stage procedure was studied by

Wasserman & Roeder (2009) [62] for validation. With their methods, the whole data was

first randomly split into two parts, that is, a training dataset and a testing dataset. Then

the penalized regression technique (i.e., Lasso) was applied for variable selection in the

training data. Next, in the testing data, standard errors can be obtained based on ordinary
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least squares with variables selected from training data. One needs to pay attention to

the way how to split the data with the single-split approach. Meinshausen et al. (2009)

[63] extended the single-split to multi-split, where the same procedure with the single-split

is repeating multiple times. Furthermore, Lockhart et al. (2014) [64] provided a test

statistics to understand the significance of the variables selected by Lasso. For cases under

ultra-high dimensional space where the sample size is equal or smaller than the variable

dimension, sure independent screening (SIS) technique proposed by Fan & Lv (2008) [56]

can be considered for variable screening in our future work. Variance estimation under

high-dimensional data is still an open question and needs to be further considered.
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Table 21: List of R2 for the three settings under different patterns and
sparsity

Setting 1 Setting 2 Setting 3

Pattern Type of R2 S2 S5 S10 S2 S5 S10 S2 S5 S10

Same

R2
ZWV 0.68 0.68 0.67 0.52 0.51 0.50 0.80 0.79 0.79

R2
ZW|V 0.49 0.48 0.47 0.52 0.51 0.50 0.67 0.67 0.66

R2
ZQV 0.46 0.46 0.46 0.19 0.19 0.19 0.46 0.46 0.46

R2
ZQ|V 0.13 0.13 0.13 0.19 0.19 0.19 0.13 0.13 0.13

R2
ZWQV 0.70 0.70 0.70 0.57 0.56 0.56 0.81 0.80 0.80

R2
ZWQ|V 0.52 0.51 0.51 0.57 0.56 0.56 0.69 0.68 0.68

R2
X∗WV 0.56 0.55 0.55 0.44 0.43 0.42 0.66 0.66 0.65

R2
X∗W|V 0.37 0.37 0.36 0.44 0.43 0.42 0.52 0.51 0.50

R2
X∗WQV 0.57 0.57 0.56 0.47 0.46 0.46 0.66 0.66 0.66

R2
X∗WQ|V 0.40 0.39 0.38 0.47 0.46 0.46 0.52 0.52 0.51
R2

X̂QV 0.50 0.51 0.52 0.03 0.07 0.07 0.46 0.47 0.48
R2

X̂Q|V 0.05 0.06 0.06 0.03 0.07 0.07 0.07 0.08 0.08

Random

R2
ZWV 0.68 0.68 0.69 0.52 0.53 0.53 0.80 0.80 0.80

R2
ZW|V 0.49 0.49 0.49 0.52 0.53 0.53 0.67 0.68 0.68

R2
ZQV 0.46 0.46 0.46 0.19 0.19 0.19 0.46 0.46 0.46

R2
ZQ|V 0.13 0.13 0.13 0.19 0.19 0.19 0.13 0.13 0.13

R2
ZWQV 0.71 0.71 0.71 0.57 0.58 0.58 0.81 0.81 0.81

R2
ZWQ|V 0.52 0.53 0.53 0.57 0.58 0.58 0.69 0.69 0.69

R2
X∗WV 0.56 0.56 0.56 0.44 0.44 0.44 0.66 0.66 0.66

R2
X∗W|V 0.37 0.37 0.37 0.44 0.44 0.44 0.52 0.52 0.52

R2
X∗WQV 0.57 0.57 0.57 0.47 0.47 0.47 0.66 0.66 0.66

R2
X∗WQ|V 0.40 0.40 0.40 0.47 0.47 0.47 0.53 0.52 0.53
R2

X̂QV 0.48 0.29 0.23 0.00 0.01 0.02 0.43 0.14 0.07
R2

X̂Q|V 0.04 0.00 0.00 0.00 0.01 0.02 0.05 0.00 0.01

Decreasing

R2
ZWV 0.68 0.68 0.68 0.52 0.52 0.51 0.80 0.80 0.79

R2
ZW|V 0.49 0.48 0.48 0.52 0.52 0.51 0.67 0.67 0.67

R2
ZQV 0.46 0.46 0.46 0.19 0.19 0.19 0.46 0.46 0.46

R2
ZQ|V 0.13 0.13 0.13 0.19 0.19 0.19 0.13 0.13 0.13

R2
ZWQV 0.71 0.70 0.70 0.57 0.57 0.57 0.81 0.81 0.80

R2
ZWQ|V 0.52 0.52 0.52 0.57 0.57 0.57 0.69 0.69 0.68

R2
X∗WV 0.56 0.56 0.55 0.44 0.43 0.43 0.66 0.66 0.65

R2
X∗W|V 0.37 0.37 0.37 0.44 0.43 0.43 0.52 0.51 0.51

R2
X∗WQV 0.57 0.57 0.57 0.47 0.47 0.46 0.66 0.66 0.66

R2
X∗WQ|V 0.40 0.39 0.39 0.47 0.47 0.46 0.53 0.52 0.52
R2

X̂QV 0.50 0.51 0.51 0.02 0.03 0.03 0.46 0.47 0.47
R2

X̂Q|V 0.05 0.06 0.06 0.02 0.03 0.03 0.07 0.08 0.07
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Table 22: Simulation results with direct-Lasso selection for non-fixed
personal characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.75 0.530 0.536 0.75 0.60 0.375 0.301 0.52 0.315 0.263 0.264 0.82
2 0.07 0.209 0.220 0.92 0.04 0.147 0.133 0.94 0.063 0.171 0.166 0.90
3 0.01 0.156 0.163 0.89 0.02 0.119 0.107 0.91 0.021 0.153 0.161 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90

5

1 1.22 2.932 0.735 0.78 0.76 0.810 0.405 0.66 0.374 0.357 0.297 0.83
2 0.07 0.504 0.253 0.94 0.02 0.186 0.151 0.93 0.049 0.191 0.171 0.93
3 0.01 0.161 0.172 0.92 0.01 0.122 0.109 0.93 0.018 0.167 0.173 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90

10

1 1.31 1.644 1.228 0.85 0.73 4.259 6.772 0.88 0.439 0.570 3.076 0.91
2 -0.03 0.202 0.424 0.94 -0.04 0.559 2.234 0.93 0.054 0.911 0.535 0.95
3 0.01 0.166 0.186 0.93 0.01 0.130 0.128 0.92 0.028 0.199 0.263 0.94
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90

Random

2

1 0.61 0.495 0.437 0.76 0.55 0.319 0.277 0.56 0.255 0.248 0.224 0.85
2 0.03 0.255 0.185 0.91 0.05 0.155 0.125 0.91 0.035 0.182 0.146 0.90
3 -0.01 0.185 0.132 0.89 0.01 0.138 0.099 0.91 -0.005 0.186 0.130 0.89
4 0.05 0.252 0.175 0.88 0.02 0.127 0.107 0.86 0.052 0.252 0.175 0.88

5

1 0.67 0.514 0.507 0.73 0.59 0.358 0.302 0.56 0.273 0.240 0.240 0.80
2 0.02 0.187 0.213 0.95 0.05 0.140 0.132 0.94 0.037 0.164 0.156 0.93
3 -0.01 0.159 0.148 0.87 0.01 0.116 0.101 0.88 -0.007 0.154 0.143 0.87
4 0.05 0.241 0.181 0.89 0.02 0.125 0.108 0.93 0.052 0.241 0.181 0.89

10

1 0.80 0.577 0.911 0.69 0.58 0.618 0.631 0.87 0.276 0.362 0.384 0.89
2 0.02 0.204 0.343 0.91 0.05 0.235 0.350 0.91 0.031 0.192 0.330 0.91
3 -0.01 0.173 0.154 0.88 0.03 0.153 0.120 0.92 0.044 0.227 0.196 0.93
4 0.05 0.232 0.224 0.92 0.02 0.124 0.116 0.92 0.050 0.232 0.224 0.92

Decreasing

2

1 0.74 0.479 0.497 0.67 0.61 0.346 0.286 0.47 0.320 0.254 0.255 0.77
2 0.07 0.207 0.213 0.93 0.05 0.141 0.129 0.92 0.063 0.168 0.162 0.92
3 0.01 0.155 0.164 0.91 0.02 0.113 0.108 0.92 0.022 0.157 0.158 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90

5

1 0.82 0.513 0.584 0.71 0.66 0.385 0.332 0.51 0.348 0.266 0.271 0.78
2 0.06 0.205 0.242 0.95 0.04 0.148 0.136 0.91 0.053 0.166 0.164 0.93
3 0.01 0.158 0.171 0.91 0.01 0.113 0.110 0.92 0.020 0.160 0.162 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90

10

1 0.86 0.534 0.656 0.69 0.64 0.594 0.728 0.81 0.251 0.257 0.509 0.94
2 0.06 0.210 0.224 0.94 0.09 0.322 0.242 0.91 0.145 1.152 0.229 0.89
3 0.01 0.160 0.289 0.91 0.02 0.133 0.163 0.93 0.044 0.188 0.238 0.93
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.042 0.217 0.197 0.90
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Table 23: Simulation results with direct-Lasso selection for fixed personal
characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.80 0.596 0.647 0.75 0.61 0.369 0.294 0.46 0.34 0.288 0.259 0.79
2 0.08 0.224 0.331 0.91 0.05 0.145 0.129 0.89 0.07 0.176 0.162 0.91
3 0.03 0.175 0.163 0.89 0.01 0.116 0.099 0.89 0.03 0.164 0.151 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.76 2.018 0.983 0.79 0.73 0.637 0.425 0.63 0.40 0.410 0.305 0.80
2 0.64 6.101 0.282 0.94 0.02 0.160 0.144 0.94 0.05 0.184 0.176 0.95
3 0.02 0.186 0.174 0.88 0.01 0.124 0.104 0.89 0.02 0.188 0.155 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 67.19 659.071 78.369 0.88 0.98 1.159 0.634 0.65 0.46 0.441 0.433 0.80
2 -2.36 23.215 10.844 0.97 -0.03 0.142 0.177 0.97 0.01 0.157 0.227 0.96
3 0.02 0.183 0.188 0.89 0.01 0.118 0.110 0.89 0.02 0.177 0.167 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.73 0.873 0.494 0.76 0.56 0.319 0.282 0.57 0.30 0.296 0.246 0.79
2 0.09 0.359 0.203 0.91 0.05 0.160 0.127 0.92 0.06 0.216 0.157 0.91
3 0.29 2.707 0.172 0.89 0.01 0.150 0.101 0.91 0.47 4.596 0.159 0.89
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.74 0.570 0.502 0.73 0.58 0.341 0.292 0.60 0.30 0.254 0.238 0.78
2 0.06 0.188 0.200 0.91 0.05 0.130 0.130 0.94 0.05 0.164 0.153 0.91
3 0.03 0.190 0.178 0.89 0.01 0.114 0.108 0.90 0.02 0.180 0.163 0.90
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.88 0.629 0.587 0.67 0.67 0.380 0.330 0.48 0.35 0.289 0.256 0.72
2 0.06 0.223 0.214 0.93 0.05 0.145 0.135 0.92 0.06 0.183 0.157 0.89
3 0.04 0.215 0.175 0.91 0.02 0.120 0.103 0.91 0.04 0.201 0.156 0.91
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.80 0.534 0.511 0.70 0.61 0.366 0.289 0.49 0.34 0.281 0.254 0.78
2 0.09 0.240 0.203 0.90 0.06 0.140 0.129 0.86 0.07 0.181 0.159 0.90
3 0.03 0.175 0.168 0.90 0.01 0.111 0.100 0.94 0.03 0.167 0.152 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.90 0.589 0.603 0.73 0.68 0.407 0.329 0.49 0.37 0.285 0.270 0.77
2 0.08 0.241 0.214 0.91 0.05 0.146 0.134 0.87 0.07 0.183 0.162 0.91
3 0.03 0.176 0.170 0.90 0.01 0.111 0.102 0.92 0.03 0.168 0.153 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.96 0.645 0.650 0.71 0.74 0.454 0.344 0.44 0.39 0.305 0.279 0.77
2 0.07 0.251 0.225 0.90 0.05 0.148 0.137 0.89 0.06 0.185 0.164 0.91
3 0.03 0.177 0.172 0.88 0.01 0.110 0.102 0.93 0.03 0.168 0.155 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 24: Simulation results with post-Lasso selection for non-fixed per-
sonal characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.52 0.486 0.471 0.86 0.41 0.282 0.229 0.57 0.21 0.270 0.214 0.85
2.1 -0.20 0.192 0.194 0.73 -0.08 0.123 0.117 0.86 -0.08 0.136 0.134 0.84
2.2 0.22 0.327 0.317 0.92 0.11 0.169 0.142 0.86 0.11 0.221 0.183 0.86
2.3 0.05 0.229 0.241 0.92 0.01 0.152 0.129 0.89 0.03 0.196 0.156 0.88
3 0.02 0.171 0.181 0.91 0.02 0.131 0.105 0.90 0.02 0.168 0.167 0.88
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.47 0.746 0.558 0.87 0.53 0.577 0.302 0.66 0.23 0.346 0.232 0.83
2.1 -0.22 0.194 0.217 0.74 -0.15 0.128 0.136 0.73 -0.08 0.153 0.140 0.79
2.2 0.16 0.417 0.345 0.92 0.16 0.303 0.172 0.88 0.10 0.249 0.190 0.91
2.3 -0.03 0.229 0.240 0.93 -0.04 0.159 0.150 0.94 0.00 0.184 0.159 0.92
3 0.02 0.197 0.189 0.90 0.01 0.139 0.110 0.95 0.04 0.313 0.165 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.70 0.921 2.072 0.88 0.82 1.161 0.549 0.70 0.33 0.397 0.342 0.86
2.1 -0.29 0.319 0.316 0.73 -0.28 0.254 0.204 0.70 -0.13 0.135 0.175 0.80
2.2 0.21 0.423 1.124 0.95 0.26 0.502 0.284 0.87 0.15 0.254 0.257 0.93
2.3 -0.06 0.222 0.816 0.98 -0.09 0.163 0.206 0.92 -0.01 0.199 0.190 0.89
3 0.04 0.208 0.228 0.94 0.01 0.130 0.120 0.91 0.04 0.185 0.215 0.92
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.50 0.517 0.440 0.83 0.39 0.292 0.226 0.65 0.19 0.237 0.213 0.86
2.1 -0.12 0.208 0.173 0.77 -0.10 0.136 0.118 0.74 -0.06 0.160 0.128 0.80
2.2 0.17 0.343 0.264 0.88 0.12 0.206 0.146 0.85 0.09 0.201 0.172 0.90
2.3 0.05 0.309 0.215 0.91 0.02 0.189 0.127 0.91 0.02 0.191 0.152 0.92
3 0.04 0.387 0.187 0.93 0.02 0.159 0.111 0.87 0.04 0.319 0.166 0.91
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.47 0.386 0.439 0.85 0.38 0.245 0.236 0.70 0.19 0.212 0.206 0.86
2.1 -0.16 0.186 0.182 0.77 -0.13 0.124 0.122 0.76 -0.07 0.142 0.129 0.84
2.2 0.14 0.241 0.269 0.93 0.11 0.154 0.156 0.89 0.08 0.180 0.167 0.91
2.3 0.00 0.209 0.224 0.90 0.00 0.135 0.131 0.94 0.01 0.164 0.148 0.91
3 0.02 0.195 0.314 0.89 0.01 0.129 0.116 0.92 0.03 0.190 0.184 0.90
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.57 0.519 0.451 0.78 0.43 0.294 0.254 0.62 0.23 0.254 0.215 0.85
2.1 -0.18 0.168 0.184 0.74 -0.14 0.133 0.132 0.75 -0.07 0.141 0.136 0.83
2.2 0.17 0.300 0.267 0.89 0.13 0.174 0.164 0.85 0.10 0.202 0.174 0.90
2.3 0.02 0.249 0.220 0.93 0.01 0.150 0.140 0.93 0.03 0.176 0.153 0.90
3 0.04 0.272 0.204 0.91 0.02 0.140 0.112 0.92 0.04 0.246 0.170 0.90
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.54 0.570 0.461 0.84 0.43 0.269 0.232 0.52 0.21 0.231 0.215 0.86
2.1 -0.19 0.197 0.190 0.78 -0.09 0.113 0.117 0.83 -0.08 0.139 0.133 0.81
2.2 0.24 0.399 0.310 0.91 0.12 0.164 0.145 0.86 0.11 0.199 0.184 0.87
2.3 0.05 0.266 0.223 0.91 0.00 0.128 0.129 0.89 0.02 0.164 0.154 0.90
3 0.02 0.180 0.179 0.93 0.02 0.128 0.106 0.92 0.02 0.173 0.199 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.62 0.814 0.581 0.83 0.48 0.306 0.255 0.55 0.23 0.246 0.223 0.85
2.1 -0.22 0.222 0.208 0.72 -0.11 0.128 0.123 0.76 -0.09 0.146 0.135 0.82
2.2 0.27 0.571 0.372 0.92 0.13 0.175 0.155 0.84 0.12 0.205 0.188 0.88
2.3 0.04 0.377 0.259 0.91 0.00 0.139 0.135 0.89 0.01 0.161 0.157 0.92
3 0.03 0.176 0.182 0.90 0.02 0.122 0.107 0.91 0.02 0.166 0.195 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.61 0.632 0.619 0.81 0.51 0.324 0.266 0.53 0.24 0.241 0.233 0.81
2.1 -0.24 0.217 0.218 0.73 -0.12 0.126 0.126 0.80 -0.10 0.142 0.138 0.80
2.2 0.26 0.439 0.388 0.91 0.14 0.185 0.159 0.86 0.12 0.195 0.193 0.90
2.3 0.03 0.279 0.271 0.90 0.00 0.138 0.138 0.89 0.01 0.163 0.160 0.91
3 0.03 0.182 0.189 0.89 0.02 0.118 0.107 0.92 0.02 0.170 0.195 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 25: Simulation results with post-Lasso selection for fixed personal
characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.55 0.657 0.533 0.86 0.43 0.350 0.252 0.60 0.22 0.249 0.223 0.89
2.1 0.22 0.327 0.317 0.92 0.11 0.169 0.142 0.86 0.11 0.221 0.183 0.86
2.2 0.24 0.401 0.302 0.87 0.15 0.213 0.159 0.85 0.12 0.211 0.186 0.90
2.3 0.06 0.280 0.271 0.92 0.03 0.163 0.139 0.91 0.04 0.177 0.161 0.87
3 0.04 0.194 0.292 0.93 0.02 0.134 0.119 0.89 0.04 0.197 0.200 0.93
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

5

1 0.50 0.721 0.774 0.82 0.48 0.512 0.293 0.74 0.24 0.296 0.249 0.86
2.1 0.16 0.417 0.345 0.92 0.16 0.303 0.172 0.88 0.10 0.249 0.190 0.91
2.2 0.18 0.416 0.888 0.91 0.15 0.278 0.175 0.86 0.11 0.220 0.196 0.91
2.3 -0.04 0.223 0.306 0.89 -0.03 0.153 0.149 0.91 0.00 0.169 0.167 0.92
3 0.03 0.198 0.283 0.94 0.01 0.149 0.119 0.93 0.03 0.216 0.202 0.93
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

10

1 0.65 1.111 1.306 0.89 0.71 1.050 0.447 0.71 0.32 0.374 0.310 0.87
2.1 0.21 0.423 1.124 0.95 0.26 0.502 0.284 0.87 0.15 0.254 0.257 0.93
2.2 0.21 0.515 0.620 0.93 0.21 0.483 0.225 0.85 0.13 0.241 0.239 0.92
2.3 -0.10 0.176 0.439 0.92 -0.07 0.174 0.187 0.89 -0.03 0.152 0.185 0.90
3 0.02 0.208 0.272 0.91 0.01 0.142 0.122 0.92 0.02 0.179 0.215 0.95
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

Random

2

1 0.58 1.062 0.402 0.81 0.39 0.307 0.230 0.68 0.23 0.411 0.202 0.84
2.1 0.17 0.343 0.264 0.88 0.12 0.206 0.146 0.85 0.09 0.201 0.172 0.90
2.2 0.28 0.835 0.292 0.86 0.13 0.224 0.156 0.85 0.13 0.389 0.177 0.86
2.3 0.11 0.675 0.206 0.87 0.02 0.185 0.129 0.90 0.05 0.340 0.147 0.86
3 -0.03 0.537 0.183 0.91 0.03 0.220 0.108 0.92 -0.01 0.370 0.174 0.92
4 0.05 0.252 0.175 0.88 0.02 0.127 0.107 0.86 0.05 0.252 0.175 0.88

5

1 0.46 0.417 0.725 0.80 0.38 0.245 0.246 0.71 0.19 0.221 0.219 0.84
2.1 0.14 0.241 0.269 0.93 0.11 0.154 0.156 0.89 0.08 0.180 0.167 0.91
2.2 0.17 0.251 0.294 0.93 0.12 0.158 0.163 0.90 0.10 0.191 0.179 0.91
2.3 0.02 0.205 0.319 0.93 0.01 0.130 0.135 0.95 0.02 0.169 0.159 0.93
3 0.03 0.194 0.256 0.89 0.01 0.114 0.113 0.91 0.03 0.204 0.193 0.92
4 0.05 0.241 0.181 0.89 0.02 0.125 0.108 0.93 0.05 0.241 0.181 0.89

10

1 0.55 0.528 0.990 0.78 0.43 0.275 0.262 0.69 0.22 0.243 0.215 0.83
2.1 0.17 0.300 0.267 0.89 0.13 0.174 0.164 0.85 0.10 0.202 0.174 0.90
2.2 0.22 0.334 0.297 0.88 0.13 0.182 0.166 0.87 0.11 0.206 0.180 0.87
2.3 0.03 0.241 0.423 0.89 0.01 0.160 0.138 0.96 0.03 0.183 0.149 0.87
3 0.05 0.252 0.273 0.92 0.02 0.139 0.116 0.91 0.05 0.228 0.189 0.92
4 0.05 0.232 0.224 0.92 0.02 0.124 0.116 0.92 0.05 0.232 0.224 0.92

Decreasing

2

1 0.56 0.522 0.613 0.78 0.43 0.298 0.241 0.59 0.25 0.258 0.241 0.87
2.1 0.24 0.399 0.310 0.91 0.12 0.164 0.145 0.86 0.11 0.199 0.184 0.87
2.2 0.26 0.372 0.382 0.86 0.15 0.190 0.156 0.81 0.12 0.212 0.182 0.87
2.3 0.06 0.240 0.308 0.93 0.02 0.142 0.135 0.92 0.02 0.164 0.164 0.91
3 0.04 0.205 0.260 0.93 0.02 0.127 0.121 0.94 0.04 0.182 0.212 0.94
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

5

1 0.61 0.634 0.510 0.77 0.46 0.327 0.263 0.65 0.24 0.259 0.236 0.88
2.1 0.27 0.571 0.372 0.92 0.13 0.175 0.155 0.84 0.12 0.205 0.188 0.88
2.2 0.26 0.424 0.371 0.90 0.15 0.192 0.168 0.86 0.13 0.220 0.186 0.89
2.3 0.03 0.222 0.243 0.93 0.00 0.138 0.141 0.90 0.02 0.166 0.163 0.92
3 0.03 0.180 0.274 0.96 0.02 0.121 0.125 0.95 0.04 0.187 0.210 0.93
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

10

1 0.64 0.597 0.704 0.76 0.49 0.357 0.278 0.63 0.25 0.258 0.241 0.87
2.1 0.26 0.439 0.388 0.91 0.14 0.185 0.159 0.86 0.12 0.195 0.193 0.90
2.2 0.26 0.367 0.362 0.90 0.16 0.206 0.174 0.87 0.13 0.218 0.188 0.90
2.3 0.03 0.216 0.321 0.94 0.00 0.132 0.142 0.94 0.02 0.164 0.164 0.91
3 0.03 0.178 0.304 0.96 0.01 0.116 0.124 0.94 0.04 0.182 0.212 0.94
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90
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Table 26: Simulation results for direct-Lasso selection with non-fixed
personal characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.74 0.557 0.688 0.83 0.56 0.314 0.329 0.68 0.32 0.305 0.318 0.88
2 0.08 0.248 0.292 0.94 0.04 0.139 0.150 0.97 0.07 0.203 0.207 0.93
3 0.01 0.192 0.189 0.90 0.00 0.115 0.121 0.93 0.02 0.192 0.187 0.9
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 1.12 2.191 0.954 0.85 0.70 0.630 0.451 0.74 0.38 0.391 0.365 0.87
2 0.07 0.401 0.320 0.94 0.01 0.146 0.162 0.97 0.05 0.211 0.216 0.93
3 0.01 0.208 0.195 0.91 0.00 0.117 0.125 0.93 0.02 0.208 0.193 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 1.40 1.536 2.393 0.85 1.00 1.542 3.564 0.86 0.45 0.449 2.111 0.84
2 -0.01 0.222 0.913 0.93 -0.06 0.147 0.204 0.97 0.02 0.196 0.236 0.95
3 0.01 0.202 0.207 0.92 0.00 0.114 0.133 0.97 0.02 0.202 0.208 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.63 0.473 0.530 0.87 0.53 0.338 0.318 0.67 0.27 0.248 0.296 0.9
2 0.03 0.213 0.224 0.96 0.04 0.143 0.146 0.95 0.04 0.169 0.193 0.98
3 -0.01 0.149 0.183 0.96 0.00 0.110 0.126 0.95 0.00 0.154 0.181 0.94
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.60 0.672 0.565 0.89 0.53 0.317 0.334 0.71 0.23 0.276 0.289 0.94
2 -0.02 0.183 0.224 0.94 0.03 0.137 0.147 0.92 0.00 0.178 0.184 0.94
3 -0.04 0.178 0.170 0.89 -0.01 0.123 0.124 0.92 -0.03 0.173 0.168 0.9
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.84 0.658 0.691 0.74 0.65 0.367 0.378 0.62 0.33 0.295 0.317 0.8
2 0.04 0.221 0.265 0.91 0.04 0.148 0.158 0.96 0.05 0.186 0.198 0.94
3 0.01 0.192 0.184 0.92 0.01 0.147 0.126 0.89 0.01 0.181 0.178 0.93
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.73 0.529 0.579 0.82 0.57 0.313 0.321 0.58 0.31 0.292 0.313 0.86
2 0.08 0.233 0.259 0.94 0.03 0.138 0.148 0.96 0.06 0.200 0.204 0.93
3 0.01 0.200 0.192 0.90 0.01 0.118 0.122 0.91 0.02 0.200 0.187 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.81 0.595 0.699 0.81 0.65 0.404 0.359 0.58 0.34 0.317 0.334 0.87
2 0.07 0.244 0.364 0.93 0.03 0.147 0.154 0.95 0.06 0.202 0.209 0.93
3 0.01 0.208 0.193 0.91 0.00 0.119 0.123 0.92 0.02 0.208 0.190 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.86 0.638 0.826 0.79 0.69 0.390 0.381 0.59 0.36 0.332 0.349 0.83
2 0.06 0.250 0.276 0.92 0.03 0.150 0.157 0.96 0.06 0.207 0.211 0.94
3 0.01 0.212 0.194 0.91 0.00 0.119 0.124 0.92 0.03 0.212 0.192 0.9
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 27: Simulation results for direct-Lasso selection with fixed personal
characteristics under binary endpoint

Setting 1 Setting 2 Setting 3
Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.78 0.603 0.719 0.85 0.57 0.317 0.326 0.69 0.33 0.312 0.325 0.86
2 0.08 0.247 0.358 0.91 0.04 0.138 0.148 0.96 0.07 0.205 0.208 0.92
3 0.03 0.202 0.206 0.93 0.00 0.111 0.120 0.96 0.03 0.195 0.193 0.90
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.89 1.699 1.013 0.85 0.69 0.509 0.446 0.73 0.39 0.400 0.370 0.80
2 0.01 0.418 0.312 0.93 0.01 0.142 0.158 0.97 0.05 0.208 0.214 0.94
3 0.03 0.216 0.213 0.93 0.00 0.115 0.124 0.94 0.03 0.220 0.197 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 43.64 422.313 59.716 0.90 0.94 0.987 0.662 0.75 0.46 0.437 0.502 0.84
2 -1.19 11.572 9.610 0.95 -0.03 0.139 0.189 0.99 0.02 0.188 0.259 0.96
3 0.02 0.216 0.231 0.93 0.00 0.114 0.131 0.95 0.02 0.209 0.211 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.73 0.629 0.564 0.82 0.54 0.349 0.323 0.70 0.30 0.286 0.310 0.88
2 0.09 0.351 0.237 0.97 0.04 0.138 0.147 0.95 0.06 0.192 0.202 0.97
3 0.41 3.930 0.217 0.97 0.00 0.117 0.126 0.95 0.34 3.197 0.208 0.96
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.65 0.587 0.595 0.87 0.53 0.312 0.338 0.70 0.25 0.290 0.302 0.93
2 0.02 0.197 0.232 0.93 0.02 0.134 0.149 0.92 0.02 0.186 0.190 0.94
3 0.00 0.205 0.204 0.94 -0.01 0.119 0.125 0.92 0.00 0.192 0.189 0.93
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.87 0.699 0.754 0.75 0.66 0.418 0.377 0.62 0.36 0.312 0.339 0.80
2 0.07 0.224 0.267 0.93 0.04 0.147 0.156 0.95 0.07 0.189 0.206 0.95
3 0.05 0.243 0.223 0.92 0.01 0.144 0.125 0.87 0.04 0.221 0.202 0.92
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.78 0.551 0.609 0.81 0.57 0.318 0.319 0.61 0.33 0.306 0.320 0.86
2 0.08 0.234 0.247 0.94 0.04 0.136 0.146 0.97 0.07 0.200 0.204 0.93
3 0.03 0.215 0.213 0.93 0.00 0.113 0.121 0.93 0.03 0.208 0.196 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.89 0.670 0.721 0.81 0.64 0.368 0.361 0.65 0.36 0.329 0.341 0.84
2 0.07 0.246 0.261 0.93 0.04 0.145 0.152 0.95 0.06 0.204 0.207 0.93
3 0.03 0.223 0.216 0.93 0.00 0.116 0.122 0.94 0.03 0.221 0.198 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.94 0.697 0.775 0.80 0.68 0.383 0.377 0.62 0.38 0.346 0.352 0.83
2 0.07 0.250 0.270 0.94 0.04 0.148 0.154 0.95 0.06 0.207 0.209 0.93
3 0.03 0.225 0.219 0.93 0.00 0.116 0.123 0.94 0.03 0.219 0.201 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 28: Simulation results for post-Lasso selection with non-fixed per-
sonal characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.51 0.492 0.548 0.90 0.38 0.245 0.258 0.72 0.20 0.271 0.273 0.89
2.1 -0.19 0.210 0.213 0.76 -0.09 0.116 0.127 0.86 -0.08 0.167 0.164 0.87
2.2 0.22 0.343 0.371 0.97 0.09 0.153 0.164 0.91 0.11 0.230 0.231 0.93
2.3 0.05 0.256 0.281 0.95 -0.01 0.130 0.142 0.96 0.03 0.197 0.198 0.92
3 0.03 0.218 0.224 0.91 0.01 0.126 0.125 0.93 0.03 0.199 0.214 0.90
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.51 0.722 0.637 0.89 0.49 0.439 0.333 0.76 0.23 0.317 0.287 0.92
2.1 -0.22 0.227 0.233 0.77 -0.16 0.114 0.143 0.81 -0.08 0.172 0.167 0.83
2.2 0.18 0.418 0.394 0.94 0.13 0.227 0.193 0.96 0.10 0.242 0.233 0.93
2.3 -0.02 0.266 0.272 0.94 -0.06 0.132 0.159 0.96 -0.01 0.191 0.194 0.92
3 0.03 0.224 0.236 0.89 0.00 0.127 0.129 0.95 0.04 0.262 0.205 0.95
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.77 0.995 2.192 0.90 0.77 0.891 0.586 0.80 0.34 0.381 0.405 0.89
2.1 -0.31 0.254 0.333 0.76 -0.28 0.222 0.207 0.74 -0.13 0.157 0.197 0.80
2.2 0.23 0.421 1.223 0.94 0.23 0.383 0.311 0.94 0.15 0.262 0.305 0.92
2.3 -0.07 0.208 0.909 0.98 -0.09 0.152 0.214 0.96 -0.02 0.184 0.224 0.95
3 0.05 0.235 0.276 0.92 0.00 0.129 0.140 0.95 0.04 0.226 0.235 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.50 0.495 0.494 0.89 0.38 0.285 0.262 0.78 0.19 0.229 0.268 0.96
2.1 -0.12 0.182 0.191 0.84 -0.11 0.130 0.126 0.79 -0.05 0.152 0.161 0.93
2.2 0.16 0.294 0.306 0.93 0.10 0.188 0.170 0.92 0.09 0.191 0.219 0.97
2.3 0.03 0.241 0.249 0.92 0.00 0.156 0.145 0.93 0.02 0.173 0.192 0.95
3 0.04 0.280 0.223 0.94 0.00 0.129 0.134 0.95 0.03 0.239 0.214 0.95
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.40 0.435 0.483 0.94 0.34 0.238 0.273 0.81 0.15 0.240 0.255 0.96
2.1 -0.19 0.175 0.189 0.75 -0.14 0.116 0.128 0.73 -0.10 0.143 0.152 0.88
2.2 0.10 0.258 0.297 0.98 0.08 0.155 0.178 0.96 0.04 0.197 0.205 0.96
2.3 -0.03 0.199 0.235 0.95 -0.02 0.132 0.147 0.91 -0.02 0.172 0.177 0.94
3 -0.01 0.213 0.308 0.92 -0.01 0.131 0.133 0.93 0.00 0.197 0.204 0.92
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.57 0.498 0.509 0.79 0.42 0.301 0.286 0.73 0.24 0.282 0.272 0.86
2.1 -0.18 0.174 0.199 0.75 -0.15 0.141 0.139 0.76 -0.07 0.152 0.165 0.90
2.2 0.18 0.285 0.297 0.88 0.12 0.176 0.185 0.90 0.10 0.218 0.217 0.93
2.3 0.02 0.257 0.241 0.93 -0.01 0.155 0.154 0.91 0.03 0.179 0.190 0.95
3 0.05 0.272 0.244 0.94 0.02 0.159 0.132 0.88 0.05 0.250 0.214 0.91
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.51 0.454 0.544 0.84 0.40 0.246 0.264 0.68 0.21 0.262 0.271 0.89
2.1 -0.19 0.201 0.212 0.79 -0.10 0.106 0.127 0.85 -0.08 0.169 0.162 0.87
2.2 0.22 0.314 0.368 0.91 0.10 0.149 0.168 0.92 0.11 0.223 0.231 0.95
2.3 0.04 0.227 0.269 0.95 -0.01 0.133 0.145 0.97 0.02 0.191 0.196 0.92
3 0.03 0.218 0.231 0.93 0.01 0.130 0.125 0.92 0.03 0.214 0.278 0.89
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.58 0.566 0.655 0.84 0.46 0.299 0.288 0.67 0.23 0.278 0.281 0.90
2.1 -0.22 0.211 0.228 0.79 -0.12 0.124 0.132 0.83 -0.09 0.168 0.165 0.86
2.2 0.24 0.382 0.424 0.91 0.11 0.171 0.176 0.91 0.12 0.229 0.236 0.94
2.3 0.03 0.263 0.303 0.93 -0.01 0.141 0.149 0.96 0.02 0.192 0.197 0.93
3 0.03 0.223 0.239 0.93 0.01 0.130 0.127 0.92 0.03 0.220 0.278 0.89
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.59 0.504 0.715 0.86 0.49 0.308 0.299 0.66 0.24 0.285 0.291 0.89
2.1 -0.24 0.216 0.236 0.73 -0.13 0.123 0.135 0.82 -0.10 0.174 0.165 0.85
2.2 0.24 0.334 0.455 0.92 0.12 0.174 0.180 0.90 0.12 0.232 0.242 0.93
2.3 0.02 0.233 0.316 0.94 -0.02 0.135 0.150 0.98 0.01 0.196 0.197 0.92
3 0.04 0.238 0.244 0.93 0.01 0.128 0.127 0.93 0.03 0.222 0.275 0.90
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 29: Simulation results for post-Lasso selection with fixed personal
characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.52 0.536 0.523 0.91 0.40 0.292 0.270 0.73 0.21 0.268 0.278 0.89
2.1 -0.16 0.213 0.200 0.79 -0.13 0.137 0.131 0.77 -0.07 0.175 0.165 0.85
2.2 0.23 0.349 0.352 0.94 0.13 0.181 0.181 0.90 0.12 0.231 0.236 0.94
2.3 0.04 0.252 0.269 0.96 0.01 0.137 0.151 0.95 0.03 0.198 0.201 0.94
3 0.04 0.217 0.298 0.92 0.01 0.128 0.128 0.92 0.04 0.212 0.239 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.53 0.656 1.727 0.9 0.44 0.393 0.311 0.77 0.24 0.300 0.297 0.90
2.1 -0.20 0.205 0.351 0.79 -0.17 0.112 0.141 0.75 -0.08 0.165 0.167 0.87
2.2 0.19 0.390 1.049 0.94 0.12 0.208 0.194 0.91 0.11 0.235 0.242 0.93
2.3 -0.04 0.238 0.684 0.95 -0.04 0.114 0.159 0.99 -0.01 0.185 0.195 0.96
3 0.03 0.232 0.239 0.93 0.00 0.126 0.130 0.96 0.04 0.233 0.210 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.73 1.110 1.225 0.89 0.66 0.826 0.445 0.78 0.32 0.367 0.387 0.90
2.1 -0.33 0.292 0.346 0.74 -0.26 0.181 0.174 0.63 -0.13 0.150 0.188 0.84
2.2 0.25 0.533 0.707 0.93 0.18 0.371 0.253 0.94 0.13 0.251 0.289 0.93
2.3 -0.09 0.216 0.382 0.93 -0.07 0.158 0.183 0.94 -0.04 0.173 0.218 0.95
3 0.03 0.223 0.262 0.92 -0.01 0.122 0.138 0.96 0.02 0.211 0.222 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.57 0.884 0.494 0.88 0.37 0.299 0.265 0.77 0.23 0.332 0.266 0.92
2.1 -0.14 0.318 0.193 0.80 -0.14 0.130 0.131 0.79 -0.06 0.198 0.157 0.89
2.2 0.27 0.660 0.333 0.90 0.12 0.201 0.178 0.90 0.13 0.303 0.226 0.94
2.3 0.10 0.500 0.254 0.93 0.01 0.162 0.147 0.91 0.06 0.256 0.193 0.93
3 -0.01 0.410 0.266 0.94 0.01 0.164 0.136 0.94 0.00 0.296 0.233 0.95
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.40 0.486 0.506 0.92 0.34 0.238 0.276 0.83 0.15 0.243 0.260 0.94
2.1 -0.21 0.174 0.195 0.68 -0.16 0.113 0.130 0.74 -0.11 0.145 0.150 0.83
2.2 0.13 0.287 0.342 0.94 0.09 0.160 0.184 0.94 0.06 0.207 0.217 0.96
2.3 -0.01 0.210 0.252 0.93 -0.02 0.134 0.150 0.94 -0.01 0.179 0.182 0.93
3 0.00 0.216 0.294 0.93 -0.01 0.122 0.134 0.94 0.00 0.203 0.209 0.93
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.57 0.683 0.504 0.84 0.42 0.303 0.285 0.79 0.22 0.248 0.275 0.87
2.1 -0.20 0.261 0.208 0.74 -0.14 0.141 0.137 0.77 -0.08 0.149 0.164 0.90
2.2 0.23 0.417 0.329 0.94 0.12 0.184 0.187 0.91 0.11 0.205 0.227 0.91
2.3 0.02 0.208 0.243 0.96 -0.01 0.150 0.154 0.90 0.03 0.173 0.194 0.95
3 0.06 0.254 0.241 0.93 0.02 0.161 0.133 0.88 0.05 0.230 0.214 0.95
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.54 0.483 0.615 0.84 0.40 0.266 0.266 0.70 0.22 0.264 0.273 0.90
2.1 -0.16 0.227 0.215 0.74 -0.15 0.139 0.132 0.73 -0.07 0.172 0.163 0.85
2.2 0.24 0.334 0.408 0.94 0.13 0.173 0.179 0.90 0.12 0.228 0.231 0.92
2.3 0.05 0.244 0.290 0.96 0.00 0.137 0.147 0.94 0.03 0.194 0.197 0.94
3 0.05 0.223 0.473 0.93 0.01 0.125 0.128 0.92 0.05 0.220 1.415 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.59 0.572 0.641 0.86 0.43 0.307 0.292 0.70 0.24 0.287 0.284 0.88
2.1 -0.18 0.227 0.226 0.80 -0.16 0.126 0.138 0.72 -0.07 0.183 0.164 0.88
2.2 0.24 0.381 0.421 0.93 0.13 0.175 0.190 0.87 0.13 0.242 0.236 0.92
2.3 0.03 0.257 0.301 0.95 -0.01 0.136 0.153 0.96 0.02 0.198 0.198 0.93
3 0.03 0.216 0.257 0.93 0.01 0.123 0.129 0.94 0.04 0.228 0.225 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.62 0.552 0.626 0.91 0.46 0.333 0.306 0.72 0.25 0.290 0.288 0.89
2.1 -0.20 0.229 0.224 0.75 -0.17 0.132 0.143 0.73 -0.09 0.181 0.166 0.85
2.2 0.25 0.344 0.407 0.93 0.14 0.186 0.198 0.93 0.13 0.240 0.237 0.93
2.3 0.02 0.241 0.286 0.95 -0.01 0.134 0.157 0.96 0.02 0.197 0.197 0.93
3 0.04 0.219 0.415 0.92 0.00 0.122 0.130 0.94 0.04 0.232 0.311 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 30: Simulation results with direct-Lasso selection with non-fixed
personal characteristics with time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.65 0.730 0.814 0.89 0.52 0.459 0.455 0.82 0.26 0.437 0.454 0.94
2 0.03 0.301 0.339 0.96 0.01 0.192 0.206 0.95 0.02 0.278 0.287 0.97
3 -0.03 0.238 0.265 0.97 -0.02 0.157 0.184 0.97 -0.02 0.244 0.269 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 1.14 3.476 1.526 0.93 0.69 0.945 0.596 0.86 0.32 0.558 0.518 0.95
2 0.03 0.524 0.515 0.95 -0.01 0.222 0.215 0.97 0.01 0.286 0.299 0.95
3 -0.04 0.243 0.275 0.96 -0.02 0.163 0.187 0.97 -0.02 0.264 0.277 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 1.16 2.053 6.957 0.94 0.98 2.178 0.909 0.92 0.36 0.605 1.228 0.94
2 -0.07 0.253 1.764 0.96 -0.08 0.165 0.233 0.98 -0.03 0.247 0.302 0.95
3 -0.04 0.243 0.281 0.95 -0.03 0.156 0.193 0.96 -0.03 0.259 0.287 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.54 0.621 0.713 0.91 0.51 0.422 0.456 0.83 0.21 0.378 0.421 0.94
2 -0.01 0.277 0.299 0.97 0.03 0.208 0.214 0.97 0.00 0.256 0.275 0.95
3 -0.06 0.213 0.254 0.96 -0.01 0.178 0.182 0.97 -0.05 0.222 0.252 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.62 0.657 0.829 0.91 0.58 0.461 0.503 0.88 0.25 0.369 0.458 0.95
2 -0.01 0.241 0.336 0.99 0.05 0.193 0.222 0.95 0.01 0.235 0.294 1.00
3 -0.04 0.203 0.265 0.96 0.00 0.150 0.193 0.96 -0.03 0.202 0.264 0.97
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.88 1.015 0.878 0.86 0.61 0.518 0.513 0.82 0.34 0.499 0.458 0.88
2 0.03 0.313 0.325 0.94 0.03 0.203 0.215 0.95 0.05 0.294 0.281 0.90
3 -0.01 0.240 0.254 0.93 -0.01 0.172 0.182 0.93 0.00 0.245 0.252 0.94
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.62 0.644 0.759 0.87 0.52 0.417 0.450 0.82 0.26 0.418 0.451 0.94
2 0.02 0.291 0.325 0.97 0.01 0.183 0.205 0.97 0.02 0.271 0.287 0.96
3 -0.04 0.240 0.265 0.96 -0.02 0.150 0.184 0.97 -0.03 0.247 0.268 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.70 0.722 0.868 0.87 0.59 0.467 0.491 0.82 0.28 0.448 0.475 0.94
2 0.02 0.292 0.372 0.97 0.00 0.185 0.208 0.97 0.02 0.274 0.290 0.96
3 -0.04 0.238 0.268 0.95 -0.02 0.149 0.186 0.98 -0.03 0.246 0.272 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.73 0.744 0.939 0.87 0.63 0.474 0.519 0.82 0.30 0.453 0.493 0.94
2 0.01 0.293 0.339 0.98 0.00 0.191 0.209 0.97 0.02 0.277 0.292 0.96
3 -0.04 0.238 0.269 0.96 -0.02 0.149 0.187 0.97 -0.03 0.246 0.273 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 31: Simulation results with direct-Lasso selection with fixed per-
sonal characteristics with time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.69 0.844 0.867 0.94 0.53 0.469 0.461 0.85 0.28 0.453 0.462 0.94
2 0.03 0.298 0.362 0.96 0.02 0.187 0.208 0.97 0.02 0.276 0.288 0.96
3 -0.02 0.249 0.287 0.96 -0.02 0.155 0.182 0.97 -0.02 0.245 0.276 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.30 5.454 1.294 0.95 0.66 0.761 0.596 0.87 0.34 0.613 0.528 0.95
2 -0.06 0.375 0.402 0.95 -0.01 0.209 0.215 0.96 0.00 0.287 0.297 0.95
3 -0.03 0.259 0.300 0.97 -0.02 0.167 0.186 0.98 -0.03 0.264 0.283 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 78.75 776.634 107.201 0.94 0.89 1.328 0.819 0.88 0.38 0.662 0.625 0.94
2 -3.72 36.126 2.578 0.95 -0.07 0.175 0.229 0.99 -0.04 0.236 0.307 0.95
3 -0.03 0.259 0.312 0.95 -0.03 0.160 0.192 0.97 -0.03 0.257 0.292 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.63 0.770 0.760 0.90 0.52 0.420 0.459 0.88 0.23 0.399 0.440 0.93
2 0.04 0.369 0.324 0.96 0.04 0.212 0.217 0.97 0.02 0.268 0.289 0.94
3 0.00 0.356 0.291 0.96 -0.01 0.178 0.182 0.97 0.04 0.746 0.278 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.69 0.708 0.850 0.88 0.57 0.459 0.506 0.9 0.27 0.381 0.474 0.97
2 0.03 0.258 0.350 1.00 0.04 0.184 0.225 0.97 0.03 0.242 0.304 0.99
3 -0.01 0.227 0.303 0.97 0.00 0.149 0.194 0.96 -0.01 0.219 0.290 0.97
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.92 1.022 0.955 0.87 0.61 0.503 0.513 0.78 0.37 0.520 0.486 0.89
2 0.07 0.322 0.349 0.93 0.03 0.206 0.214 0.94 0.07 0.304 0.294 0.91
3 0.04 0.287 0.296 0.95 -0.01 0.172 0.183 0.94 0.03 0.278 0.281 0.95
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.66 0.673 0.816 0.89 0.53 0.425 0.455 0.84 0.27 0.421 0.461 0.93
2 0.02 0.286 0.322 0.98 0.02 0.185 0.206 0.96 0.02 0.272 0.288 0.97
3 -0.02 0.250 0.289 0.95 -0.02 0.149 0.183 0.97 -0.02 0.251 0.277 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.75 0.769 0.922 0.91 0.59 0.463 0.501 0.83 0.30 0.453 0.486 0.94
2 0.01 0.284 0.331 0.97 0.01 0.187 0.210 0.96 0.02 0.272 0.290 0.96
3 -0.02 0.251 0.293 0.95 -0.02 0.148 0.185 0.97 -0.02 0.247 0.282 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.81 0.806 0.979 0.90 0.63 0.471 0.520 0.82 0.31 0.459 0.500 0.94
2 0.02 0.295 0.336 0.97 0.01 0.198 0.211 0.95 0.02 0.274 0.291 0.96
3 -0.02 0.251 0.294 0.95 -0.02 0.148 0.186 0.97 -0.02 0.246 0.282 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 32: Simulation results with post-Lasso selection with non-fixed
personal characteristics with time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.42 0.597 0.672 0.94 0.34 0.346 0.366 0.90 0.16 0.396 0.378 0.93
2.1 -0.22 0.200 0.227 0.72 -0.11 0.145 0.164 0.91 -0.11 0.202 0.213 0.89
2.2 0.15 0.394 0.446 0.95 0.06 0.208 0.230 0.93 0.06 0.324 0.314 0.94
2.3 0.00 0.305 0.334 0.94 -0.02 0.186 0.194 0.94 -0.01 0.280 0.267 0.93
3 -0.02 0.252 0.303 0.97 -0.01 0.168 0.187 0.97 -0.02 0.256 0.286 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.38 0.941 0.800 0.95 0.47 0.676 0.454 0.88 0.18 0.495 0.408 0.94
2.1 -0.26 0.183 0.244 0.78 -0.17 0.144 0.172 0.78 -0.12 0.206 0.218 0.88
2.2 0.09 0.522 0.493 0.97 0.11 0.349 0.266 0.93 0.06 0.364 0.327 0.95
2.3 -0.08 0.320 0.335 0.95 -0.06 0.216 0.205 0.93 -0.03 0.306 0.268 0.93
3 -0.02 0.296 0.326 0.95 -0.02 0.182 0.189 0.98 0.00 0.418 0.294 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.59 1.237 1.937 0.97 0.72 1.267 0.731 0.88 0.27 0.580 0.510 0.92
2.1 -0.31 0.363 0.317 0.75 -0.29 0.268 0.217 0.68 -0.17 0.175 0.226 0.89
2.2 0.15 0.566 1.066 0.98 0.20 0.546 0.388 0.93 0.10 0.384 0.382 0.94
2.3 -0.08 0.343 0.748 0.93 -0.09 0.351 0.247 0.94 -0.04 0.275 0.284 0.91
3 -0.01 0.284 0.357 0.95 -0.02 0.169 0.200 0.96 -0.01 0.269 0.381 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.41 0.568 0.645 0.93 0.36 0.366 0.370 0.86 0.14 0.336 0.379 0.96
2.1 -0.15 0.212 0.224 0.79 -0.11 0.166 0.166 0.8 -0.09 0.208 0.217 0.94
2.2 0.11 0.372 0.395 0.94 0.09 0.240 0.240 0.94 0.04 0.276 0.307 0.95
2.3 -0.01 0.298 0.312 0.94 0.00 0.209 0.203 0.95 -0.02 0.245 0.267 0.95
3 -0.01 0.298 0.300 0.96 0.00 0.186 0.188 0.97 -0.01 0.278 0.280 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.43 0.522 0.694 0.94 0.37 0.349 0.409 0.88 0.16 0.323 0.408 0.96
2.1 -0.18 0.199 0.255 0.85 -0.13 0.139 0.171 0.88 -0.09 0.185 0.236 0.95
2.2 0.11 0.311 0.431 0.95 0.10 0.219 0.266 0.96 0.06 0.261 0.329 0.98
2.3 -0.03 0.239 0.337 0.99 -0.01 0.178 0.213 0.96 -0.01 0.230 0.285 0.98
3 -0.01 0.234 0.547 0.94 0.00 0.156 0.199 0.96 -0.01 0.230 0.312 0.95
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.59 0.738 0.683 0.89 0.38 0.396 0.392 0.88 0.24 0.433 0.399 0.87
2.1 -0.19 0.203 0.242 0.79 -0.16 0.161 0.166 0.75 -0.07 0.223 0.227 0.89
2.2 0.18 0.415 0.405 0.92 0.10 0.242 0.253 0.92 0.11 0.335 0.315 0.91
2.3 0.02 0.316 0.313 0.93 -0.02 0.187 0.202 0.92 0.04 0.286 0.272 0.92
3 0.04 0.298 0.320 0.95 0.00 0.182 0.189 0.95 0.04 0.297 0.293 0.95
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.43 0.606 0.666 0.91 0.36 0.343 0.367 0.85 0.15 0.364 0.381 0.94
2.1 -0.22 0.210 0.224 0.79 -0.12 0.147 0.163 0.87 -0.11 0.215 0.213 0.9
2.2 0.17 0.417 0.443 0.93 0.08 0.214 0.231 0.95 0.06 0.301 0.318 0.94
2.3 0.01 0.299 0.321 0.96 -0.02 0.181 0.192 0.94 -0.01 0.264 0.268 0.93
3 -0.02 0.255 0.302 0.97 -0.01 0.163 0.188 0.96 -0.02 0.252 0.304 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.50 0.770 0.782 0.92 0.41 0.366 0.396 0.82 0.17 0.391 0.394 0.94
2.1 -0.24 0.231 0.240 0.78 -0.13 0.153 0.163 0.84 -0.12 0.209 0.213 0.87
2.2 0.19 0.511 0.502 0.92 0.09 0.213 0.242 0.93 0.07 0.311 0.324 0.95
2.3 0.01 0.331 0.350 0.95 -0.02 0.188 0.195 0.96 -0.02 0.265 0.268 0.93
3 -0.02 0.265 0.310 0.95 -0.01 0.164 0.190 0.96 -0.02 0.255 0.324 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.49 0.636 0.824 0.91 0.44 0.383 0.408 0.80 0.18 0.385 0.407 0.94
2.1 -0.26 0.226 0.242 0.72 -0.14 0.151 0.162 0.82 -0.13 0.210 0.211 0.86
2.2 0.17 0.406 0.519 0.94 0.09 0.222 0.245 0.94 0.06 0.307 0.331 0.96
2.3 -0.01 0.293 0.363 0.96 -0.02 0.191 0.195 0.93 -0.02 0.263 0.272 0.95
3 -0.02 0.265 0.314 0.96 -0.02 0.160 0.189 0.97 -0.02 0.260 0.326 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 33: Simulation results with post-Lasso selection with fixed personal
characteristics with time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.46 0.813 0.658 0.93 0.36 0.421 0.375 0.91 0.16 0.376 0.387 0.94
2.1 -0.20 0.226 0.217 0.79 -0.15 0.154 0.160 0.76 -0.103 0.208 0.216 0.90
2.2 0.18 0.480 0.436 0.93 0.10 0.262 0.248 0.93 0.07 0.308 0.322 0.95
2.3 0.02 0.374 0.329 0.94 0.00 0.219 0.203 0.94 -0.01 0.266 0.273 0.94
3 -0.01 0.260 0.404 0.97 -0.02 0.167 0.190 0.97 0.00 0.274 0.336 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.39 0.858 1.286 0.95 0.41 0.592 0.434 0.92 0.18 0.448 0.417 0.95
2.1 -0.24 0.181 0.296 0.80 -0.18 0.131 0.169 0.81 -0.115 0.206 0.217 0.89
2.2 0.09 0.470 0.792 0.96 0.11 0.319 0.267 0.91 0.06 0.333 0.335 0.94
2.3 -0.09 0.277 0.524 0.95 -0.04 0.222 0.205 0.97 -0.04 0.259 0.269 0.93
3 -0.02 0.280 0.348 0.96 -0.02 0.187 0.190 0.98 -0.01 0.303 0.303 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.49 1.302 1.341 0.95 0.62 1.157 0.563 0.89 0.26 0.542 0.501 0.93
2.1 -0.32 0.406 0.316 0.73 -0.27 0.199 0.191 0.72 -0.170 0.174 0.222 0.89
2.2 0.12 0.609 0.771 0.95 0.16 0.528 0.317 0.93 0.08 0.355 0.374 0.93
2.3 -0.14 0.285 0.407 0.94 -0.08 0.321 0.216 0.93 -0.06 0.269 0.275 0.92
3 -0.03 0.269 0.334 0.95 -0.03 0.181 0.196 0.98 -0.03 0.256 0.304 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.46 0.740 0.653 0.93 0.36 0.373 0.381 0.87 0.16 0.384 0.379 0.94
2.1 -0.18 0.263 0.221 0.75 -0.15 0.155 0.162 0.79 -0.102 0.214 0.211 0.92
2.2 0.19 0.554 0.438 0.94 0.11 0.255 0.257 0.94 0.08 0.336 0.321 0.95
2.3 0.04 0.432 0.325 0.95 0.00 0.208 0.209 0.95 0.00 0.293 0.272 0.94
3 -0.05 0.390 0.335 0.97 0.00 0.210 0.190 0.96 -0.04 0.311 0.301 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.42 0.532 0.702 0.94 0.37 0.353 0.413 0.90 0.16 0.323 0.410 0.97
2.1 -0.20 0.184 0.251 0.85 -0.15 0.142 0.173 0.81 -0.102 0.184 0.232 0.93
2.2 0.14 0.335 0.479 0.98 0.11 0.223 0.276 0.97 0.07 0.266 0.345 0.98
2.3 0.00 0.268 0.349 0.95 0.00 0.184 0.221 0.97 0.00 0.232 0.290 0.98
3 -0.01 0.241 0.480 0.96 0.00 0.152 0.201 0.96 -0.01 0.232 0.317 0.95
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.57 0.792 0.675 0.89 0.37 0.383 0.388 0.86 0.23 0.414 0.401 0.91
2.1 -0.20 0.269 0.244 0.77 -0.16 0.158 0.161 0.75 -0.077 0.221 0.220 0.88
2.2 0.23 0.492 0.442 0.94 0.10 0.249 0.253 0.92 0.12 0.336 0.329 0.91
2.3 0.01 0.297 0.319 0.96 -0.02 0.188 0.201 0.94 0.03 0.277 0.277 0.94
3 0.04 0.285 0.325 0.95 0.00 0.181 0.190 0.96 0.04 0.282 0.300 0.94
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.45 0.596 0.724 0.91 0.36 0.356 0.369 0.86 0.17 0.363 0.386 0.94
2.1 -0.21 0.217 0.228 0.79 -0.16 0.157 0.161 0.77 -0.109 0.211 0.216 0.90
2.2 0.18 0.413 0.477 0.92 0.10 0.232 0.245 0.93 0.07 0.305 0.321 0.95
2.3 0.01 0.287 0.351 0.96 -0.01 0.178 0.198 0.94 -0.01 0.257 0.271 0.96
3 -0.01 0.265 0.376 0.97 -0.01 0.158 0.189 0.97 -0.01 0.263 0.607 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.48 0.603 0.725 0.95 0.38 0.367 0.401 0.87 0.18 0.390 0.400 0.93
2.1 -0.22 0.203 0.230 0.80 -0.17 0.147 0.165 0.75 -0.113 0.212 0.214 0.89
2.2 0.17 0.383 0.470 0.96 0.10 0.233 0.259 0.93 0.07 0.312 0.329 0.95
2.3 -0.01 0.273 0.336 0.97 -0.02 0.183 0.204 0.96 -0.01 0.263 0.271 0.95
3 -0.01 0.255 0.343 0.98 -0.02 0.150 0.191 0.99 -0.01 0.260 0.316 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.50 0.587 0.758 0.94 0.41 0.376 0.415 0.89 0.19 0.379 0.406 0.94
2.1 -0.25 0.195 0.233 0.71 -0.18 0.146 0.167 0.74 -0.129 0.200 0.212 0.89
2.2 0.17 0.370 0.483 0.96 0.11 0.238 0.264 0.94 0.07 0.299 0.328 0.97
2.3 -0.01 0.268 0.339 0.98 -0.02 0.176 0.205 0.97 -0.02 0.254 0.270 0.97
3 -0.01 0.258 0.383 0.97 -0.02 0.150 0.193 0.99 -0.01 0.262 0.339 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 34: Simulation results for direct-SCAD selection with non-fixed
personal characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.53 0.383 0.422 0.75 0.50 0.337 0.283 0.58 0.24 0.235 0.229 0.80
2 0.01 0.206 0.194 0.91 -0.02 0.135 0.123 0.88 0.02 0.152 0.152 0.89
3 0.04 0.185 0.173 0.90 0.02 0.131 0.105 0.89 0.05 0.170 0.171 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 1.46 8.304 1.091 0.89 0.91 1.073 1.110 0.86 0.76 4.091 0.381 0.85
2 -0.06 0.245 0.333 0.90 -0.05 0.212 0.183 0.85 -0.01 0.241 0.181 0.90
3 0.02 0.207 0.185 0.90 0.01 0.119 0.118 0.93 0.05 0.245 0.191 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 1.05 8.676 2.904 0.84 3.25 4.641 4.266 0.86 0.63 0.625 0.649 0.84
2 -0.11 0.245 0.721 0.94 -0.10 0.381 1.145 0.86 -0.05 0.161 0.226 0.94
3 0.00 0.210 0.181 0.89 0.01 0.128 0.121 0.92 0.04 0.239 0.217 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.47 0.402 0.411 0.77 0.43 0.249 0.248 0.65 0.19 0.212 0.208 0.86
2 -0.02 0.186 0.175 0.91 0.00 0.135 0.117 0.93 -0.01 0.159 0.138 0.91
3 0.00 0.194 0.159 0.90 0.02 0.158 0.104 0.89 0.01 0.206 0.154 0.89
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.54 0.437 0.462 0.78 0.46 0.261 0.268 0.65 0.22 0.226 0.211 0.83
2 -0.04 0.180 0.179 0.88 -0.01 0.117 0.118 0.92 -0.01 0.154 0.138 0.88
3 0.00 0.195 0.157 0.88 0.01 0.122 0.111 0.92 0.01 0.194 0.157 0.86
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.68 0.612 0.661 0.81 0.58 0.400 0.341 0.66 0.26 0.272 0.230 0.77
2 -0.05 0.220 0.292 0.85 -0.02 0.132 0.128 0.91 -0.01 0.161 0.141 0.89
3 0.00 0.184 0.154 0.90 0.02 0.126 0.107 0.92 0.01 0.196 0.152 0.89
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.58 0.403 0.417 0.70 0.55 0.326 0.269 0.50 0.26 0.231 0.225 0.80
2 0.02 0.179 0.207 0.89 0.01 0.134 0.124 0.88 0.03 0.150 0.150 0.87
3 0.05 0.182 0.178 0.91 0.02 0.118 0.104 0.94 0.06 0.184 0.177 0.92
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.67 0.474 0.549 0.70 0.65 0.393 0.310 0.49 0.30 0.254 0.245 0.81
2 0.00 0.180 0.249 0.93 0.00 0.141 0.129 0.88 0.03 0.150 0.156 0.88
3 0.04 0.187 0.180 0.91 0.02 0.119 0.105 0.94 0.06 0.183 0.178 0.92
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.70 0.476 0.503 0.72 0.68 0.410 0.330 0.52 0.32 0.258 0.255 0.81
2 0.01 0.185 0.213 0.92 0.00 0.141 0.133 0.88 0.03 0.152 0.157 0.91
3 0.04 0.181 0.178 0.91 0.02 0.119 0.106 0.94 0.05 0.183 0.179 0.92
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 35: Simulation results for direct-SCAD selection with fixed personal
characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.62 0.985 0.590 0.79 0.44 0.281 0.244 0.59 0.24 0.249 0.228 0.84
2 0.01 0.269 0.202 0.90 -0.01 0.114 0.117 0.91 0.01 0.149 0.147 0.90
3 0.03 0.173 0.173 0.91 0.02 0.131 0.103 0.89 0.03 0.162 0.158 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 2.78 15.643 1.988 0.87 0.79 1.074 0.589 0.80 0.95 6.071 0.369 0.85
2 -0.13 0.612 0.307 0.91 -0.05 0.250 0.159 0.87 -0.03 0.250 0.175 0.87
3 0.03 0.200 0.186 0.92 0.01 0.120 0.112 0.90 0.03 0.246 0.185 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 3.05 6.185 8.215 0.88 2.14 2.764 1.898 0.73 0.58 0.607 0.740 0.87
2 -3.65 34.085 1.791 0.90 -0.09 0.213 0.345 0.90 -0.08 0.171 0.214 0.90
3 0.03 0.213 0.245 0.88 0.01 0.123 0.116 0.90 0.03 0.221 0.193 0.88
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.50 0.522 0.404 0.81 0.41 0.246 0.224 0.59 0.21 0.245 0.211 0.82
2 0.02 0.334 0.180 0.91 0.00 0.133 0.114 0.93 0.01 0.180 0.141 0.92
3 0.24 2.235 0.181 0.89 0.02 0.165 0.104 0.91 0.16 1.474 0.166 0.89
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.57 0.463 0.451 0.79 0.44 0.261 0.243 0.63 0.22 0.223 0.216 0.82
2 -0.01 0.169 0.174 0.91 -0.01 0.113 0.115 0.92 0.00 0.149 0.135 0.90
3 0.02 0.190 0.186 0.90 0.01 0.117 0.111 0.91 0.02 0.174 0.171 0.88
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.83 0.891 0.643 0.79 0.56 0.384 0.323 0.64 0.28 0.270 0.242 0.81
2 -0.02 0.200 0.200 0.90 -0.03 0.133 0.124 0.92 0.00 0.164 0.144 0.89
3 0.04 0.244 0.194 0.91 0.02 0.123 0.108 0.92 0.04 0.219 0.167 0.92
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.59 0.455 0.388 0.73 0.49 0.303 0.237 0.52 0.25 0.247 0.216 0.83
2 0.02 0.203 0.191 0.90 0.00 0.118 0.117 0.90 0.02 0.161 0.145 0.89
3 0.05 0.292 0.176 0.89 0.01 0.109 0.103 0.92 0.03 0.184 0.164 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.71 0.565 0.455 0.67 0.57 0.352 0.270 0.51 0.29 0.269 0.233 0.81
2 0.02 0.224 0.247 0.89 0.00 0.126 0.124 0.92 0.02 0.167 0.150 0.89
3 0.05 0.296 0.176 0.87 0.02 0.113 0.104 0.93 0.04 0.186 0.165 0.89
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.76 0.600 0.593 0.69 0.61 0.375 0.287 0.49 0.30 0.268 0.244 0.81
2 0.02 0.229 0.249 0.88 -0.01 0.127 0.126 0.93 0.02 0.165 0.151 0.89
3 0.06 0.306 0.177 0.89 0.02 0.112 0.105 0.93 0.03 0.185 0.165 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 36: Simulation results for post-SCAD selection with non-fixed per-
sonal characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.50 0.763 1.490 0.92 0.46 0.388 0.400 0.84 0.22 0.275 0.285 0.90
2.1 -0.23 0.185 0.303 0.83 -0.04 0.291 0.240 0.89 -0.10 0.143 0.165 0.86
2.2 0.23 0.464 0.329 0.86 0.14 0.221 0.158 0.85 0.11 0.211 0.180 0.87
2.3 0.05 0.292 0.516 0.97 0.00 0.153 0.208 0.97 0.04 0.237 0.198 0.90
3 0.02 0.182 0.170 0.91 0.04 0.259 0.114 0.90 0.03 0.170 0.163 0.90
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.75 1.313 2.103 0.96 0.68 0.471 1.598 0.84 0.31 0.365 0.467 0.90
2.1 -0.26 0.376 0.273 0.72 -0.03 0.456 0.308 0.89 -0.08 0.212 0.180 0.85
2.2 -0.31 4.515 0.383 0.95 0.18 0.365 0.384 0.90 0.11 0.305 0.263 0.93
2.3 0.15 1.539 1.546 0.95 0.00 0.261 0.643 0.98 0.02 0.290 0.314 0.92
3 0.02 0.247 0.191 0.92 0.01 0.148 0.115 0.96 0.03 0.287 0.172 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.87 1.722 13.960 0.94 1.31 1.676 8.397 0.94 0.43 0.431 1.003 0.89
2.1 -0.39 0.453 2.120 0.80 0.15 4.395 0.524 0.86 -0.15 0.189 0.310 0.81
2.2 0.35 0.890 1.256 0.93 0.26 0.602 0.286 0.90 0.15 0.324 0.272 0.90
2.3 -0.07 0.521 17.152 0.95 -0.03 0.457 1.129 0.99 -0.01 0.229 0.513 0.95
3 0.02 0.197 0.228 0.92 0.01 0.132 0.124 0.89 0.02 0.197 0.181 0.88
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.58 0.641 2.877 0.86 0.43 0.325 0.423 0.79 0.22 0.268 0.287 0.84
2.1 -0.17 0.281 0.986 0.83 -0.11 0.189 0.180 0.83 -0.09 0.153 0.244 0.81
2.2 0.19 0.351 0.319 0.90 0.12 0.202 0.156 0.86 0.11 0.278 0.177 0.88
2.3 0.06 0.391 0.532 0.92 0.10 0.558 0.218 0.91 0.04 0.225 0.205 0.91
3 4.50 44.974 0.202 0.93 0.03 0.212 0.115 0.90 -0.08 0.895 0.188 0.93
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.57 0.781 1.780 0.90 0.73 2.646 0.521 0.79 0.22 0.331 0.271 0.90
2.1 -0.24 0.225 0.289 0.71 -0.12 0.307 0.170 0.79 -0.11 0.184 0.155 0.77
2.2 0.17 0.250 0.312 0.90 0.11 0.150 0.162 0.90 0.09 0.188 0.184 0.89
2.3 0.03 0.310 0.627 0.90 0.04 0.235 0.301 0.92 0.01 0.176 0.233 0.89
3 0.01 0.182 0.228 0.90 0.01 0.124 0.120 0.93 0.02 0.187 0.180 0.91
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.58 3.020 4.510 0.87 0.57 0.468 1.275 0.82 0.31 0.458 0.448 0.86
2.1 -0.22 0.300 0.305 0.72 -0.17 0.203 0.177 0.75 -0.10 0.168 0.149 0.76
2.2 0.21 0.344 0.335 0.89 0.14 0.187 0.187 0.84 0.10 0.208 0.186 0.88
2.3 0.04 0.400 1.043 0.90 0.02 0.203 1.188 0.92 0.01 0.194 0.206 0.90
3 0.03 0.229 0.217 0.92 0.03 0.141 0.117 0.91 0.03 0.216 0.174 0.91
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.51 0.583 0.800 0.89 0.54 0.518 0.468 0.79 0.23 0.298 0.266 0.92
2.1 -0.23 0.190 0.311 0.72 -0.10 0.217 0.178 0.85 -0.11 0.146 0.143 0.82
2.2 0.23 0.416 0.310 0.88 0.15 0.200 0.164 0.85 0.12 0.216 0.186 0.87
2.3 0.04 0.267 0.677 0.93 0.03 0.188 0.270 0.91 0.04 0.205 0.196 0.87
3 0.02 0.185 0.193 0.89 0.03 0.131 0.115 0.93 0.03 0.181 0.257 0.87
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.58 0.600 1.582 0.87 0.59 0.518 0.515 0.82 0.25 0.301 0.320 0.89
2.1 -0.26 0.207 0.310 0.70 -0.12 0.206 0.192 0.87 -0.12 0.144 0.151 0.76
2.2 0.24 0.430 0.359 0.90 0.15 0.207 0.173 0.87 0.12 0.224 0.190 0.87
2.3 0.05 0.312 0.724 0.87 0.02 0.200 0.343 0.95 0.03 0.192 0.216 0.92
3 0.02 0.189 0.332 0.90 0.02 0.127 0.116 0.91 0.03 0.181 0.281 0.85
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.73 1.231 1.763 0.90 0.69 0.889 0.573 0.84 0.26 0.312 0.451 0.89
2.1 -0.28 0.196 0.281 0.72 -0.13 0.216 0.192 0.82 -0.13 0.147 0.143 0.74
2.2 0.25 0.389 0.406 0.91 0.15 0.219 0.175 0.84 0.12 0.222 0.196 0.88
2.3 0.12 0.753 0.491 0.91 0.05 0.236 0.438 0.92 0.04 0.221 0.231 0.88
3 0.02 0.180 0.179 0.92 0.02 0.133 0.116 0.88 0.03 0.182 0.408 0.87
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 37: Simulation results for post-SCAD selection with fixed personal
characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.58 0.727 1.931 0.93 0.56 0.969 0.514 0.86 0.21 0.247 0.346 0.93
2.1 -0.21 0.172 0.193 0.76 -0.16 0.138 0.139 0.73 -0.10 0.137 0.159 0.81
2.2 0.23 0.335 0.351 0.86 0.15 0.237 0.161 0.85 0.12 0.217 0.184 0.86
2.3 -0.14 2.671 0.734 0.91 0.14 0.360 0.242 0.89 0.06 0.217 0.241 0.91
3 0.04 0.189 0.266 0.92 0.02 0.132 0.125 0.91 0.04 0.187 0.209 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

5

1 0.69 1.003 5.576 0.96 0.79 1.035 2.048 0.86 0.33 0.365 0.470 0.91
2.1 -0.27 0.280 0.315 0.72 -0.16 0.177 0.179 0.80 -0.10 0.177 0.152 0.77
2.2 0.59 4.056 0.641 0.93 0.21 0.808 0.299 0.91 0.15 0.358 0.248 0.93
2.3 -0.39 3.419 2.246 0.93 -0.08 1.543 1.159 0.90 0.04 0.319 0.263 0.91
3 0.03 0.228 0.417 0.96 0.02 0.188 0.123 0.93 0.05 0.350 0.234 0.95
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

10

1 1.39 2.844 20.341 0.95 0.73 4.259 6.772 0.88 0.44 0.570 3.076 0.91
2.1 -0.40 0.693 1.970 0.82 -0.26 0.354 0.290 0.85 -0.16 0.186 0.231 0.79
2.2 0.26 0.534 0.970 0.96 0.23 0.470 0.263 0.88 0.15 0.230 0.309 0.91
2.3 0.62 4.502 7.014 0.94 -0.04 0.559 2.234 0.93 0.05 0.911 0.535 0.95
3 0.03 0.204 0.248 0.91 0.01 0.130 0.128 0.92 0.03 0.199 0.263 0.94
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

Random

2

1 0.66 1.568 1.433 0.87 0.44 0.398 0.410 0.74 0.24 0.448 0.262 0.87
2.1 -0.22 0.231 0.319 0.71 -0.16 0.136 0.126 0.66 -0.10 0.154 0.219 0.74
2.2 0.07 1.134 0.287 0.88 0.13 0.219 0.158 0.89 0.13 0.382 0.180 0.90
2.3 -0.12 2.584 1.194 0.90 0.04 0.198 0.201 0.93 0.05 0.218 0.248 0.91
3 0.00 0.306 0.208 0.94 0.04 0.366 0.112 0.93 0.00 0.363 0.197 0.94
4 0.05 0.252 0.176 0.88 0.02 0.127 0.107 0.86 0.05 0.252 0.175 0.88

5

1 0.86 1.848 3.574 0.90 0.49 0.477 1.433 0.81 0.25 0.363 0.348 0.86
2.1 -0.23 0.176 0.259 0.73 -0.17 0.131 0.139 0.72 -0.11 0.137 0.136 0.77
2.2 0.18 0.271 0.309 0.90 0.12 0.155 0.166 0.91 0.10 0.196 0.183 0.90
2.3 0.10 0.306 0.975 0.89 0.04 0.166 0.320 0.95 0.04 0.188 0.317 0.91
3 0.03 0.200 0.259 0.92 0.01 0.125 0.118 0.91 0.03 0.201 0.211 0.92
4 0.05 0.241 0.181 0.89 0.02 0.125 0.108 0.93 0.05 0.241 0.181 0.89

10

1 0.74 2.369 2.541 0.94 0.58 0.618 0.631 0.87 0.28 0.362 0.384 0.89
2.1 -0.24 0.213 0.246 0.77 -0.17 0.178 0.150 0.74 -0.11 0.150 0.140 0.81
2.2 0.22 0.304 0.337 0.86 0.14 0.187 0.175 0.85 0.12 0.217 0.189 0.89
2.3 1.18 10.787 3.298 0.93 0.05 0.235 0.350 0.91 0.03 0.192 0.330 0.91
3 0.06 0.322 0.275 0.93 0.03 0.153 0.120 0.92 0.04 0.227 0.196 0.93
4 0.05 0.232 0.224 0.92 0.02 0.124 0.116 0.92 0.05 0.232 0.224 0.92

Decreasing

2

1 0.67 1.116 2.411 0.92 0.58 0.960 0.497 0.80 0.24 0.271 0.304 0.89
2.1 -0.24 0.270 0.210 0.67 -0.17 0.119 0.149 0.71 -0.11 0.140 0.133 0.81
2.2 0.26 0.452 0.312 0.86 0.16 0.199 0.163 0.84 0.14 0.248 0.187 0.84
2.3 -0.30 2.477 0.599 0.91 0.08 0.220 0.241 0.92 0.10 0.452 0.251 0.90
3 0.05 0.208 0.250 0.90 0.03 0.129 0.125 0.94 0.05 0.196 0.626 0.90
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

5

1 0.65 0.705 1.661 0.91 0.58 0.558 1.143 0.81 0.25 0.265 0.389 0.92
2.1 -0.27 0.210 0.228 0.70 -0.19 0.129 0.146 0.72 -0.13 0.142 0.137 0.77
2.2 0.28 0.458 0.419 0.87 0.15 0.203 0.173 0.87 0.14 0.249 0.196 0.87
2.3 -0.01 0.719 1.321 0.92 0.07 0.263 0.247 0.92 0.10 0.577 0.274 0.92
3 0.05 0.217 0.274 0.92 0.02 0.139 0.137 0.91 0.04 0.188 0.245 0.92
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90

10

1 1.01 2.962 2.768 0.91 0.64 0.594 0.728 0.81 0.25 0.257 0.509 0.94
2.1 -0.29 0.261 0.227 0.66 -0.20 0.141 0.158 0.70 -0.12 0.142 0.139 0.77
2.2 0.31 0.491 0.351 0.89 0.18 0.230 0.177 0.84 0.14 0.240 0.203 0.86
2.3 0.01 0.592 1.150 0.90 0.09 0.322 0.242 0.91 0.15 1.152 0.229 0.89
3 0.05 0.215 0.315 0.93 0.02 0.133 0.163 0.93 0.04 0.188 0.238 0.93
4 0.04 0.217 0.197 0.90 0.02 0.121 0.114 0.90 0.04 0.217 0.197 0.90
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Table 38: Simulation results for direct-SCAD selection with non-fixed
personal characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.55 0.565 0.496 0.86 0.47 0.372 0.311 0.72 0.24 0.268 0.289 0.88
2 0.01 0.219 0.228 0.92 -0.03 0.141 0.137 0.93 0.02 0.189 0.193 0.94
3 0.05 0.219 0.217 0.90 0.01 0.123 0.125 0.94 0.05 0.209 0.218 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.88 1.392 1.059 0.87 0.90 1.068 0.962 0.88 0.39 0.602 0.434 0.94
2 -0.03 0.431 0.344 0.91 -0.07 0.257 0.184 0.93 -0.01 0.234 0.210 0.90
3 0.03 0.228 0.221 0.88 0.03 0.397 0.135 0.94 0.05 0.235 0.233 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 2.54 5.805 2.784 0.86 3.28 5.094 4.131 0.83 0.72 0.844 0.715 0.87
2 -0.07 0.605 0.805 0.92 -0.11 0.380 0.864 0.88 -0.04 0.241 0.263 0.96
3 0.01 0.234 0.228 0.89 0.00 0.118 0.142 0.96 0.04 0.237 0.266 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.49 0.401 0.474 0.88 0.42 0.277 0.283 0.76 0.21 0.224 0.265 0.93
2 -0.02 0.189 0.202 0.94 -0.01 0.130 0.134 0.94 0.00 0.158 0.177 0.97
3 0.00 0.173 0.202 0.95 0.00 0.125 0.128 0.94 0.01 0.177 0.199 0.94
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.44 0.394 0.507 0.91 0.42 0.253 0.311 0.74 0.17 0.242 0.263 0.93
2 -0.07 0.163 0.193 0.90 -0.03 0.108 0.135 0.95 -0.04 0.159 0.167 0.92
3 -0.03 0.192 0.185 0.92 -0.01 0.125 0.128 0.92 -0.02 0.184 0.186 0.91
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.73 0.634 0.716 0.76 0.54 0.376 0.376 0.72 0.27 0.269 0.288 0.83
2 -0.05 0.204 0.250 0.90 -0.03 0.146 0.142 0.90 -0.01 0.164 0.176 0.97
3 0.01 0.197 0.198 0.90 0.01 0.152 0.129 0.90 0.02 0.216 0.193 0.92
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.57 0.451 0.499 0.83 0.52 0.306 0.301 0.65 0.26 0.273 0.287 0.89
2 0.01 0.206 0.241 0.92 -0.01 0.124 0.139 0.95 0.02 0.183 0.189 0.93
3 0.05 0.228 0.229 0.91 0.01 0.121 0.124 0.93 0.06 0.230 0.231 0.89
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.66 0.510 0.623 0.79 0.60 0.362 0.345 0.64 0.30 0.302 0.310 0.88
2 0.00 0.212 0.277 0.92 -0.01 0.135 0.143 0.94 0.02 0.184 0.195 0.93
3 0.05 0.225 0.232 0.92 0.01 0.120 0.126 0.93 0.07 0.254 0.229 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.69 0.527 0.597 0.80 0.65 0.382 0.367 0.62 0.32 0.306 0.322 0.87
2 0.00 0.216 0.246 0.92 -0.02 0.135 0.147 0.94 0.02 0.187 0.196 0.95
3 0.05 0.223 0.230 0.92 0.01 0.120 0.127 0.93 0.07 0.252 0.231 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 39: Simulation results for direct-SCAD selection with fixed personal
characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.57 0.706 0.654 0.87 0.42 0.286 0.271 0.74 0.22 0.267 0.283 0.92
2 0.01 0.238 0.236 0.92 -0.02 0.121 0.131 0.98 0.01 0.181 0.186 0.93
3 0.03 0.214 0.221 0.91 0.00 0.119 0.123 0.95 0.06 0.361 0.204 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 2.09 10.022 2.009 0.91 1.26 6.204 0.576 0.81 0.38 0.679 0.419 0.93
2 -0.61 5.411 0.311 0.89 -0.09 0.163 0.163 0.94 -0.04 0.193 0.201 0.90
3 0.03 0.224 0.224 0.90 0.00 0.112 0.130 0.95 0.04 0.242 0.228 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 2.96 14.735 9.056 0.85 1.82 2.688 1.819 0.82 0.65 1.089 0.775 0.92
2 -5.77 44.229 1.814 0.86 -0.11 0.219 0.324 0.92 -0.08 0.233 0.238 0.93
3 0.04 0.254 0.270 0.91 0.00 0.122 0.138 0.96 0.03 0.237 0.236 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.52 0.450 0.462 0.85 0.39 0.255 0.260 0.75 0.22 0.244 0.267 0.90
2 0.01 0.216 0.206 0.96 -0.01 0.121 0.130 0.95 0.01 0.167 0.180 0.98
3 -0.26 2.784 0.227 0.97 0.00 0.129 0.128 0.95 -0.90 9.170 0.215 0.96
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.50 0.492 0.506 0.90 0.39 0.241 0.284 0.72 0.18 0.251 0.270 0.93
2 -0.05 0.163 0.199 0.93 -0.04 0.110 0.132 0.95 -0.03 0.157 0.168 0.93
3 0.00 0.203 0.212 0.93 -0.01 0.117 0.129 0.92 -0.01 0.187 0.199 0.93
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.76 0.626 0.730 0.80 0.54 0.384 0.368 0.71 0.28 0.280 0.319 0.83
2 -0.02 0.195 0.259 0.92 -0.04 0.136 0.140 0.88 0.00 0.167 0.184 0.98
3 0.05 0.287 0.238 0.96 0.01 0.150 0.130 0.89 0.05 0.242 0.213 0.95
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.58 0.471 0.469 0.79 0.46 0.271 0.269 0.67 0.24 0.265 0.274 0.88
2 0.01 0.205 0.225 0.89 -0.01 0.117 0.132 0.98 0.01 0.177 0.183 0.91
3 0.04 0.210 0.225 0.93 0.00 0.113 0.123 0.94 0.04 0.210 0.213 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.68 0.556 0.545 0.77 0.53 0.320 0.303 0.65 0.29 0.301 0.294 0.85
2 0.01 0.215 0.273 0.89 -0.02 0.121 0.137 0.97 0.01 0.181 0.186 0.90
3 0.04 0.217 0.228 0.92 0.00 0.114 0.124 0.95 0.04 0.215 0.210 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.72 0.580 0.669 0.80 0.57 0.359 0.319 0.63 0.30 0.310 0.307 0.84
2 0.01 0.217 0.276 0.89 -0.02 0.123 0.139 0.98 0.01 0.182 0.188 0.90
3 0.04 0.215 0.230 0.93 0.01 0.114 0.125 0.95 0.04 0.219 0.216 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 40: Simulation results for post-SCAD selection with non-fixed per-
sonal characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.36 2.452 1.387 0.88 0.53 0.506 0.440 0.81 0.22 0.287 0.352 0.92
2.1 -0.23 0.177 0.253 0.83 -0.06 0.256 0.239 0.93 -0.10 0.163 0.193 0.86
2.2 0.22 0.384 0.368 0.91 0.12 0.183 0.177 0.90 0.10 0.224 0.228 0.93
2.3 0.03 0.619 0.519 0.96 0.06 0.244 0.216 0.90 0.04 0.331 0.230 0.94
3 0.03 0.208 0.216 0.92 0.02 0.203 0.131 0.93 0.03 0.203 0.210 0.89
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 2.64 13.017 2.078 0.93 0.91 1.620 1.597 0.89 0.33 0.422 0.572 0.94
2.1 -0.27 0.379 0.285 0.73 -0.06 0.363 0.299 0.94 -0.09 0.199 0.196 0.87
2.2 -0.41 5.638 0.414 0.94 0.15 0.275 0.273 0.93 0.11 0.268 0.292 0.93
2.3 0.05 1.161 1.158 0.94 0.00 0.247 0.655 0.96 0.02 0.272 0.320 0.94
3 0.02 0.241 0.229 0.92 0.00 0.131 0.133 0.95 0.03 0.251 0.208 0.93
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 -0.03 14.375 15.977 0.91 1.42 1.773 5.189 0.89 0.48 0.583 0.837 0.95
2.1 -0.43 0.395 2.591 0.77 0.00 3.300 0.490 0.85 -0.16 0.186 0.317 0.84
2.2 0.35 0.789 1.628 0.94 0.23 0.456 0.311 0.94 0.15 0.306 0.323 0.92
2.3 -0.09 0.583 6.039 0.92 -0.24 1.618 1.223 0.95 0.01 0.346 0.595 0.93
3 0.03 0.239 0.274 0.93 0.00 0.129 0.143 0.95 0.02 0.225 0.230 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.56 0.732 2.096 0.87 0.46 0.450 0.433 0.82 0.21 0.293 0.335 0.89
2.1 -0.17 0.285 0.837 0.82 -0.13 0.161 0.181 0.83 -0.09 0.167 0.314 0.88
2.2 0.19 0.302 0.358 0.92 0.11 0.184 0.181 0.91 0.11 0.226 0.227 0.98
2.3 0.05 0.330 0.602 0.92 0.02 0.186 0.247 0.90 0.03 0.212 0.262 0.93
3 3.15 31.379 0.243 0.96 0.01 0.159 0.139 0.96 -0.05 0.647 0.240 0.97
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 -1.01 13.643 1.743 0.91 0.43 0.429 0.487 0.86 0.15 0.281 0.314 0.92
2.1 -0.26 0.203 0.285 0.70 -0.13 0.231 0.172 0.72 -0.14 0.147 0.170 0.82
2.2 0.13 0.277 0.341 0.94 0.08 0.143 0.183 0.96 0.05 0.200 0.216 0.95
2.3 -0.13 0.666 0.637 0.94 0.00 0.221 0.306 0.89 -0.02 0.200 0.250 0.94
3 -0.01 0.207 0.236 0.92 -0.01 0.122 0.136 0.92 -0.01 0.186 0.198 0.94
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 -11.09 116.219 4.708 0.91 0.59 0.582 1.403 0.80 0.28 0.352 0.381 0.86
2.1 -0.23 0.298 0.352 0.74 -0.17 0.186 0.185 0.74 -0.11 0.163 0.176 0.80
2.2 0.22 0.408 0.349 0.90 0.13 0.181 0.203 0.89 0.11 0.208 0.228 0.95
2.3 0.03 0.333 1.295 0.91 0.02 0.211 0.712 0.93 0.02 0.192 0.231 0.97
3 0.04 0.232 0.256 0.92 0.02 0.157 0.138 0.89 0.03 0.209 0.215 0.94
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.55 0.556 0.915 0.90 0.48 0.380 0.443 0.77 0.24 0.314 0.327 0.90
2.1 -0.24 0.189 0.310 0.77 -0.11 0.217 0.181 0.87 -0.10 0.175 0.164 0.81
2.2 0.20 0.321 0.364 0.94 0.13 0.176 0.182 0.91 0.11 0.220 0.233 0.92
2.3 0.20 2.120 0.521 0.93 0.02 0.168 0.266 0.97 0.04 0.270 0.232 0.89
3 0.03 0.220 0.266 0.90 0.02 0.135 0.131 0.92 0.04 0.227 0.399 0.88
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.61 0.661 1.555 0.89 0.55 0.424 0.544 0.81 0.26 0.335 0.396 0.87
2.1 -0.26 0.207 0.310 0.78 -0.13 0.208 0.197 0.92 -0.13 0.163 0.169 0.81
2.2 0.21 0.334 0.431 0.91 0.13 0.184 0.193 0.92 0.12 0.236 0.238 0.94
2.3 -0.18 2.140 0.758 0.90 0.01 0.207 0.349 0.98 0.04 0.331 0.260 0.95
3 0.03 0.234 0.663 0.92 0.01 0.133 0.133 0.95 0.04 0.226 0.506 0.90
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.64 0.674 2.585 0.89 0.66 1.038 0.564 0.85 0.26 0.322 0.404 0.90
2.1 -0.28 0.195 0.255 0.74 -0.13 0.229 0.197 0.86 -0.12 0.172 0.164 0.81
2.2 0.23 0.333 0.456 0.91 0.14 0.196 0.197 0.88 0.12 0.236 0.245 0.93
2.3 -0.10 1.219 0.507 0.91 0.01 0.222 0.448 0.96 0.03 0.291 0.269 0.96
3 0.03 0.233 0.232 0.91 0.01 0.140 0.134 0.92 0.04 0.232 0.758 0.89
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 41: Simulation results for post-SCAD selection with fixed personal
characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.27 2.642 1.800 0.89 0.41 1.316 0.670 0.79 0.29 0.396 0.421 0.87
2.1 -0.21 0.179 0.207 0.72 -0.16 0.139 0.140 0.73 -0.09 0.162 0.190 0.83
2.2 0.22 0.354 0.363 0.93 0.13 0.195 0.181 0.90 0.12 0.226 0.231 0.94
2.3 -0.06 1.358 0.734 0.90 0.04 0.651 0.314 0.92 0.09 0.285 0.282 0.87
3 0.04 0.226 0.235 0.91 0.01 0.127 0.130 0.93 0.04 0.211 0.216 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.94 13.501 4.728 0.89 0.97 1.654 1.672 0.84 0.39 0.513 0.660 0.92
2.1 -0.27 0.292 0.328 0.78 -0.17 0.162 0.176 0.86 -0.10 0.173 0.176 0.82
2.2 0.70 5.086 0.574 0.95 0.17 0.597 0.240 0.94 0.14 0.294 0.285 0.95
2.3 0.53 3.058 1.573 0.91 0.15 0.621 0.465 0.89 0.05 0.321 0.361 0.94
3 0.03 0.227 0.247 0.94 0.00 0.154 0.133 0.96 0.05 0.281 0.315 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 2.62 10.651 19.600 0.90 1.12 1.591 3.408 0.91 0.79 1.888 1.062 0.88
2.1 -0.46 0.625 2.274 0.85 -0.28 0.313 0.287 0.87 -0.16 0.193 0.246 0.81
2.2 0.30 0.566 1.160 0.94 0.20 0.365 0.288 0.90 0.15 0.273 0.340 0.94
2.3 0.24 1.639 4.222 0.93 0.04 0.378 1.005 0.94 0.13 0.768 0.489 0.94
3 0.03 0.240 0.336 0.94 0.00 0.125 0.141 0.97 0.03 0.223 0.359 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.62 0.836 0.985 0.89 0.41 0.367 0.437 0.87 0.22 0.284 0.311 0.94
2.1 -0.22 0.200 0.259 0.74 -0.17 0.125 0.131 0.70 -0.10 0.143 0.182 0.86
2.2 0.11 0.833 0.338 0.93 0.12 0.189 0.183 0.89 0.12 0.289 0.231 0.95
2.3 0.13 0.429 0.416 0.93 0.03 0.165 0.195 0.94 0.04 0.196 0.222 0.98
3 0.01 0.257 0.282 0.95 0.02 0.263 0.140 0.93 0.01 0.294 0.249 0.95
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.46 0.468 3.239 0.94 0.43 0.391 0.474 0.86 0.18 0.273 0.338 0.96
2.1 -0.25 0.172 0.275 0.64 -0.18 0.126 0.137 0.71 -0.13 0.143 0.151 0.77
2.2 0.14 0.308 0.352 0.95 0.09 0.150 0.187 0.90 0.06 0.202 0.222 0.94
2.3 0.00 0.214 1.086 0.95 0.00 0.159 0.238 0.93 0.00 0.182 0.231 0.97
3 0.00 0.205 0.313 0.94 -0.01 0.121 0.138 0.94 0.00 0.204 0.218 0.94
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.88 0.978 2.938 0.89 0.57 0.539 0.767 0.85 0.31 0.385 0.407 0.88
2.1 -0.25 0.232 0.262 0.69 -0.17 0.171 0.158 0.68 -0.10 0.162 0.167 0.81
2.2 0.22 0.326 0.355 0.89 0.13 0.187 0.194 0.90 0.12 0.207 0.233 0.91
2.3 0.11 0.365 1.028 0.93 0.03 0.231 0.290 0.93 0.06 0.240 0.257 0.93
3 0.07 0.298 0.263 0.94 0.02 0.169 0.137 0.90 0.05 0.241 0.230 0.93
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.72 0.917 1.247 0.89 0.53 0.443 0.436 0.78 0.27 0.339 0.377 0.88
2.1 -0.24 0.228 0.217 0.71 -0.17 0.119 0.161 0.80 -0.11 0.154 0.156 0.82
2.2 0.24 0.337 0.372 0.91 0.14 0.178 0.183 0.89 0.13 0.228 0.234 0.93
2.3 0.16 0.511 0.583 0.93 0.08 0.251 0.225 0.91 0.07 0.242 0.258 0.91
3 0.05 0.225 0.262 0.92 0.02 0.126 0.132 0.94 0.05 0.226 0.646 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 3.36 25.498 1.978 0.90 0.62 0.550 1.052 0.75 0.34 0.442 0.421 0.90
2.1 -0.27 0.218 0.233 0.68 -0.19 0.131 0.150 0.71 -0.13 0.157 0.159 0.78
2.2 0.26 0.377 0.492 0.93 0.13 0.178 0.193 0.89 0.13 0.244 0.245 0.93
2.3 1.26 10.901 0.848 0.92 0.09 0.318 0.523 0.89 0.10 0.324 0.279 0.89
3 0.05 0.246 0.322 0.92 0.01 0.135 0.130 0.92 0.04 0.228 0.501 0.92
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.92 2.425 7.479 0.89 0.63 0.510 0.730 0.73 0.36 0.435 0.571 0.85
2.1 -0.28 0.261 0.236 0.69 -0.21 0.144 0.162 0.67 -0.12 0.160 0.159 0.79
2.2 0.28 0.403 0.410 0.89 0.16 0.204 0.199 0.90 0.14 0.244 0.252 0.93
2.3 0.24 1.417 2.477 0.95 0.07 0.230 0.340 0.89 0.10 0.302 0.370 0.87
3 0.05 0.232 0.293 0.92 0.01 0.132 0.133 0.91 0.05 0.232 0.836 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 42: Simulation results for direct-SCAD selection with non-fixed
personal characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.52 0.941 0.643 0.91 0.45 0.578 0.420 0.84 0.19 0.379 0.408 0.95
2 -0.04 0.237 0.283 0.95 -0.05 0.195 0.184 0.95 -0.03 0.240 0.262 0.93
3 0.00 0.275 0.300 0.96 -0.01 0.179 0.188 0.97 0.01 0.262 0.307 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.73 1.848 1.324 0.87 0.91 1.238 1.124 0.89 0.37 1.066 0.566 0.97
2 -0.10 0.322 0.405 0.92 -0.10 0.226 0.210 0.91 -0.04 0.345 0.277 0.92
3 -0.02 0.282 0.317 0.94 -0.03 0.157 0.195 0.97 0.01 0.329 0.330 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 1.75 2.790 3.470 0.90 2.78 4.566 4.244 0.87 0.56 0.959 0.940 0.93
2 -0.14 0.636 0.684 0.92 -0.12 0.343 0.462 0.86 -0.08 0.268 0.316 0.92
3 -0.05 0.246 0.293 0.94 -0.02 0.164 0.202 0.96 -0.02 0.263 0.337 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.42 0.555 0.629 0.90 0.42 0.392 0.408 0.88 0.15 0.349 0.380 0.95
2 -0.05 0.244 0.270 0.95 -0.01 0.189 0.193 0.95 -0.04 0.233 0.248 0.94
3 -0.04 0.223 0.274 0.96 0.00 0.189 0.184 0.96 -0.04 0.231 0.267 0.95
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.54 0.670 0.755 0.92 0.46 0.369 0.453 0.91 0.19 0.331 0.413 0.98
2 -0.06 0.221 0.293 0.93 -0.01 0.169 0.197 0.96 -0.02 0.253 0.265 0.98
3 -0.04 0.210 0.281 0.95 0.00 0.152 0.197 0.96 -0.03 0.217 0.283 0.94
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.70 0.874 0.936 0.87 0.53 0.564 0.496 0.81 0.28 0.464 0.427 0.88
2 -0.04 0.273 0.347 0.89 -0.05 0.173 0.188 0.94 0.00 0.265 0.249 0.90
3 0.01 0.281 0.270 0.94 -0.01 0.172 0.185 0.93 0.01 0.258 0.269 0.94
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.49 0.591 0.654 0.91 0.46 0.379 0.423 0.83 0.22 0.406 0.413 0.93
2 -0.02 0.273 0.301 0.96 -0.02 0.179 0.189 0.95 -0.01 0.263 0.269 0.94
3 0.01 0.299 0.312 0.93 -0.02 0.155 0.186 0.97 0.02 0.302 0.322 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.55 0.635 0.763 0.91 0.54 0.420 0.476 0.80 0.25 0.426 0.441 0.91
2 -0.03 0.268 0.325 0.96 -0.03 0.185 0.192 0.93 -0.01 0.264 0.274 0.94
3 0.00 0.287 0.310 0.93 -0.02 0.153 0.187 0.96 0.02 0.303 0.318 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.59 0.671 0.772 0.90 0.57 0.435 0.500 0.80 0.26 0.432 0.454 0.91
2 -0.02 0.274 0.314 0.96 -0.03 0.185 0.195 0.94 -0.01 0.264 0.274 0.93
3 0.00 0.286 0.307 0.93 -0.02 0.152 0.189 0.96 0.02 0.301 0.319 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 43: Simulation results for direct-SCAD selection with fixed personal
characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.53 1.219 0.715 0.94 0.39 0.463 0.384 0.89 0.17 0.359 0.398 0.94
2 -0.02 0.356 0.277 0.95 -0.04 0.179 0.180 0.95 -0.04 0.230 0.252 0.94
3 -0.02 0.248 0.306 0.97 -0.01 0.176 0.185 0.96 -0.02 0.266 0.290 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 1.00 2.047 2.359 0.91 1.48 8.942 0.734 0.91 0.37 1.263 0.538 0.95
2 -0.12 0.255 0.387 0.93 -0.07 0.257 0.201 0.93 -0.06 0.326 0.262 0.91
3 -0.02 0.259 0.317 0.97 -0.03 0.156 0.193 0.98 -0.01 0.331 0.319 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 3.15 5.880 8.839 0.90 1.56 2.116 2.040 0.82 0.55 0.927 0.971 0.92
2 -8.89 62.117 1.686 0.88 -0.12 0.239 0.357 0.88 -0.12 0.230 0.297 0.93
3 -0.02 0.272 0.338 0.95 -0.02 0.165 0.197 0.95 -0.02 0.272 0.312 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.42 0.572 0.623 0.93 0.39 0.371 0.380 0.86 0.16 0.357 0.383 0.93
2 -0.03 0.281 0.281 0.95 -0.02 0.179 0.190 0.96 -0.03 0.242 0.257 0.94
3 -0.25 2.306 0.299 0.97 0.00 0.190 0.185 0.95 -0.18 1.627 0.284 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.52 0.618 0.742 0.89 0.43 0.356 0.424 0.91 0.20 0.339 0.421 0.97
2 -0.03 0.231 0.300 0.97 -0.02 0.162 0.196 0.98 -0.02 0.221 0.265 0.98
3 -0.01 0.226 0.311 0.97 0.00 0.149 0.197 0.96 -0.01 0.221 0.299 0.96
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.81 1.084 0.923 0.87 0.51 0.499 0.471 0.81 0.29 0.459 0.446 0.89
2 -0.01 0.291 0.310 0.94 -0.06 0.162 0.185 0.95 0.01 0.265 0.259 0.92
3 0.04 0.328 0.309 0.95 -0.01 0.171 0.185 0.93 0.03 0.292 0.294 0.96
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.49 0.595 0.641 0.90 0.41 0.354 0.389 0.83 0.19 0.376 0.396 0.92
2 -0.02 0.266 0.287 0.93 -0.03 0.171 0.184 0.93 -0.02 0.250 0.258 0.93
3 -0.01 0.267 0.301 0.93 -0.02 0.153 0.185 0.96 -0.01 0.264 0.299 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.58 0.660 0.727 0.89 0.49 0.402 0.432 0.80 0.22 0.398 0.423 0.92
2 -0.03 0.272 0.312 0.92 -0.04 0.174 0.189 0.93 -0.02 0.252 0.261 0.92
3 -0.01 0.265 0.303 0.93 -0.02 0.154 0.187 0.96 -0.01 0.264 0.294 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.62 0.695 0.823 0.89 0.52 0.416 0.452 0.80 0.24 0.405 0.434 0.92
2 -0.02 0.272 0.316 0.93 -0.03 0.178 0.190 0.93 -0.02 0.253 0.262 0.93
3 -0.01 0.270 0.304 0.92 -0.02 0.154 0.188 0.96 -0.01 0.267 0.297 0.94
4 -0.01 0.280 0.355 0.94 -0.01924 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 44: Simulation results for post-SCAD selection with non-fixed per-
sonal characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.76 3.202 2.103 0.92 0.47 0.576 0.526 0.86 0.17 0.405 0.439 0.92
2.1 -0.25 0.187 0.421 0.75 -0.06 0.339 0.284 0.91 -0.12 0.203 0.226 0.86
2.2 0.18 0.590 0.446 0.93 0.10 0.277 0.246 0.93 0.06 0.304 0.312 0.95
2.3 0.09 0.605 0.602 0.94 0.01 0.287 0.276 0.94 0.00 0.306 0.325 0.93
3 -0.02 0.260 0.293 0.94 0.01 0.301 0.193 0.97 -0.02 0.247 0.292 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.80 1.438 2.574 0.91 0.82 1.209 1.697 0.93 0.26 0.521 0.657 0.94
2.1 -0.27 0.290 0.279 0.74 -0.06 0.493 0.339 0.90 -0.12 0.276 0.269 0.88
2.2 -0.30 3.900 0.527 0.94 0.14 0.430 0.486 0.93 0.07 0.419 0.363 0.95
2.3 -0.10 0.782 2.144 0.93 -0.07 2.098 0.720 0.92 -0.01 0.332 0.470 0.95
3 -0.02 0.346 0.327 0.96 -0.02 0.191 0.193 0.97 -0.01 0.380 0.309 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 1.14 2.148 16.145 0.96 1.27 2.461 6.402 0.91 0.42 0.774 1.518 0.92
2.1 -0.41 0.532 0.622 0.80 0.15 4.712 0.523 0.88 -0.19 0.214 0.303 0.88
2.2 0.32 1.334 1.225 0.96 0.20 0.661 0.381 0.95 0.10 0.441 0.402 0.94
2.3 -0.13 0.842 10.394 0.96 -0.19 2.013 1.073 0.93 0.00 0.493 0.646 0.92
3 -0.03 0.282 0.340 0.95 -0.02 0.174 0.203 0.96 -0.02 0.272 0.304 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 -0.16 5.530 3.078 0.94 0.43 0.741 0.543 0.87 0.16 0.411 0.444 0.95
2.1 -0.17 0.320 1.417 0.82 -0.13 0.190 0.220 0.85 -0.11 0.211 0.288 0.92
2.2 0.13 0.370 0.432 0.94 0.11 0.255 0.254 0.94 0.06 0.305 0.318 0.92
2.3 0.03 0.444 0.690 0.95 0.03 0.254 0.291 0.93 -0.01 0.275 0.337 0.95
3 2.55 25.860 0.321 0.96 0.01 0.212 0.192 0.96 -0.08 0.569 0.298 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.52 0.641 2.078 0.93 0.46 0.500 0.612 0.92 0.19 0.372 0.459 0.95
2.1 -0.27 0.213 0.319 0.83 -0.13 0.285 0.213 0.82 -0.13 0.186 0.254 0.90
2.2 0.14 0.337 0.489 0.96 0.10 0.206 0.274 0.97 0.06 0.261 0.348 1.00
2.3 0.04 0.483 0.735 0.96 0.01 0.225 0.377 0.98 0.00 0.229 0.394 0.99
3 -0.02 0.226 0.362 0.96 0.00 0.160 0.203 0.96 -0.01 0.225 0.308 0.97
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 1.27 3.524 5.354 0.90 0.25 3.285 1.265 0.94 0.32 0.559 0.598 0.93
2.1 -0.22 0.326 0.422 0.68 -0.18 0.200 0.204 0.79 -0.09 0.245 0.225 0.81
2.2 0.23 0.513 0.483 0.93 0.11 0.260 0.267 0.92 0.11 0.333 0.327 0.92
2.3 0.16 1.085 1.196 0.91 -0.11 1.113 1.551 0.95 0.01 0.288 0.318 0.92
3 0.02 0.273 0.325 0.94 0.00 0.183 0.192 0.95 0.02 0.267 0.296 0.95
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.44 0.650 1.072 0.93 0.45 0.441 0.557 0.85 0.18 0.419 0.442 0.93
2.1 -0.25 0.186 0.306 0.76 -0.12 0.237 0.208 0.83 -0.13 0.206 0.208 0.85
2.2 0.16 0.410 0.454 0.95 0.11 0.273 0.250 0.92 0.07 0.315 0.318 0.95
2.3 0.02 0.350 1.006 0.95 0.02 0.251 0.340 0.95 -0.01 0.288 0.315 0.93
3 -0.02 0.258 0.345 0.97 -0.01 0.170 0.194 0.96 -0.01 0.256 0.371 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.54 1.081 2.390 0.90 0.52 0.537 0.637 0.90 0.22 0.495 0.484 0.91
2.1 -0.27 0.228 0.281 0.75 -0.15 0.204 0.224 0.86 -0.15 0.182 0.211 0.83
2.2 0.16 0.411 0.480 0.95 0.11 0.269 0.262 0.93 0.06 0.320 0.328 0.95
2.3 0.03 0.391 0.871 0.92 0.05 0.312 0.403 0.94 0.00 0.293 0.336 0.94
3 -0.02 0.259 0.854 0.96 -0.02 0.158 0.195 0.97 -0.02 0.256 0.605 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.64 1.334 2.174 0.87 0.22 3.825 0.689 0.86 0.25 0.555 0.787 0.93
2.1 -0.30 0.193 0.352 0.76 -0.15 0.240 0.222 0.80 -0.15 0.201 0.204 0.82
2.2 0.18 0.446 0.514 0.94 0.11 0.275 0.263 0.95 0.07 0.322 0.334 0.95
2.3 0.03 0.400 0.604 0.91 0.06 0.340 0.461 0.90 0.00 0.293 0.372 0.95
3 -0.03 0.255 0.309 0.96 -0.01 0.168 0.196 0.94 -0.02 0.262 0.703 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 45: Simulation results for post-SCAD selection with fixed personal
characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.49 0.940 1.289 0.92 0.46 0.591 0.514 0.86 0.18 0.420 0.443 0.95
2.1 -0.23 0.180 0.227 0.78 -0.18 0.154 0.166 0.74 -0.12 0.201 0.208 0.87
2.2 0.15 0.393 0.470 0.94 0.11 0.293 0.251 0.93 0.07 0.308 0.321 0.95
2.3 0.08 0.500 2.590 0.93 0.01 0.268 0.670 0.93 0.02 0.329 1.304 0.94
3 -0.01 0.259 0.331 0.97 -0.01 0.171 0.194 0.96 0.00 0.262 0.315 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.46 2.725 11.428 0.93 0.42 2.520 3.700 0.93 0.25 0.732 0.667 0.91
2.1 -0.29 0.312 0.309 0.71 -0.18 0.175 0.201 0.79 -0.13 0.237 0.224 0.86
2.2 0.46 3.503 0.759 0.95 0.17 0.884 0.406 0.93 0.10 0.464 0.361 0.96
2.3 0.41 4.576 2.323 0.91 -0.21 1.818 1.132 0.87 -0.01 0.315 0.650 0.94
3 -0.01 0.322 0.352 0.96 -0.01 0.229 0.195 0.98 0.01 0.450 0.462 0.97
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 1.12 2.994 8.838 0.94 1.08 3.364 3.596 0.88 0.44 0.690 1.498 0.90
2.1 -0.43 0.773 0.858 0.83 -0.27 0.319 0.307 0.78 -0.19 0.208 0.268 0.86
2.2 0.16 0.628 1.148 0.96 0.18 0.534 0.357 0.95 0.09 0.334 0.436 0.95
2.3 0.05 0.629 2.045 0.95 -0.01 0.893 2.983 0.93 0.10 1.633 1.124 0.95
3 -0.02 0.276 0.412 0.94 -0.02 0.174 0.200 0.95 -0.02 0.269 0.357 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.45 0.641 2.098 0.97 0.44 0.717 0.674 0.87 0.20 0.614 0.432 0.96
2.1 -0.25 0.191 0.254 0.72 -0.18 0.147 0.161 0.77 -0.13 0.198 0.227 0.86
2.2 0.06 0.742 0.431 0.96 0.11 0.263 0.258 0.91 0.07 0.341 0.323 0.91
2.3 0.06 0.429 0.839 0.94 0.03 0.243 0.321 0.95 0.01 0.286 0.362 0.94
3 -0.03 0.288 0.348 0.96 0.02 0.294 0.191 0.96 -0.03 0.313 0.309 0.95
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.64 1.151 3.383 0.92 0.46 0.497 0.657 0.90 0.21 0.381 0.476 0.97
2.1 -0.24 0.183 0.433 0.77 -0.18 0.150 0.181 0.75 -0.12 0.181 0.222 0.91
2.2 0.15 0.342 0.504 0.97 0.11 0.214 0.278 0.97 0.07 0.268 0.351 0.99
2.3 0.06 0.409 0.811 0.97 0.02 0.231 0.327 0.98 0.02 0.229 0.364 0.99
3 -0.01 0.230 0.476 0.97 0.00 0.162 0.205 0.96 -0.01 0.231 0.324 0.95
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.96 1.940 4.993 0.92 0.84 2.196 1.202 0.86 0.35 0.762 0.525 0.95
2.1 -0.24 0.247 0.300 0.73 -0.19 0.171 0.175 0.78 -0.10 0.216 0.217 0.84
2.2 0.25 0.480 0.465 0.88 0.11 0.256 0.262 0.94 0.12 0.339 0.337 0.93
2.3 0.24 1.034 1.989 0.93 0.04 0.348 0.374 0.92 0.08 0.442 0.338 0.92
3 0.05 0.313 0.346 0.94 0.00 0.192 0.192 0.94 0.04 0.289 0.318 0.95
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.49 0.970 1.139 0.92 0.50 0.541 0.756 0.87 0.20 0.432 0.459 0.95
2.1 -0.26 0.291 0.248 0.76 -0.18 0.132 0.161 0.72 -0.14 0.183 0.202 0.85
2.2 0.18 0.419 0.460 0.94 0.11 0.268 0.253 0.95 0.08 0.321 0.326 0.94
2.3 0.07 0.387 1.354 0.92 0.03 0.216 0.284 0.95 0.02 0.296 0.340 0.94
3 0.00 0.275 0.355 0.95 -0.01 0.166 0.195 0.97 0.00 0.257 0.429 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.68 1.095 1.853 0.91 0.46 0.818 0.648 0.86 0.26 0.607 0.472 0.93
2.1 -0.28 0.217 0.276 0.71 -0.20 0.150 0.168 0.71 -0.15 0.180 0.204 0.83
2.2 0.20 0.485 0.519 0.96 0.11 0.259 0.260 0.94 0.08 0.318 0.336 0.94
2.3 0.08 0.426 0.885 0.91 0.03 0.244 0.350 0.94 0.01 0.293 0.354 0.95
3 0.00 0.277 0.380 0.97 -0.01 0.165 0.193 0.95 -0.01 0.256 0.606 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.52 1.644 2.553 0.92 0.61 0.660 0.785 0.85 0.24 0.482 0.584 0.93
2.1 -0.30 0.278 0.260 0.70 -0.22 0.152 0.191 0.68 -0.16 0.182 0.202 0.84
2.2 0.22 0.510 0.485 0.92 0.13 0.273 0.267 0.94 0.08 0.317 0.341 0.93
2.3 0.05 0.594 2.005 0.91 0.07 0.386 0.360 0.95 0.02 0.303 0.411 0.93
3 0.00 0.274 0.378 0.96 -0.02 0.162 0.196 0.95 -0.01 0.257 1.088 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 46: Simulation results for direct-RF selection with non-fixed per-
sonal characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 13.75 83.708 49.914 0.89 2.65 1.615 1.764 0.67 5.07 8.947 20.723 0.82
2 0.28 4.015 5.307 0.90 0.32 0.510 0.674 0.91 2.92 22.900 19.597 0.87
3 2.08 1.613 1.599 0.74 1.07 0.643 0.581 0.66 2.09 1.429 2.714 0.71
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 1.29 12.309 5.297 0.89 2.17 1.158 1.071 0.51 1.91 1.510 1.820 0.73
2 0.11 2.915 0.878 0.93 0.02 0.238 0.283 0.94 0.56 1.181 0.703 0.91
3 1.27 0.889 0.861 0.72 0.80 0.492 0.418 0.59 1.09 0.783 0.709 0.68
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 2.99 4.391 4.585 0.78 2.63 1.265 1.633 0.54 1.33 0.870 0.834 0.66
2 -0.02 0.666 0.596 0.93 -0.10 0.250 0.338 0.96 0.12 0.308 0.318 0.95
3 1.24 0.923 0.835 0.68 0.77 0.512 0.477 0.66 0.78 0.572 0.495 0.72
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 16.07 394.761 62.468 0.89 -21.41 138.365 106.093 0.80 4.38 72.415 141.059 0.93
2 -911.48 9676.152 11.556 0.91 4.11 35.568 24.707 0.85 -15.06 116.688 46.685 0.89
3 3.60 9.578 23.215 0.90 5.77 12.644 25.224 0.77 -3.92 68.685 41.728 0.87
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 -4.79 39.379 125.926 0.93 14.04 114.374 132.458 0.90 3.68 47.631 168.435 0.91
2 -6.73 102.610 35.202 0.92 -0.78 8.158 48.380 0.94 12.43 323.695 49.053 0.89
3 8.14 58.304 33.231 0.92 7.31 20.757 39.956 0.75 -0.92 48.350 37.917 0.83
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 -0.11 61.604 84.512 0.89 87.33 545.204 72.314 0.81 37.02 346.778 199.022 0.88
2 0.56 14.928 20.384 0.91 -1.38 31.678 596.967 0.86 -2.68 61.533 48.963 0.90
3 3.41 8.619 15.703 0.89 3.92 5.766 116.173 0.73 0.96 17.661 58.359 0.82
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 -13.64 240.522 47.341 0.95 3.28 3.028 3.094 0.78 12.37 49.144 81.954 0.88
2 1.06 5.112 10.203 0.92 0.55 0.798 0.758 0.88 2.96 6.030 23.782 0.87
3 1.02 11.224 3.359 0.75 1.22 0.646 0.714 0.56 1.66 7.590 6.387 0.79
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 4.12 15.492 41.684 0.92 2.34 1.490 1.800 0.78 2.47 10.550 11.472 0.90
2 -0.53 12.867 9.951 0.88 0.18 0.395 0.488 0.92 1.50 2.714 11.044 0.91
3 1.17 8.021 9.943 0.79 1.15 0.720 0.669 0.63 2.14 3.569 1.741 0.73
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 4.10 9.681 10.136 0.89 2.50 2.156 1.741 0.72 3.64 5.107 7.213 0.85
2 0.35 1.708 62.527 0.91 0.15 0.369 0.464 0.92 2.69 16.974 5.411 0.89
3 1.82 1.624 1.979 0.75 1.03 0.614 0.618 0.63 1.80 1.334 1.352 0.75
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 47: Simulation results for post-RF selection with non-fixed personal
characteristics under continuous endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.55 0.486 0.420 0.79 0.45 0.285 0.244 0.58 0.23 0.238 0.216 0.82
2 0.05 0.171 0.202 0.97 0.02 0.130 0.137 0.93 0.04 0.150 0.153 0.93
3 0.04 0.176 0.182 0.92 0.03 0.119 0.109 0.93 0.03 0.164 0.162 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.78 0.987 0.675 0.78 0.65 0.404 0.392 0.62 0.29 0.295 0.260 0.87
2 0.14 1.101 0.246 0.96 -0.05 0.141 0.161 0.94 0.05 0.176 0.173 0.92
3 0.06 0.241 0.214 0.92 0.04 0.160 0.115 0.92 0.05 0.232 0.196 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 1.18 1.063 1.462 0.81 1.38 2.559 0.954 0.72 0.67 0.429 0.528 0.79
2 0.03 0.341 0.402 0.95 -0.05 0.229 0.257 0.91 0.15 0.244 0.286 0.94
3 0.11 0.450 0.266 0.93 0.05 0.153 0.130 0.93 0.31 1.595 7.903 0.92
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

Random

2

1 0.49 0.487 0.519 0.84 0.41 0.243 0.237 0.64 0.21 0.244 0.209 0.83
2 0.01 0.282 0.216 0.95 0.03 0.149 0.128 0.92 0.03 0.186 0.147 0.92
3 0.55 5.254 0.187 0.93 0.03 0.160 0.110 0.90 0.07 0.547 0.175 0.92
4 0.05 0.252 0.245 0.89 0.02 0.127 0.111 0.92 0.05 0.252 0.245 0.89

5

1 0.54 0.458 0.492 0.77 0.43 0.271 0.240 0.64 0.21 0.217 0.204 0.84
2 -0.02 0.194 0.381 0.92 0.00 0.128 0.129 0.92 0.02 0.153 0.148 0.92
3 0.05 0.223 0.206 0.94 0.03 0.131 0.119 0.92 0.04 0.204 0.177 0.92
4 0.05 0.241 0.207 0.86 0.02 0.125 0.119 0.92 0.05 0.241 0.207 0.86

10

1 0.73 1.205 1.237 0.83 0.51 0.346 0.274 0.58 0.26 0.280 0.228 0.82
2 -0.08 0.280 0.524 0.90 -0.01 0.148 0.138 0.94 0.02 0.180 0.150 0.90
3 0.07 0.262 0.200 0.89 0.04 0.138 0.114 0.88 0.05 0.212 0.171 0.90
4 0.05 0.232 0.195 0.92 0.02 0.124 0.109 0.88 0.05 0.232 0.195 0.92

Decreasing

2

1 0.55 0.402 0.406 0.75 0.48 0.314 0.242 0.55 0.23 0.233 0.213 0.81
2 0.06 0.201 0.203 0.89 0.02 0.138 0.131 0.89 0.04 0.154 0.151 0.92
3 0.04 0.195 0.210 0.93 0.03 0.126 0.111 0.92 0.04 0.171 0.170 0.94
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

5

1 0.61 0.458 0.487 0.76 0.54 0.327 0.273 0.56 0.25 0.245 0.235 0.82
2 0.04 0.178 0.218 0.92 0.01 0.136 0.139 0.92 0.04 0.160 0.159 0.92
3 0.05 0.194 0.380 0.89 0.03 0.128 0.112 0.90 0.04 0.185 0.178 0.93
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90

10

1 0.67 0.493 0.633 0.74 0.58 0.352 0.300 0.56 0.28 0.244 0.246 0.79
2 0.06 0.191 0.279 0.95 0.01 0.167 0.143 0.91 0.04 0.166 0.165 0.93
3 0.07 0.238 0.201 0.92 0.04 0.126 0.114 0.91 0.05 0.242 0.189 0.91
4 0.04 0.217 0.278 0.90 0.02 0.121 0.112 0.89 0.04 0.217 0.278 0.90
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Table 48: Simulation results for direct-RF selection with non-fixed per-
sonal characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 33.03 273.602 61.995 0.88 3.00 2.387 1.817 0.69 56.60 505.605 20.671 0.87
2 0.34 5.633 5.762 0.90 0.31 0.421 0.662 0.95 1.11 11.717 23.462 0.86
3 2.33 2.567 1.847 0.77 1.00 0.662 0.624 0.70 2.30 2.055 2.488 0.71
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 2.35 4.031 6.584 0.90 2.06 1.095 1.192 0.56 1.96 1.775 2.081 0.80
2 3.14 29.145 0.950 0.97 0.05 0.287 0.295 0.96 0.58 0.827 0.855 0.88
3 1.33 1.174 1.033 0.78 0.73 0.398 0.473 0.68 1.09 0.835 0.814 0.79
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 2.57 2.534 5.136 0.85 2.54 1.190 1.688 0.61 1.36 1.042 1.008 0.75
2 0.04 1.126 0.737 0.94 -0.09 0.282 0.338 0.95 0.13 0.347 0.373 0.93
3 1.16 0.900 1.092 0.81 0.65 0.484 0.507 0.80 0.84 0.689 0.602 0.80
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 30.68 357.349 65.180 0.90 0.98 27.909 129.066 0.79 -2.04 75.479 113.112 0.94
2 0.88 7.825 11.333 0.94 -0.27 6.173 21.101 0.85 -0.13 95.495 49.973 0.89
3 2.38 21.579 20.772 0.90 0.44 20.100 23.888 0.80 -9.71 132.058 50.378 0.87
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 -2.46 34.511 151.095 0.93 0.77 27.647 107.275 0.93 -22.71 218.174 155.232 0.91
2 0.72 18.439 29.193 0.91 -0.59 6.882 37.220 0.91 -2.38 20.999 45.157 0.91
3 -1.00 20.855 30.381 0.90 2.35 22.093 44.985 0.75 4.93 37.426 37.994 0.90
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 -8.90 110.268 73.586 0.90 -8.44 143.818 73.183 0.81 160.87 1255.172 181.844 0.90
2 -0.95 5.841 18.265 0.94 -2.32 15.466 577.132 0.88 -58.22 531.525 46.320 0.92
3 5.23 19.693 15.052 0.90 2.84 9.116 116.126 0.73 2.13 13.510 61.641 0.81
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 4.26 25.375 54.085 0.91 3.17 3.616 3.047 0.78 6.21 16.774 71.849 0.92
2 0.69 4.378 9.580 0.93 0.52 0.617 0.812 0.90 -4.30 49.297 20.526 0.93
3 2.15 1.606 3.691 0.85 1.28 1.076 0.770 0.68 0.86 16.189 7.996 0.83
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 -2.02 46.173 43.455 0.92 2.32 1.561 1.856 0.71 3.45 3.817 11.415 0.93
2 0.11 2.763 7.207 0.95 0.20 0.350 0.519 0.95 1.67 2.370 8.920 0.87
3 2.65 9.169 16.529 0.81 1.04 0.710 0.707 0.70 1.84 1.808 1.979 0.84
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 10.42 60.651 13.573 0.91 2.60 3.870 1.654 0.74 3.24 2.616 7.806 0.86
2 0.27 3.182 56.971 0.94 0.11 0.315 0.487 0.96 1.21 3.301 5.442 0.92
3 1.83 1.383 2.044 0.78 1.10 0.724 0.660 0.64 1.69 1.446 1.567 0.80
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 49: Simulation results for post-RF selection with non-fixed personal
characteristics under binary endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.55 0.515 0.507 0.86 0.43 0.260 0.280 0.75 0.22 0.272 0.277 0.90
2.1 -0.06 0.187 0.200 0.89 -0.08 0.126 0.127 0.88 -0.03 0.168 0.173 0.92
2.2 0.04 0.244 0.241 0.95 0.05 0.143 0.156 0.97 0.02 0.185 0.189 0.95
2.3 0.07 0.247 0.244 0.93 0.01 0.130 0.152 0.97 0.05 0.207 0.198 0.94
3 0.05 0.235 0.234 0.90 0.02 0.132 0.131 0.96 0.03 0.205 0.206 0.90
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.85 1.357 0.683 0.84 0.62 0.434 0.428 0.73 0.29 0.308 0.331 0.89
2.1 -0.06 0.259 0.222 0.91 -0.15 0.117 0.157 0.84 -0.03 0.172 0.185 0.91
2.2 0.08 0.390 0.272 0.93 0.07 0.172 0.199 0.96 0.02 0.179 0.201 0.94
2.3 0.08 0.413 0.300 0.96 -0.06 0.143 0.169 0.93 0.04 0.198 0.217 0.95
3 0.07 0.289 0.269 0.93 0.02 0.129 0.138 0.95 0.06 0.273 0.241 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 1.24 1.140 1.812 0.88 1.29 1.134 0.974 0.73 0.66 0.532 0.614 0.87
2.1 -0.12 0.268 0.373 0.88 -0.28 0.283 0.231 0.79 -0.01 0.193 0.249 0.94
2.2 0.12 0.321 0.563 0.96 0.20 0.316 0.363 0.90 0.09 0.225 0.284 0.96
2.3 0.01 0.299 0.437 0.98 -0.03 0.513 0.255 0.89 0.16 0.291 0.331 0.92
3 0.11 0.345 0.327 0.92 0.04 0.151 0.152 0.95 0.25 0.938 5.596 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

Random

2

1 0.50 0.444 0.591 0.88 0.40 0.270 0.275 0.79 0.21 0.248 0.268 0.90
2.1 -0.06 0.190 0.234 0.93 -0.07 0.115 0.127 0.90 -0.01 0.166 0.170 0.93
2.2 0.07 0.239 0.297 0.95 0.04 0.139 0.153 0.97 0.05 0.185 0.194 0.94
2.3 0.03 0.250 0.260 0.96 0.01 0.120 0.144 0.97 0.03 0.186 0.190 0.97
3 -0.36 3.954 0.235 0.96 0.02 0.131 0.136 0.95 0.08 0.555 0.230 0.95
4 0.05 0.208 0.259 0.93 0.00 0.097 0.133 0.96 0.05 0.208 0.259 0.93

5

1 0.51 0.548 0.540 0.90 0.38 0.248 0.277 0.75 0.17 0.261 0.260 0.92
2.1 -0.11 0.164 0.189 0.83 -0.09 0.113 0.124 0.88 -0.06 0.148 0.159 0.93
2.2 0.03 0.205 0.247 0.95 0.03 0.136 0.149 0.94 0.00 0.170 0.182 0.94
2.3 -0.04 0.219 0.251 0.90 -0.01 0.128 0.145 0.95 -0.01 0.175 0.179 0.93
3 0.01 0.212 0.225 0.94 0.00 0.124 0.135 0.93 0.00 0.189 0.203 0.93
4 0.02 0.247 0.255 0.92 0.00 0.124 0.136 0.93 0.02 0.247 0.255 0.92

10

1 0.74 1.017 1.227 0.82 0.47 0.305 0.306 0.74 0.25 0.270 0.285 0.85
2.1 -0.08 0.219 0.272 0.89 -0.09 0.130 0.138 0.83 -0.02 0.154 0.170 0.95
2.2 0.11 0.295 0.378 0.91 0.06 0.150 0.161 0.94 0.05 0.179 0.197 0.94
2.3 -0.02 0.290 0.405 0.90 -0.04 0.131 0.150 0.89 0.01 0.180 0.189 0.94
3 0.08 0.275 0.246 0.90 0.04 0.171 0.136 0.87 0.06 0.235 0.215 0.91
4 0.06 0.265 0.245 0.92 0.01 0.144 0.132 0.89 0.06 0.265 0.245 0.92

Decreasing

2

1 0.56 0.481 0.485 0.85 0.45 0.282 0.274 0.67 0.23 0.268 0.274 0.87
2.1 -0.06 0.196 0.198 0.88 -0.08 0.114 0.125 0.87 -0.02 0.167 0.172 0.92
2.2 0.05 0.228 0.237 0.93 0.06 0.153 0.152 0.91 0.02 0.185 0.190 0.93
2.3 0.05 0.241 0.247 0.95 0.01 0.143 0.148 0.97 0.04 0.190 0.195 0.93
3 0.06 0.255 0.265 0.91 0.03 0.129 0.131 0.94 0.04 0.211 0.215 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

5

1 0.62 0.485 0.571 0.86 0.52 0.372 0.314 0.67 0.26 0.276 0.296 0.90
2.1 -0.07 0.182 0.212 0.89 -0.09 0.145 0.133 0.87 -0.02 0.167 0.177 0.93
2.2 0.04 0.214 0.256 0.94 0.07 0.175 0.166 0.91 0.02 0.180 0.194 0.95
2.3 0.05 0.235 0.260 0.94 0.00 0.146 0.154 0.93 0.04 0.201 0.200 0.91
3 0.07 0.306 0.594 0.90 0.03 0.139 0.135 0.94 0.05 0.250 0.227 0.94
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91

10

1 0.68 0.551 0.674 0.85 0.59 0.365 0.342 0.65 0.29 0.307 0.312 0.87
2.1 -0.08 0.194 0.219 0.89 -0.10 0.135 0.139 0.85 -0.02 0.175 0.183 0.90
2.2 0.06 0.233 0.287 0.93 0.08 0.173 0.175 0.92 0.03 0.196 0.199 0.93
2.3 0.06 0.257 0.276 0.95 0.00 0.144 0.162 0.97 0.05 0.209 0.206 0.94
3 0.07 0.269 0.246 0.94 0.03 0.127 0.135 0.92 0.06 0.277 0.243 0.91
4 0.05 0.245 0.247 0.91 0.01 0.118 0.133 0.95 0.05 0.245 0.247 0.91
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Table 50: Simulation results for direct-RF selection with non-fixed per-
sonal characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 1.08 20.056 42.699 0.91 2.29 1.361 2.066 0.90 6.28 17.557 22.674 0.91
2 -0.07 7.706 4.795 0.93 0.35 0.528 0.645 0.93 3.56 17.387 15.925 0.91
3 1.62 1.506 2.256 0.91 1.03 0.724 0.785 0.84 1.94 2.153 3.978 0.9
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 2.77 3.167 5.799 0.90 1.90 1.236 1.366 0.76 1.67 1.840 2.236 0.88
2 0.17 0.753 1.028 0.93 0.00 0.242 0.324 0.98 0.62 1.384 0.919 0.87
3 1.16 1.282 1.335 0.89 0.69 0.520 0.587 0.84 0.87 0.876 1.067 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 2.34 2.588 4.669 0.88 2.40 1.475 2.011 0.86 1.18 1.374 1.195 0.88
2 -0.18 3.913 0.618 0.95 -0.13 0.254 0.393 0.93 0.07 0.370 0.463 0.95
3 0.99 1.141 1.293 0.87 0.60 0.486 0.641 0.90 0.67 0.765 0.835 0.89
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 -2.68 31.746 61.244 0.92 1.29 25.138 109.942 0.86 -80.83 641.046 101.489 0.94
2 -1.85 9.158 14.467 0.95 -0.89 5.915 19.942 0.88 19.35 184.338 46.897 0.9
3 3.53 6.489 25.208 0.98 2.56 23.515 24.412 0.92 -0.63 42.632 40.913 0.94
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 32.47 339.650 88.785 0.91 -0.50 66.632 120.634 0.88 -16.21 142.496 168.673 0.92
2 8.23 83.762 26.403 0.92 -0.06 8.969 53.692 0.91 -0.43 22.138 67.965 0.94
3 -1.26 20.206 24.392 0.91 1.39 23.664 33.013 0.82 1.70 39.330 52.827 0.87
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 4.92 81.304 82.072 0.89 6.89 58.844 71.207 0.89 -5.83 125.518 375.281 0.88
2 0.01 7.096 21.133 0.98 48.46 496.413 595.578 0.90 2.63 31.842 43.618 0.91
3 -14.44 127.206 13.957 0.89 2.56 4.880 172.054 0.84 4.08 17.941 31.275 0.89
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.34 23.387 49.286 0.92 3.18 2.517 3.349 0.84 -7.41 175.609 87.754 0.9
2 1.08 10.908 9.594 0.95 0.45 0.683 0.852 0.93 3.97 22.815 22.529 0.94
3 1.88 1.814 4.161 0.92 1.10 0.721 0.962 0.83 2.43 2.704 5.270 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 5.13 13.529 44.103 0.92 2.36 1.939 2.105 0.83 4.25 7.419 14.172 0.95
2 0.69 1.402 9.374 0.96 0.19 0.491 0.557 0.94 1.50 4.588 5.078 0.94
3 1.48 2.188 12.181 0.89 0.94 0.735 0.851 0.82 1.48 1.431 2.309 0.88
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 4.11 5.183 11.691 0.93 2.21 1.591 2.153 0.84 3.16 3.567 8.330 0.92
2 0.56 2.171 67.359 0.95 0.13 0.420 0.543 0.94 0.89 1.266 5.552 0.94
3 1.50 1.652 2.237 0.89 0.90 0.746 0.840 0.82 1.46 1.608 1.736 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Table 51: Simulation results for post-RF selection with non-fixed personal
characteristics under time-to-event endpoint

Setting 1 Setting 2 Setting 3

Pattern Sparsity Method Bias SD SE CR Bias SD SE CR Bias SD SE CR

Same

2

1 0.47 0.606 0.655 0.88 0.41 0.383 0.394 0.83 0.17 0.373 0.391 0.93
2.1 -0.09 0.217 0.248 0.90 -0.09 0.153 0.167 0.91 -0.07 0.218 0.238 0.94
2.2 0.00 0.275 0.306 0.97 0.04 0.199 0.217 0.96 -0.02 0.246 0.264 0.95
2.3 0.00 0.279 0.324 0.97 -0.01 0.189 0.205 0.96 0.00 0.259 0.275 0.95
3 -0.02 0.260 0.308 0.96 -0.01 0.170 0.193 0.97 -0.01 0.262 0.291 0.95
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.72 1.298 0.974 0.90 0.61 0.569 0.564 0.85 0.25 0.483 0.463 0.92
2.1 -0.10 0.266 0.297 0.91 -0.14 0.161 0.187 0.84 -0.06 0.236 0.253 0.94
2.2 0.02 0.354 0.384 0.97 0.06 0.229 0.263 0.94 -0.01 0.262 0.282 0.94
2.3 0.17 1.820 0.366 0.96 -0.07 0.180 0.209 0.96 0.01 0.285 0.299 0.96
3 0.00 0.293 0.345 0.98 0.00 0.183 0.201 0.97 0.03 0.365 0.337 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 1.02 1.184 2.059 0.91 1.20 1.336 1.205 0.86 0.59 0.736 0.818 0.90
2.1 -0.17 0.229 0.412 0.92 -0.24 0.299 0.244 0.73 -0.05 0.269 0.317 0.96
2.2 0.04 0.338 0.646 0.97 0.17 0.416 0.444 0.92 0.04 0.309 0.379 0.95
2.3 -0.01 0.335 0.517 0.95 -0.07 0.268 0.275 0.90 0.09 0.372 0.431 0.91
3 0.06 0.524 0.395 0.94 0.01 0.188 0.213 0.97 0.25 1.677 13.383 0.93
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

Random

2

1 0.43 0.570 0.651 0.91 0.39 0.367 0.395 0.88 0.15 0.341 0.381 0.93
2.1 -0.09 0.230 0.248 0.95 -0.07 0.164 0.177 0.92 -0.06 0.222 0.238 0.97
2.2 0.03 0.313 0.328 0.96 0.04 0.203 0.224 0.97 0.00 0.254 0.275 0.95
2.3 -0.02 0.282 0.308 0.97 0.01 0.199 0.210 0.96 -0.01 0.251 0.269 0.97
3 0.05 0.740 0.316 0.97 0.01 0.188 0.194 0.96 -0.25 2.308 0.293 0.96
4 -0.01 0.258 0.324 0.97 0.00 0.177 0.191 0.96 -0.01 0.258 0.324 0.97

5

1 0.68 1.701 0.743 0.93 0.41 0.350 0.421 0.87 0.18 0.325 0.408 0.98
2.1 -0.08 0.380 0.257 0.91 -0.07 0.146 0.177 0.96 -0.05 0.202 0.249 0.98
2.2 0.08 0.459 0.351 0.97 0.05 0.189 0.228 0.96 0.01 0.232 0.290 1.00
2.3 -0.04 0.238 0.461 0.95 0.00 0.176 0.210 0.99 -0.01 0.223 0.280 1.00
3 0.01 0.236 0.334 0.97 0.02 0.159 0.204 0.97 0.00 0.225 0.305 0.96
4 0.01 0.250 0.323 0.97 0.01 0.161 0.206 0.98 0.01 0.250 0.323 0.97

10

1 0.70 2.558 1.365 0.87 0.45 0.443 0.425 0.84 0.26 0.431 0.421 0.92
2.1 -0.05 0.377 0.310 0.87 -0.11 0.167 0.174 0.85 -0.02 0.247 0.240 0.91
2.2 0.13 0.507 0.444 0.94 0.04 0.213 0.221 0.94 0.05 0.291 0.284 0.91
2.3 0.06 0.797 0.579 0.87 -0.03 0.206 0.195 0.93 0.02 0.271 0.263 0.91
3 0.06 0.298 0.319 0.96 0.00 0.172 0.195 0.94 0.05 0.283 0.296 0.95
4 0.05 0.309 0.330 0.95 -0.01 0.173 0.188 0.93 0.05 0.309 0.330 0.95

Decreasing

2

1 0.43 0.545 0.644 0.94 0.41 0.371 0.387 0.83 0.17 0.365 0.391 0.93
2.1 -0.10 0.217 0.251 0.92 -0.09 0.158 0.169 0.88 -0.06 0.223 0.239 0.95
2.2 -0.02 0.255 0.309 0.96 0.03 0.198 0.214 0.95 -0.02 0.245 0.265 0.95
2.3 0.01 0.271 0.324 0.96 0.00 0.184 0.199 0.97 0.00 0.261 0.274 0.96
3 -0.02 0.264 0.317 0.96 0.00 0.168 0.195 0.97 -0.01 0.262 0.290 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

5

1 0.52 0.643 0.762 0.91 0.46 0.394 0.432 0.86 0.19 0.378 0.422 0.95
2.1 -0.11 0.208 0.270 0.93 -0.11 0.149 0.173 0.90 -0.06 0.223 0.246 0.95
2.2 0.00 0.276 0.342 0.96 0.04 0.207 0.227 0.95 -0.03 0.241 0.274 0.95
2.3 0.02 0.289 0.336 0.96 -0.01 0.203 0.206 0.97 0.00 0.259 0.284 0.96
3 -0.02 0.273 0.404 0.95 0.00 0.170 0.200 0.96 -0.02 0.258 0.303 0.94
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94

10

1 0.56 0.680 1.025 0.88 0.50 0.397 0.456 0.83 0.21 0.394 0.437 0.94
2.1 -0.12 0.213 0.302 0.90 -0.12 0.150 0.174 0.89 -0.06 0.224 0.249 0.95
2.2 0.00 0.276 0.431 0.95 0.05 0.204 0.232 0.94 -0.02 0.246 0.277 0.94
2.3 -0.01 0.274 0.467 0.96 -0.02 0.180 0.213 0.96 0.00 0.266 0.288 0.95
3 -0.01 0.281 0.323 0.94 0.00 0.172 0.200 0.95 0.00 0.281 0.311 0.96
4 -0.01 0.280 0.355 0.94 -0.02 0.158 0.194 0.95 -0.01 0.280 0.355 0.94
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Chapter 5: Discussion

5.1 Summary

In this study, we developed a regression calibration model under the systematic measure-

ment error assumption. A valid biomarker with bias correction was developed for regression

calibration with low-dimensional data, multivariate exposures, and high-dimensional data,

respectively. Four methods were examined and compared through simulations and im-

plemented with WHI data. Overall, our proposed BF corrected biomarker model leads

to consistent estimation of the association parameter between disease and dietary intakes

through regression calibration under various settings.

Due to severe bias in most cases with Method 1, Method 1 is not suggested to be

used. The advantages and disadvantages exist in the other three methods. Method 4 is

the simplest one in design and requires fewest assumptions. However, it depends on the

availability of a strong dietary instrument among the cohort and a large number of subjects

in the feeding study to accurately characterize the association between the dietary instru-

ment and the true dietary intake. The three-step approach in Method 3 allows the efficient

utilization of biomarker information and is robust to the measurement error in the assessed

diet in the first stage. This method works well when the dietary instrument is available

in the biomarker development stage. On the other hand, if such dietary instruments are

not available, Method 2 overperforms Method 3 since Method 2 does not require dietary

instrument information in the biomarker development stage and it depends more on the

biological association between the biomarker and the dietary intakes. Therefore, calibra-

tion equations can be built based on the same biomarker with dietary instruments that are
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available for the cohort but are not necessary for the controlled feeding study with Method

2.

With multiple exposures, we can see Method 3 and 4 generally provided consistent

estimations and have shown efficient results, especially when there is a strong association

between FFQ information and long-term dietary intake. Method 2 also gave relatively

consistent estimations overall. When the association between FFQ data and true dietary

intakes is weak, more efficient results have shown with Method 2 than Method 3 and 4.

More importantly, the multivariate approach is shown to give robust estimations compared

with the univariate approach especially when multiple exposures are correlated conditioning

on personal characteristics. Under conditions when multiple exposures are independent

given personal characteristics, the univariate approach is suggested because of the ease of

implementation.

Under sparse high-dimensional data space, Lasso, SCAD, and RF were utilized to handle

the sparse data and conduct variable selection at the first stage. In general, we found

both Lasso direct-selection and Lasso post-selection with RCV variance estimation on BF

generally provide consistent estimator with relatively stable CR in most cases and largely

attenuate the bias compared with SCAD and RF with Method 2.

5.2 Extensions

Our developed biomarker for calibration in this paper can be generalized in other stud-

ies with samples from a similar population and disease outcome such as kidney cancer.

The independence assumption naturally holds and we only need to know the form of the

biomarker. In this study, the biomarker construction is based on the form of a linear regres-

sion model. Regression coefficients and associated asymptotic variance of the coefficients

from the first stage can be estimated with the form of a linear regression model in the

first stage. Then the asymptotic variance for the estimated association parameter between
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calibrated dietary intake and disease can be computed in the full cohort. When samples are

overlapped across datasets, the association estimator still follows asymptotic normality, but

the variance estimation of the association parameter is more complicated since datasets

are not independent. In such a case, a bootstrap method can be utilized for variance esti-

mation to avoid the violation of the assumption of independence across datasets. On the

other hand, with high dimensional data, variance estimation using the bootstrap method

may not be computationally efficient. Hence more computationally efficient methods need

to be considered for variance estimation when high-dimensional data is of our interest.

5.3 Design

In this paper, we have shown the biased estimation caused by the systematic error in a nu-

trient cohort study can be largely attenuated by regression calibration with valid developed

biomarkers. Method 3 with FFQ information included in the controlled feeding study has

also mitigated the bias on the estimated association parameter between disease and dietary

intakes, especially when the strength of biomarker is weak. Therefore, when the strength

of the biomarker is found to be weaker than expected, FFQ information is suggested to be

collected and included in the feeding study. In this study, repeated measurements using

the same instruments are not available. With repeated measurements, σ̂x∗ needed for BF

construction can be easily calculated in our proposed Method 2. In the future study design,

repeated measurements using the same instruments can be considered if possible.
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Appendix A: Technical Details for Chapter 2

Theorem 1. (Uniform weak law of large numbers (ULLN)): Suppose Θ is compact, g(x, θ)

is continuous function at each θ ∈ Θ with probability one, g(x, θ) is dominated by a

function G(X), i.e. |g(x, θ)| ≤ G(x), and EG(X) < ∞. Then:

sup
θ∈Θ

∣∣∣∣∣n−1 ∑
i

g(Xi, θ)− Eg(Xi, θ)

∣∣∣∣∣ p−→ 0.

Theorem 2. (Continuous mapping theorem (CM)): Let {Xn}∞
n=1 be a sequence of ran-

dom variables and X another random variable, all taking values in the same metric space

x. Let y be a metric space and f : x→ y a measurable function. Define:

C f = {x : g is continuous at x}.

Suppose that Xn
D−→ X and P(X ∈ C f ) = 1, then f (Xn)

D−→ f (X).

Suppose that Xn
P−→ X and P(X ∈ C f ) = 1, then f (Xn)

P−→ f (X).

Suppose that Xn
a.s.−→ X and P(X ∈ C f ) = 1, then f (Xn)

a.s.−→ f (X).

Theorem 3. (Multivariate Lindeberg-Feller Central limit theorem (CLT)): Suppose yni ∈

Rk are independent but not necessarily identically distributed with finte means µni =

E(yni) and variance matrices Vni = E((yni − µni)(yni − µni)
T). Set Vn = n−1 ∑n

i=1 Vni

and ν2
n = λmin(Vn). If ν2

n > 0 and for all ε > 0,

lim
n→∞

1
nν2

n

n

∑
i=1

E
(
||yni − µni||21(||yni − µni||2 > εnν2

n)
)
= 0.

Lemma 1. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to: EU(θ, γ∗) = 0 for

an estimating function U(θ, γ). If θ̂ solve the estimating equation: 0 = n−1
3 ∑n3

i=1 Ui(θ, γ̂),
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where
√

n2(γ̂−γ∗)→ N(0, Σγ) and γ̂ is independent of Ui(θ, γ), then we have
√

n3(θ̂−

θ∗)→ N(0, Σθ) where,

Σθ = I−1
θ (Jθ + C2 IγΣγ IT

γ )I−T
θ ,

where Iθ = E
(
− ∂U(θ,γ)

∂θ |θ∗,γ∗
)
, Iγ = E

(
− ∂U(θ,γ)

∂γ |θ∗,γ∗
)

and Jθ = Var(U(θ∗, γ∗)).

This variance can be consistently estimated by:

Σ̂θ = Î−1
θ

(
Ĵθ +

n3

n2
ÎγΣ̂γ ÎT

γ

)
Î−T
θ ,

where Îθ = n−1
3 ∑n3

i=1

(
− ∂Ui(θ,γ)

∂θ |θ̂,γ̂

)
, Îγ = n−1

3 ∑n3
i=1

(
− ∂Ui(θ,γ)

∂γ |θ̂,γ̂

)
,

Ĵθ = n−1
3 ∑n3

i=1 Ui(θ̂, γ̂)UT
i (θ̂, γ̂) and Σ̂γ is a consistent estimator of Σγ.

Proof. We can derive the asymptotic for θ̂ as below:

0 =
n3

∑
i=1

Ui(θ̂, γ̂)

=
n3

∑
i=1

{
Ui(θ

∗, γ∗) +
∂Ui(θ, γ)

∂θ
|θ∗,γ∗(θ̂ − θ∗) +

∂Ui(θ, γ)

∂γ
|θ∗,γ∗(γ̂− γ∗) + o(||θ̂ − θ∗||, ||γ̂− γ∗||)

}
.

With Theorem 1, we have:

n−1
3

n3

∑
i=1

∂Ui(θ, γ)

∂θ
|θ∗,γ∗ = E

(
∂U(θ, γ)

∂θ
|θ∗,γ∗

)
+ op(1) = −Iθ + op(1).

Similarly, we have:

n−1
3

n3

∑
i=1

∂Ui(θ, γ)

∂γ
|θ∗,γ∗ = −Iγ + op(1).
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Plug in the Taylor expansion, notice that EU(θ∗, γ∗) = 0, we have:

0 = n−1
3

n3

∑
i=1
{Ui(θ

∗, γ∗)− EU(θ∗, γ∗)} − Iθ(θ̂ − θ∗)− Iγ(γ̂− γ∗)

+o(||θ̂ − θ∗||, ||γ̂− γ∗||) + op(1) ∗ ||γ̂− γ∗||+ op(1) ∗ ||θ̂ − θ∗||.

So we have:

√
n3(θ̂ − θ∗) = I−1

θ

{
n−1/2

3

n3

∑
i=1

Ui(θ
∗, γ∗)− Iγ

√
n3(γ̂− γ∗)

}
+ op(1).

By Theorem 3, we have:

n−1/2
3

n3

∑
i=1
{Ui(θ

∗, γ∗)− EU(θ∗, γ∗)} ⇒d N(0, Jθ).

So we have:

Σθ = I−1
θ

{
Jθ + C2 IγΣγ IT

γ

}
I−T
θ .

By Theorem 1 and Theorem 2, we have Îθ = Iθ + op(1), Îγ = Iγ + op(1) and Ĵθ =

Jθ + op(1). By assumption Σ̂γ = Σγ + op(1) and n3/n2 → C2 < ∞, using Theorem 2,

we have Σ̂θ = Σθ + op(1).

Lemma 2. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U(θ, γ∗) = E
∫ τ

0


 Z∗

V

−
E


 Z∗

V

Y(t) exp
{
(Z∗, V T)θ

}
E
[
Y(t) exp

{
(Z∗, V T)θ

}]


dN(t).
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where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = n−1
3

n3

∑
i=1

∫ τ

0


 Ẑi

V i

− n3

∑
j=1

Yj(t) exp
{
(Ẑj, V T

j )θ
}

∑n3
k=1 Yk(t) exp

{
(Ẑk, V T

k )θ
}
 Ẑj

V j


 dNi(t),

where Ẑi = Xiγ̂ and
√

n2(γ̂− γ∗)→ N(0, Σγ), then we have
√

n3(θ̂− θ∗)→ N(0, Σθ)

where,

Σθ = I−1
θ (Jθ + C2 IγΣγ IT

γ )I−T
θ ,

Iθ = E

Yi(t) exp
{
(Z∗i , V T

i )θ
} Z∗i

Vi


⊗2
 ,

Jθ = E
∫ τ

0


 Z∗i

V i

− s(1)(θ, t)
s(0)(θ, t)


⊗2

dNi(t),

Iγ = −E

∫ τ

0


 Xi

0

− A(θ, t)
s(0)(θ, t)

+
s(1)(θ, t)G(θ, t)

s(0)(θ, t)2

 dN(t)

 ,
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where a⊗2 = aaT and,

A(θ, t) = E

Yi(t)

 1 + θZZ∗i

θZV i

 exp
{
(Z∗i , V T

i )θ
}

Xi

 ,

G(θ, t) = E
[
Yi(t) exp

{
(Z∗i , V T

i )θ
}

θZXi

]
,

s(0)(θ, t) = E
[
Yi(t) exp

{
(Z∗i , V T

i )θ
}]

,

s(1)(θ, t) = E

Yi(t) exp
{
(Z∗i , V T

i )θ
} Z∗i

Vi


 .

This variance can be consistently estimated by:

Σ̂θ = Î−1
θ

(
Ĵθ +

n3

n2
ÎγΣ̂γ ÎT

γ

)
Î−T
θ ,

where,

Îθ = n−1
3

n3

∑
i=1

Yi(t) exp
{
(Ẑi, V T

i )θ̂
} Ẑi

Vi


⊗2
 ,

Ĵθ = n−1
3

n3

∑
i=1

∆i


 Ẑi

V i

−∑
j

Yj(Ti) exp
{
(Ẑj, V T

j )θ̂
}

∑k Yk(Ti exp
{
(Ẑk, V T

k )θ̂
}
 Ẑj

V j



⊗2

,

Îγ = n−1
3

n3

∑
i=1

∆i


 Xi

0

− Â(θ̂, Ti)

s(0)(θ̂, Ti)
+

ŝ(1)(θ̂, Ti)Ĝ(θ̂, Ti)

ŝ(0)(θ̂, Ti)2

 ,
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Â(θ, t) = n−1
3

n3

∑
i=1

Yi(t)

 1 + θZẐi

θZV i

 exp
{
(Ẑi, V T

i )θ
}

Xi

 ,

Ĝ(θ, t) = n−1
3

n3

∑
i=1

[
Yi(t) exp

{
(Ẑi, V T

i )θ
}

θZXi

]
,

Σ̂γ is a consistent estimator of Σγ and n3
n2 → C2.

Proof. Denote Ui(θ, γ) =
∫ τ

0


 Zi

V i

−
E

Yj(t) exp
{
(Zj,V T

j )θ
} Zj

V j




E
[
Yk(t) exp

{
(Zk,V T

k )θ
}]


dNi(t) where

Zi = Xiγ. Then by definition of Iθ, Iγ, Jθ in Lemma 1, we can compute the form of these

terms as stated above. The convergence of θ̂ and γ̂ as long as Theorem 1 and 2 ensure

that we have:

Â(θ̂, t) = A(θ∗, t) + op(1),

Ĝ(θ̂, t) = G(θ∗, t) + op(1),

ŝ(0)(θ̂, t) = s(0)(θ∗, t) + op(1),

ŝ(1)(θ̂, t) = s(1)(θ∗, t) + op(1),

which lead to the convergence Îθ = Iθ + op(1), Îγ = Iγ + op(1) and Ĵθ = Jθ +

op(1). Applying Lemma 1, we have the asymptotic for θ̃ that solve the equation 0 =

n−1
3 ∑n3

i=1 Ui(θ, γ̂). Now we just need to show θ̃ and θ̂ is asymptotically equivalent, which
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is guaranteed by applying Theorem 1 to get:

n−1
3

n3

∑
i=1

Yj(t) exp
{
(Ẑj, V T

j )θ
}
= s(0)(θ, t) + op(1),

n−1
3

n3

∑
i=1

Yj(t) exp
{
(Ẑj, V T

j )θ
} Ẑj

V j

 = s(1)(θ, t) + op(1).

Here we would like to comment that for Method 2-4, Z∗ has the same expression

E(Z|Q, V) and thus the Iθ are the same though their estimated version Îθ are different.

Lemma 3. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = E
[
(1, Z∗, V T)T

{
Y− g−1((1, Z∗, V T)θ)

}]
,

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = n−1
3

n3

∑
i=1

[
(1, Ẑi, V T

i )
TYi − (1, Ẑi, V T

i )
Tg−1[(1, Ẑi, V T

i )θ]
]

,

where Ẑi = Xiγ̂ and
√

n2(γ̂− γ∗)→ N(0, Σγ), then we have
√

n3(θ̂− θ∗)→ N(0, Σθ)

where,

Σθ = I−1
θ (Jθ + C2 IγΣγ IT

γ )I−T
θ ,
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where,

Iθ = E




1

Z∗

V

 ∂g−1 (η)

∂ (η)
(1, Z∗, V T)

 ,

Jθ = E
[
(1, Z∗, V T)T

{
Y− g−1((1, Z∗, V T)θ)

}]⊗
,

Iγ = E


1

Z∗

V

 ∂g−1(η)

∂η
θzX,

where η = (1, Z∗, V T)θ and g is the corresponding link function. This variance can be

consistently estimated by:

Σ̂θ = Î−1
θ { Ĵθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where,

Îθ = n−1
3

n3

∑
i=1




1

Ẑi

V i

 ∂g−1 (ηi)

∂ (ηi)
(1, Ẑi, V T

i )

 ,

Ĵθ = n−1
3

n3

∑
i=1

[
(1, Ẑi, V T

i )
T
{

Yi − g−1((1, Ẑi, V T
i )θ̂)

}]⊗
,

Îγ = n−1
3

n3

∑
i=1


1

Ẑi

V i

 ∂g−1(ηi)

∂ηi
θ̂zXi,
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where ηi = Xγ̂i, Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂γ and Σ̂γ is a consistent estimator of

Σγ.

Proof. We apply Lemma 1 with U(θ, γ) = (1, Z, V T)T {Y− g−1((1, Z, V T)θ)
}

where

Z = Xγ. With some calculus, we obtain the form of Iθ, Iγ, Jθ and Îθ, Îγ, Ĵθ.

Corollary 1. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U = E ∑
i=1

[
(1, Z∗i , V T

i )
TYi − (1, Z∗i , V T

i )
T(1, Z∗i , V T

i )θ
]

.

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = ∑ Ui = n−1
3 ∑

i=1

[
(1, Ẑi, V T

i )
TYi − (1, Ẑi, V T

i )
T(1, Ẑi, V T

i )θ
]

,

where Ẑi = Xiγ̂ and
√

n2(γ̂− γ∗)→ N(0, Σγ), then we have
√

n3(θ̂− θ∗)→ N(0, Σθ)

where

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,

where Iθ = −E ∂U
∂θ and Iγ = −E ∂U

∂γ . This variance can be consistently estimated by:

Σ̂θ = Î−1
θ { Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂γ and Σ̂γ is a consistent estimator of Σγ.

Proof. Plug in g(x) = x for linear regression form, we have:

Iθ = E

∑
i


1

Z∗i

V i

 (1, Z∗i , V T
i )

 ,
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Iγ = E


1

Z∗i

V i

 (Xiθz) ,

Îθ = n3
−1 ∑

i


1

Ẑi

V i

 (1, Ẑi, V T
i ),

Îγ = n3
−1 ∑

i


1

Ẑi

V i

 (Xiθz) .

Applying Lemma 3, we obtain the asymptotic for θ in linear regression setting.

Corollary 2. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U = ∑
i=1

[
(1, Z∗i , V T

i )
TYi − (1, Z∗i , V T

i )
T exp(ηi)

(1 + exp(ηi))

]
,

where ηi = (1, Z∗i , V T
i )θ, Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = ∑ Ui = n−1
3

n3

∑
i=1

[
(1, Ẑi, V T

i )
TYi − (1, Ẑi, V T

i )
T exp(ηi)

(1 + exp(ηi))

]
,

where Ẑi = Xiγ̂ and
√

n2(γ̂− γ∗)→ N(0, Σγ), then we have
√

n3(θ̂− θ∗)→ N(0, Σθ)

where,

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,
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where Iθ = −E ∂U
∂θ and Iγ = −E ∂U

∂γ . This variance can be consistently estimated by:

Σ̂θ = Î−1
θ { Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂γ and Σ̂γ is a consistent estimator of Σγ.

Proof. Plug in g(x) = log
( x

1−x
)
for linear regression form, we have:

Iθ = −E ∑
i


1

Z∗i

V i

 exp(ηi)

(1 + exp(ηi))2 (1, Z∗i , V T
i ),

Iγ = E


1

Z∗i

V i

 exp(ηi)

(1 + exp(ηi))2 (Xiθz) ,

Îθ = −n3
−1 ∑

i


1

Ẑi

V i

 exp(η̂i)

(1 + exp(η̂i))2 (1, Ẑi, V T
i ),

Îγ = n3
−1 ∑

i


1

Ẑi

V i

 exp(η̂i)

(1 + exp(η̂i))2

(
Xi θ̂z

)
.

Applying Lemma 3, we obtain the asymptotic for θ in linear regression setting.
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Lemma 4. Assume n2/n1 → C1 < ∞ and γ∗ is the unique solution to EU(γ, β∗) = 0

for an estimating function U(γ, β) = [(1, Qi, V T
i )

TX̂i − (1, Qi, V T
i )

T(1, Qi, V T
i )γ]. If γ̂

solve the estimating equation 0 = n−1
3 ∑n3

i=1 Ui(γ, β̂) where,
√

n1(β̂− β∗) → N(0, Σβ),

then we have
√

n2(γ̂− γ∗)→ N(0, Σγ) where,

Σγ = I−1
γ (Iγ + C1 IβΣβ IT

β )I−T
γ ,

where Iγ = E
(
− ∂U(γ,β)

∂γ |γ∗,β∗
)
= E[(1, Qi, V T

i )
T(1, Qi, V T

i )] and Iβ = E
(
− ∂U(γ,β)

∂β |γ∗,β∗
)
.

This variance can be consistently estimated by:

Σ̂γ = Î−1
γ

(
Îγ +

n2

n1
ÎβΣ̂β ÎT

β

)
Î−T
γ ,

where Îγ = n−1
2 ∑n2

i=1

(
− ∂Ui(γ,β)

∂γ |γ̂,β̂

)
, Îβ = n−1

2 ∑n2
i=1

(
− ∂Ui(γ,β)

∂β |γ̂,β̂

)
and Σ̂β is a con-

sistent estimator of Σβ.

Proof. We can derive the asymptotic for γ̂ as below.

0 =
n2

∑
i=1

Ui(γ̂, β̂)

=
n2

∑
i=1

{
Ui(γ

∗, β∗) +
∂U
∂γ
|γ∗,β∗(γ̂− γ∗) +

∂U
∂β
|γ∗,β∗(β̂− β∗) + o(||γ̂− γ∗||, ||β̂− β∗||)

}
.

With Theorem 1,

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂γ
|γ̂,β̂ = E

(
∂U
∂γ
|γ̂,β̂

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂γ
|γ̂,β̂

)
= E

(
∂U
∂γ
|γ∗,β∗

)
+ op(1).
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So we have:

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂γ
|γ̂,β̂ = −Iγ + op(1).

Similarly, we have:

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂β
|γ̂,β̂ = −Iβ + op(1).

Plug in the Taylor expansion, notice that EU(γ∗, β∗) = 0, we have:

0 = n−1
2

n2

∑
i=1
{Ui(γ

∗, β∗)− EU(γ∗, β∗)} − Iγ(γ̂− γ∗)− Iβ(β̂− β∗)

+o(||γ̂− γ∗||, ||β̂− β∗||) + op(1) ∗ ||β̂− β∗||+ op(1) ∗ ||γ̂− γ∗||.

So we have:

√
n2(γ̂− γ∗) = I−1

γ

{
n−1/2

2

n2

∑
i=1

Ui(γ
∗, β∗)− Iβ

√
n2(β̂− β∗)

}
+ op(1).

By Theorem 3, we have:

n−1/2
2

n2

∑
i=1
{Ui(γ

∗, β∗)− EU(γ∗, β∗)} ⇒d N(0, Var(Ui(γ
∗, β∗))).

So we have:

Σγ = I−1
γ

{
Var(U(γ, β)) + C2 IβΣβ IT

β

}
I−T
γ .

As we have shown Îγ = Iγ + op(1), Îβ = Iβ + op(1) and by assumption Σ̂β = Σβ + op(1)

and n2/n1 → C1 < ∞, using Theorem 2, we have Σ̂γ = Σγ + op(1).
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Lemma 5. Assume n2/n1 → C1 < ∞ and γ∗1 is the unique solution to EU(γ1, β∗1) = 0

for an estimating function U(γ1, β1). If γ̂1 solve the estimating equation 0 = n−1
2 ∑n2

i=1 Ui(γ1, β̂1)

where
√

n1(β̂1 − β∗1)→ N(0, Σβ1), then we have
√

n2(γ̂1 − γ∗1)→ N(0, Σγ1) where,

Σγ1 = I−1
γ1

(Iγ1 + C1 Iβ1Σβ1 IT
β1
)I−T

γ1
,

where Iγ1 = E
(
− ∂U(γ1,β1)

∂γ1
|γ∗1 ,β∗1

)
and Iβ1 = E

(
− ∂U(γ1,β1)

∂β1
|γ∗1 ,β∗1

)
. This variance can be

consistently estimated by:

Σ̂γ1 = Î−1
γ1

(
Îγ1 +

n2

n1
Îβ1Σ̂β1 ÎT

β1

)
Î−T
γ1

,

where Îγ1 = n−1
2 ∑n2

i=1

(
− ∂Ui(γ1,β1)

∂γ1
|γ̂1,β̂1

)
, Îβ1 = n−1

2 ∑n2
i=1

(
− ∂Ui(γ1,β1)

∂β1
|γ̂1,β̂1

)
and Σ̂β1

is a consistent estimator of Σβ1 .

Proof. To derive the asymptotic for γ̂1, we need to derive asymptotic for β̂1 and then

apply Lemma 4.

0 =
n1

∑
i=1

Ui(β̂1)

=
n1

∑
i=1

{
Ui(β∗1) +

∂U
∂β1
|β∗1(β̂1 − β∗1) + o(||β̂1 − β∗1||)

}
,

where Ui(β∗1) = (1, W T
i , V T

i )
TX∗i − (1, W T

i , V T
i )

T(1, W T
i , V T

i )β∗1,

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β1)

∂β1
|β̂1

= E
(

∂U
∂β1
|β̂1

)
+ op(1),
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and with Theorem 2, we have:

E
(

∂U
∂β1
|β̂1

)
= E

(
∂U
∂β1
|β∗1

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(β1)

∂β1
|β̂1

= −Iβ1 + op(1).

Plug in the Taylor expansion, notice that EU(β∗1) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗1)− EU(β∗1)} − Iβ1(β̂1 − β∗1)

+op(1)||β̂1 − β∗1||.

So we have:

√
n1(β̂1 − β∗1) = I−1

β1

{
n−1/2

1

n1

∑
i=1

Ui(β∗1)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗1)− EU(β∗1)} ⇒d N(0, Var(Ui(β∗1))).

So we have:

Σβ1 = I−1
β1
{Var(U(β1))} I−T

β1
.
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By assumption, Σ̂β1 = Σβ1 + op(1) which is a consistent estimator of Σβ1 .

Then by applying Lemma 4, we have:

Σ̂γ1 = Î−1
γ1

(
Îγ1 +

n2

n1
Îβ1Σ̂β1 ÎT

β1

)
Î−T
γ1

.

Lemma 6. Assume n2/n1 → C1 < ∞ and γ∗2 is the unique solution to EU(γ2, β∗2) = 0

for an estimating function U(γ2, β2). If γ̂2 solve the estimating equation 0 = n−1
2 ∑n2

i=1 Ui(γ2, β̂2)

where
√

n1(β̂2 − β∗2)→ N(0, Σβ2), then we have
√

n2(γ̂2 − γ∗2)→ N(0, Σγ2) where,

Σγ2 = I−1
γ2

(Iγ2 + C1 Iβ2Σβ2 IT
β2
)I−T

γ2
,

where Iγ2 = E
(
− ∂U(γ2,β2)

∂γ2
|γ∗2 ,β∗2

)
and Iβ2 = E

(
− ∂U(γ2,β2)

∂β2
|γ∗2 ,β∗2

)
. This variance can be

consistently estimated by:

Σ̂γ2 = Î−1
γ2

(
Îγ2 +

n2

n1
Îβ2Σ̂β2 ÎT

β2

)
Î−T
γ2

,

where Îγ2 = n−1
2 ∑n2

i=1

(
− ∂Ui(γ2,β2)

∂γ2
|γ̂2,β̂2

)
, Îβ2 = n−1

2 ∑n2
i=1

(
− ∂Ui(γ2,β2)

∂β2
|γ̂2,β̂2

)
and Σ̂β2

is a consistent estimator of Σβ2 .

Proof. The asymptotic of γ̂2 can be derived as below.

First note that,

Var(X∗|V , W) = Ω1 =
1
n1

∑
i

{
X∗i − (1, W T

i , V T
i )β
}2

,

Var(X∗|V) = Ω2 =
1
n1

∑
i

{
X∗i − (1, V T

i )βt

}2
,

where we let Ω1i =
{

X∗i − (1, W T
i , V T

i )β
}2

and Ω2i =
(
X∗i − (1, V T

i )βt
)2
.
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Second, the estimating equations considered are:

U121i = (1, W T
i , V T

i )
TΩ−1

1 (X∗i − (1, W T
i , V T

i )β),

U122i = (1, V T
i )

TΩ−1
2 (X∗i − (1, V T

i )βt),

U123i = (X∗i − (1, W T
i , V T

i )
Tβ)2 −Ω1,

U124i = (X∗i − (1, V T
i )βt)

2 −Ω2.

Third, we can derive the asymptotic normal distribution for β, βt, Ω1 and Ω2 as:

√
n1





β̂

β̂t

Ω̂1

Ω̂2


−



β

βt

Ω1

Ω2




→ N(0, I−1 J I−T),

where J is the variance covariance matrix of the above four estimating equations and I

is a matrix composed by the expectation of derivatives of each estimating equation with

respect to β, βt, Ω1 and Ω2, respectively. Specifically,

I =



1
n1

∑i(Xi)
T(Xi) 0 0 0

0 1
n1

∑i(Xti)
T(Xti) 0 0

0 0 1 0

0 0 0 1


,
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where Xi = (1, W T
i , V T

i ) and Xti = (1, V T
i ).

Fourth, the asymptotic normal distribution for β̂ and B̂F can be derived using delta method.

√
n1


 β̂

B̂F

−
 β

BF


→ N(0, CI−1 J I−TCT),

where C is a matrix derived by taking derivative of β and BF each with respect to β, βt,

V1 and V2 respectively. For example,

∂BF
∂β

= 0,
∂BF
∂βt

= 0,
∂BF
∂Ω1

=
−1

Ω2 − σ2
∗

,
∂BF
∂V2

=
Ω1 − σ2

∗
(Ω2 − σ2

∗)
2 .

Fifth, β̂2 = β̂

B̂F
can be derived using delta method. That is:

√
n1

(
β̂2 − β2

)
→ N(0, C′(CI−1 J I−TCT)C′T),

where C’ is a matrix derived by taking derivative of β2 each with respect to β and BF,

respectively. That is:

∂β2

∂β
=

1
BF

,
∂β2

∂BF
= − β

BF2 .

Then we have estimating equation for β2 as below:

0 =
n1

∑
i=1

Ui(β̂2)

=
n1

∑
i=1

{
Ui(β∗2) +

∂U
∂β2
|β∗2(β̂2 − β∗2) + o(||β̂2 − β∗2||)

}
.
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With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β2)

∂β2
|β̂2

= E
(

∂U
∂β2
|β̂2

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂β1
|β̂2

)
= E

(
∂U
∂β1
|β∗2

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(β2)

∂β1
|β̂2

= −Iβ1 + op(1).

Plug in the Taylor expansion, notice that EU(β∗2) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗2)− EU(β∗2)} − Iβ1(β̂2 − β∗2)

+op(1)||β̂2 − β∗2||.

So we have:

√
n1(β̂2 − β∗2) = I−1

β2

{
n−1/2

1

n1

∑
i=1

Ui(β∗2)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗2)− EU(β∗2)} → N(0, Var(Ui(β∗2))).

So we have:

Σβ2 = I−1
β2
{Var(U(β2))} I−T

β2
.
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By assumption, Σ̂β2 = Σβ2 + op(1) which is a consistent estimator of Σβ2 .

Then by applying Lemma 4, we have:

Σ̂γ2 = Î−1
γ2

(
Îγ2 +

n2

n1
Îβ2Σ̂β2 ÎT

β2

)
Î−T
γ2

.

Lemma 7. Assume n2/n1 → C1 < ∞ and γ∗3 is the unique solution to: EU(γ3, β∗3) = 0

for an estimating function U(γ3, β3). If γ̂3 solve the estimating equation: 0 = n−1
2 ∑n2

i=1 Ui(γ3, β̂3)

where
√

n1(β̂3 − β∗3)→ N(0, Σβ3), then we have
√

n2(γ̂3 − γ∗3)→ N(0, Σγ3) where,

Σγ3 = I−1
γ3

(Iγ3 + C1 Iβ3Σβ3 IT
β3
)I−T

γ3
,

where Iγ3 = E
(
− ∂U(γ3,β3)

∂γ3
|γ∗3 ,β∗3

)
and Iβ3 = E

(
− ∂U(γ3,β3)

∂β3
|γ∗3 ,β∗3

)
. This variance can be

consistently estimated by:

Σ̂γ3 = Î−1
γ3

(
Îγ3 +

n2

n1
Îβ3Σ̂β3 ÎT

β3

)
Î−T
γ3

,

where Îγ3 = n−1
2 ∑n2

i=1

(
− ∂Ui(γ3,β3)

∂γ3
|γ̂3,β̂3

)
, Îβ3 = n−1

2 ∑n2
i=1

(
− ∂Ui(γ3,β3)

∂β3
|γ̂3,β̂3

)
and Σ̂β3

is a consistent estimator of Σβ3 .

Proof. The asymptotic of γ̂3 can be derived as below.

0 =
n1

∑
i=1

Ui(β̂3)

=
n1

∑
i=1

{
Ui(β∗3) +

∂U
∂β3
|β∗3(β̂3 − β∗3) + o(||β̂3 − β∗3||)

}
,
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where Ui(β∗3) = (1, W T
i , Qi, V T

i )
TX∗i − (1, W T

i , Qi, V T
i )

T(1, W T
i , Qi, V T

i )β∗3.

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β3)

∂β3
|β̂3

= E
(

∂U
∂β3
|β̂3

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂β3
|β̂3

)
= E

(
∂U
∂β3
|β∗3

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(β3)

∂β3
|β̂3

= −Iβ3 + op(1).

Plug in the Taylor expansion, notice that EU(β∗3) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗3)− EU(β∗3)} − Iβ3(β̂3 − β∗3)

+op(1)||β̂3 − β∗3||.

So we have:

√
n1(β̂3 − β∗3) = I−1

β3

{
n−1/2

1

n1

∑
i=1

Ui(β∗3)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗3)− EU(β∗3)} ⇒d N(0, Var(Ui(β∗3))).
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So we have:

Σβ3 = I−1
β3
{Var(U(β3))} I−T

β3
.

By assumption, Σ̂β3 = Σβ3 + op(1) which is a consistent estimator of Σβ3 .

By applying Lemma 4, we have:

Σ̂γ3 = Î−1
γ3

(
Îγ3 +

n2

n1
Îβ3Σ̂β3 ÎT

β3

)
Î−T
γ3

.

Lemma 8. Assume γ∗4 is the unique solution to EU(γ4) = 0 for an estimating function

U(γ4). Solving the estimating equation 0 = n−1
1 ∑n1

i=1 Ui(γ̂4), we have
√

n1(γ̂4− γ∗4)→

N(0, Σγ4) where,

Σγ4 = I−1
γ4

(Var(U(γ4)))I−T
γ4

,

where Iγ4 = E
(
− ∂U(γ4)

∂γ4
|γ∗4
)
. This variance can be consistently estimated by:

Σ̂γ4 = Î−1
γ4

(Var(U(γ4))) Î−T
γ4

,

where Îγ4 = n−1
1 ∑n1

i=1

(
− ∂Ui(γ4)

∂γ4
|γ̂4

)
and Σ̂γ4 is a consistent estimator of Σγ4 .

Proof. The asymptotic of γ̂4 can be derived as below.

0 =
n1

∑
i=1

Ui(γ̂4)

=
n1

∑
i=1

{
Ui(γ

∗
4) +

∂U
∂γ4
|γ∗4 (γ̂4 − γ∗4) + o(||γ̂4 − γ∗4 ||)

}
,
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where Ui(γ
∗
4) = (1, Qi, V T

i )
TX∗i − (1, Qi, V T

i )
T(1, Qi, V T

i )γ
∗
4 .

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(γ4)

∂γ4
|γ̂4 = E

(
∂U
∂γ4
|γ̂4

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂γ4
|γ̂4

)
= E

(
∂U
∂γ4
|γ∗4

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(γ4)

∂γ4
|γ̂4 = −Iγ4 + op(1).

Plug in the Taylor expansion, notice that EU(γ∗4) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(γ

∗
4)− EU(γ∗4)} − Iγ4(γ̂4 − γ∗4)

+op(1)||γ̂4 − γ∗4 ||.

So we have:

√
n1(γ̂4 − γ∗4) = I−1

γ4

{
n−1/2

1

n1

∑
i=1

Ui(γ
∗
4)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(γ

∗
4)− EU(γ∗4)} ⇒d N(0, Var(Ui(γ

∗
4))).
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So we have:

Σγ4 = I−1
γ4
{Var(U(γ4))} I−T

γ4
.

By assumption, Σ̂γ4 = Σγ4 + op(1) which is a consistent estimator of Σγ4 .

Theorem 4. The asymptotic bias in Method 1 is associated with ρ and δ with a form

such that the bias corrected association parameters, θ∗z and θ∗v , are θ∗z = ρ−1θz where

ρ = R2
X,W |V ,and θ∗v = θv − (1−ρ)δ

ρ θz when a linear function form, E(X|V) = Vδ,

exists.

Proof. To see the asymptotic bias of Method 1 and get the bias corrected parameters, we

consider the first step regression model of X∗ on (W , V), then we have:

X̂ = E(X∗|W , V) = E(X|W , V)

= E(X|V) + {W − E(W |V)}T Σ−1
WW |V ΣT

XW |V .

Now we compute E(X̂|Q, V) to see how it is biased away from E(X|Q, V). We have:

E(X̂|Q, V) = E
{

E
(
X̂|X, Q, V

)
|Q, V

}
= E

{
E
(
X̂|X, V

)
|Q, V

}
= E

[
E
[

E(X|V) + {W − E(W |V)}T Σ−1
WW |V ΣT

XW |V |X, V
]
|Q, V

]
= E

[
E(X|V) + {E(W |X, V)− E(W |V)}T Σ−1

WW |V ΣT
XW |V |Q, V

]
= E

[
E(X|V) + {X− E(X|V)}Σ−1

XX|V ΣXW |V Σ−1
WW |V ΣT

XW |V |Q, V
]

= E
[
E(X|V) + {X− E(X|V)} ρV |Q, V

]
= ρV E(X|Q, V) + (1− ρV )E(X|V).
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When ρV is a constant over V , we simply denote it as ρ and we have ρθ∗z = θz, or

θ∗z = ρ−1θz with appropriate adjustment for V. Explicitly, we have:

ρ = 1− Σ−1
XX|V

(
ΣXX|V − ΣXW |V Σ−1

WW |V ΣT
XW |V

)
= 1− Var(X|W , V)

Var(X|V)
= R2

X,W |V .

If we further have E(X|V) = Vδ is a linear function of V, then (1− ρ)δθ∗z + θ∗v = θv, or

θ∗v = θv − (1−ρ)δ
ρ θz.

Theorem 5. With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1) where

Σθ1 = I−1
θ1

(Iθ1 + C2 Iγ1Σγ1 IT
γ1
)I−T

θ1
can be consistently estimated by: Σ̂θ1 = Î−1

θ1
( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
for Method 1.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂2− θ∗2)→ N(0, Σθ2) where Σθ2 = I−1

θ2
(Iθ2 +

C2 Iγ2Σγ2 IT
γ2
)I−T

θ2
can be consistently estimated by: Σ̂θ2 = Î−1

θ2
( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
for

Method 2.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂3− θ∗3)→ N(0, Σθ3) where Σθ3 = I−1

θ3
(Iθ3 +

C2 Iγ3Σγ3 IT
γ3
)I−T

θ3
can be consistently estimated by: Σ̂θ3 = Î−1

θ3
( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
for

Method 3.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂4− θ∗4)→ N(0, Σθ4) where Σθ4 = I−1

θ4
(Iθ4 +

C2 Iγ4Σγ4 IT
γ4
)I−T

θ4
can be consistently estimated by: Σ̂θ4 = Î−1

θ4
( Îθ4 +

n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
for

Method 4.

Proof. By applying Lemma 2 and Lemma 5, the asymptotic Σθ1 can be derived as

Σ̂θ1 = Î−1
θ1

( Îθ1 +
n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
.

By applying Lemma 2 and Lemma 6, the asymptotic Σθ2 can be derived as

Σ̂θ2 = Î−1
θ2

( Îθ2 +
n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
.

By applying Lemma 2 and Lemma 7, the asymptotic Σθ3 can be derived as

Σ̂θ3 = Î−1
θ3

( Îθ3 +
n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
.
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By applying Lemma 2 and Lemma 8, the asymptotic Σθ4 can be derived as

Σ̂θ4 = Î−1
θ4

( Îθ4 +
n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
.

Theorem 6. With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1) where

Σθ1 = I−1
θ1

(Iθ1 + C2 Iγ1Σγ1 IT
γ1
)I−T

θ1
can be consistently estimated by: Σ̂θ1 = Î−1

θ1
( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
for Method 1.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂2− θ∗2)→ N(0, Σθ2) where Σθ2 = I−1

θ2
(Iθ2 +

C2 Iγ2Σγ2 IT
γ2
)I−T

θ2
can be consistently estimated by: Σ̂θ2 = Î−1

θ2
( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
for

Method 2.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂3− θ∗3)→ N(0, Σθ3) where Σθ3 = I−1

θ3
(Iθ3 +

C2 Iγ3Σγ3 IT
γ3
)I−T

θ3
can be consistently estimated by: Σ̂θ3 = Î−1

θ3
( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
for

Method 3.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂4− θ∗4)→ N(0, Σθ4) where Σθ4 = I−1

θ4
(Iθ4 +

C2 Iγ4Σγ4 IT
γ4
)I−T

θ4
can be consistently estimated by: Σ̂θ4 = Î−1

θ4
( Îθ4 +

n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
for

Method 4.

Proof. By applying Lemma 3 and Lemma 5, the asymptotic Σθ1 can be derived as

Σ̂θ1 = Î−1
θ1

( Îθ1 +
n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
.

By applying Lemma 3 and Lemma 6, the asymptotic Σθ2 can be derived as

Σ̂θ2 = Î−1
θ2

( Îθ2 +
n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
.

By applying Lemma 3 and Lemma 7, the asymptotic Σθ3 can be derived as

Σ̂θ3 = Î−1
θ3

( Îθ3 +
n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
.

By applying Lemma 3 and Lemma 8, the asymptotic Σθ4 can be derived as

Σ̂θ4 = Î−1
θ4

( Îθ4 +
n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
.
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Appendix B: Technical Details for Chapter 3

Lemma 9. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U(θ, γ∗) = E
∫ τ

0


 Z∗

V

−
E


 Z∗

V

Y(t) exp
{
(Z∗T, V T)θ

}
E
[
Y(t) exp

{
(Z∗T, V T)θ

}]


dN(t),

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = n−1
3

n3

∑
i=1

Ui(θ, γ̂) = n−1
3

n3

∑
i=1

∫ τ

0


 Ẑi

V i

−∑
j

Yj(t) exp
{
(ẐT

j , V j
T)θ
}

∑k Yk(t) exp
{
(ẐT

k , V k
T)θ
}
 Ẑj

V j


 dNi(t),

where Ẑi = Xiγ̂ and
√

n2(vec(γ̂) − vec(γ∗)) → N(0, Σγ), then we have
√

n3(θ̂ −

θ∗)→ N(0, Σθ) where,

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,

Iθ = −E
(

∂U(θ,γ)
∂θ |θ∗,γ∗

)
and Iγ = −E

(
∂U(θ,γ)
∂vec(γ) |θ∗,γ∗

)
. This variance can be consistently

estimated by:

Σ̂θ = Î−1
θ

(
Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ

)
Î−T
θ ,

where Îθ = −n−1
3 ∑n3

i=1
∂Ui(θ,γ)

∂θ |θ̂,γ̂, Îγ = −n−1
3 ∑n3

i=1
∂Ui(θ,γ)
∂vec(γ) |θ̂,γ̂, Σ̂γ is a consistent esti-

mator of Σγ and n3
n2 → C2.
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Proof. For this specific estimating function from Cox regression, we have:

Iθ = E
∫ τ

0


 Z∗

i

V i

−∑
j

Yj(t) exp
{
(Z∗j

T, V j
T)θ
}

∑k Yk(t) exp
{
(Z∗k

T, V k
T)θ
}
 Z∗j

V j



⊗2

dNi(t),

where a⊗2 = aaT.

Iγ = −E

∫ τ

0


 Im ⊗X

0

− A(θ, t)
s(0)(θ, t)

+
s(1)(θ, t)G(θ, t)

s(0)(θ, t)2

 dN(t)

 .

Here we would like to comment that for Method 2-4, Z∗ has the same expression E(Z|Q, V)

and thus, the Iθ are the same though their estimated version Îθ are different.

So the expectation can be consistently estimated by:

Îθ = −n−1
3 ∑

i
∆i


 Ẑi

V i

−∑
j

Yj(Ti) exp
{
(ẐT

j , V j
T)θ
}

∑k Yk(Ti exp
{
(ẐT

k , V k
T)θ
}
 Ẑj

V j



⊗2

.

As for Îγ, we have:

E
(

∂U
∂vec(γ)

)
= E

∫ τ

0


 Im ⊗X

0

− A(θ, t)
s(0)(θ, t)

+
s(1)(θ, t)G(θ, t)

s(0)(θ, t)2

 dN(t)

 ,
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where,

A(θ, t) = E

Y(t)

 Im + Z∗θT
Z

VθT
Z

 exp
{
(Z∗T, V T)θ

}
⊗X

 ,

G(θ, t) = E
[
Y(t) exp

{
(Z∗T, V T)θ

}
θT

Z ⊗X
]

,

s(0)(θ, t) = n−1
3 ∑

i
Yi(t) exp

{
(Z∗i

T, V i
T)θ
}

,

s(1)(θ, t) = n−1
3 ∑

i
Yi(t) exp

{
(Z∗i

T, V i
T)θ
} Z∗i

V i

 ,

which can be consistently estimated by:

Â(θ, t) = n−1
3 ∑

i

Yi(t)

 Im + Ẑiθ
T
Z

V iθ
T
Z

 exp
{
(ẐT

i , V i
T)θ
}
⊗Xi

 ,

Ĝ(θ, t) = n−1
3 ∑

i

[
Yi(t) exp

{
(ẐT

i , V i
T)θ
}

θT
Z ⊗Xi

]
,

and,

Îγ = −E
(

∂U
∂vec(γ)

)
= −n−1

3 ∑
i

∆i


 Im ⊗Xi

0

− Â(θ̂, Ti)

s(0)(θ̂, Ti)
+

ŝ(1)(θ̂, Ti)Ĝ(θ̂, Ti)

ŝ(0)(θ̂, Ti)2

 ,
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where,

ŝ(0)(θ, t) = n−1
3 ∑

i
Yi(t) exp

{
(ẐT

i , V i
T)θ
}

,

ŝ(1)(θ, t) = n−1
3 ∑

i
Yi(t) exp

{
(ẐT

i , V i
T)θ
} Ẑi

V i

 .

So by Lemma 1, we obtain the asymptotic result for θ.

Lemma 10. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U = E
[
(1, Z∗T, V T)TY− (1, Z∗T, V T)Tg−1[(1, Z∗T, V T)θ]

]
.

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = 1/n3 ∑
i

Ui = n−1
3

n3

∑
i=1

[
(1, ẐT

i , V i
T)TYi − (1, ẐT

i , V i
T)Tg−1[(1, ẐT

i , V i
T)θ]

]
,

where Ẑi = Xiγ̂ and
√

n2(vec(γ̂) − vec(γ∗)) → N(0, Σγ), then we have
√

n3(θ̂ −

θ∗)→ N(0, Σθ) where,

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,

where Iθ = −E ∂U
∂θ and Iγ = −E ∂U

∂vec(γ) . This variance can be consistently estimated by:

Σ̂θ = Î−1
θ { Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂vec(γ) and Σ̂γ is a consistent estimator of Σγ.
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Proof. For this specific estimating function from generalized linear model (GLM), we have:

Iθ = −E
∂U
∂θ

= −E ∑
i




1

Z∗i

V i

 ∂g−1 (ηi)

∂ (ηi)
(1, Z∗i

T, V i
T)

 ,

Iγ = −E
∂U

∂vec(γ)
,

= −E ∑
i




0

Im ⊗Xi(Yi − g−1(ηi))

0

−


1

Z∗i

V i

 ∂g−1(ηi)

∂ηi
θT

z ⊗Xi

 ,

=


1

Z∗i

V i

 ∂g−1(ηi)

∂ηi
θT

z ⊗Xi,

where ηi = (1, Z∗Ti , V T
i )θ and g is the corresponding link function.

Îθ = −n3
−1 ∑

i




1

Ẑi

V i

 ∂g−1(η̂i)

∂η̂i

∂η̂i

∂θ

 ,

Îγ = n3
−1 ∑

i


1

Ẑi

V i

 ∂g−1(η̂i)

∂ηi
θ̂T

z ⊗Xi,
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where η̂i = (1, ẐT
i , V T

i )θ and g is the corresponding link function. So by Lemma 1, we

obtain the asymptotic result for θ.

Corollary 3. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U = E
[
(1, Z∗i

T, V i
T)TYi − (1, Z∗i

T, V i
T)T(1, Z∗i

T, V i
T)θ
]

,

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = ∑ Ui = n−1
3 ∑

i=1

[
(1, ẐT

i , V i
T)TYi − (1, ẐT

i , V i
T)T(1, ẐT

i , V i
T)θ
]

,

where Ẑi = X iγ̂ and
√

n2(vec(γ̂) − vec(γ∗)) → N(0, Σγ), then we have
√

n3(θ̂ −

θ∗)→ N(0, Σθ) where,

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,

where Iθ = −E ∂U
∂θ and Iγ = −E ∂U

∂vec(γ) . This variance can be consistently estimated by

Σ̂θ = Î−1
θ { Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂vec(γ) and Σ̂γ is a consistent estimator of Σγ.

Proof. Plug in g(x) = x for linear regression form, we have:

Iθ = −E




1

Z∗i

V i

 (1, Z∗i
T, V i

T)

 ,
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Iγ = E


1

Z∗

V i

 θT
z ⊗X,

Îθ = −n3
−1 ∑

i


1

Ẑi

V i

 (1, ẐT
i , V i

T),

Îγ = n3
−1 ∑

i


1

Ẑi

V i

 θ̂T
z ⊗Xi.

By applying Lemma 3, we obtain the asymptotic for θ in linear regression setting.

Corollary 4. Assume n3/n2 → C2 < ∞ and θ∗ is the unique solution to:

0 = U = ∑
i=1

[
(1, Z∗i

T, V i
T)TYi − (1, Z∗i

T, V i
T)T exp(ηi)

(1 + exp(ηi))

]
,

where Z∗ = Xγ∗. If θ̂ solve the estimating equation:

0 = ∑ Ui = n−1
3

n3

∑
i=1

[
(1, ẐT

i , V i
T)TYi − (1, ẐT

i , V i
T)T exp(ηi)

(1 + exp(ηi))

]
,

where Ẑi = Xiγ̂ and
√

n2(vec(γ̂)− vec(γ∗))→ N(0, Σγ), then we have
√

n3(θ̂− θ∗)→

N(0, Σθ) where,

Σθ = I−1
θ (Iθ + C2 IγΣγ IT

γ )I−T
θ ,
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where Iθ = −E ∂U
∂θ and Iγ = −E ∂U

∂vec(γ) . This variance can be consistently estimated by:

Σ̂θ = Î−1
θ { Îθ +

n3

n2
ÎγΣ̂γ ÎT

γ } Î−T
θ ,

where Îθ = − 1
n3

∑i
∂Ui
∂θ , Îγ = − 1

n3
∑i

∂Ui
∂vec(γ) and Σ̂γ is a consistent estimator of Σγ.

Proof. Plug in g(x) = log
( x

1−x
)
for linear regression form, we have:

Iθ = −E ∑
i


1

Z∗i

V i

 exp(ηi)

(1 + exp(ηi))2 (1, Z∗i
T, V i

T),

Iγ = E


1

Z∗

V i

 exp(ηi)

(1 + exp(ηi))2 θT
z ⊗X,

Îθ = −n3
−1 ∑

i


1

Ẑi

V i

 exp(η̂i)

(1 + exp(η̂i))2 (1, ẐT
i , V i

T),

Îγ = n3
−1 ∑

i


1

Ẑi

V i

 exp(η̂i)

(1 + exp(η̂i))2 θ̂T
z ⊗Xi.

Applying Lemma 3, we obtain the asymptotic for θ in linear regression setting.
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Lemma 11. Assume n2/n1 → C1 < ∞ and γ∗ is the unique solution from the general

least square regression of X1β∗ on X2, i.e., solve the estimating equation below:

0 = U = E
[
vec((1, Qi

T, V i
T)TX̂i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ)

]
,

where X̂i = (1, W i
T, V i

T)Tβ∗. Also assume
√

n1(vec(β̂)− vec(β∗))→ N(0, Σβ). Then

we have
√

n2(vec(γ̂)− vec(γ∗))→ N(0, Σγ) where,

Σγ = I−1
γ (Iγ + C1 IβΣβ IT

β )I−T
γ ,

where Iγ = −E ∂U
∂vec(γ) and Iβ = −E ∂U

∂vec(β)
. This variance can be consistently estimated

by:

Σ̂γ = Î−1
γ { Îγ +

n2

n1
ÎβΣ̂β ÎT

β } Î−T
γ ,

where Îγ = − 1
n2

∑i
∂Ui

∂vec(γ) , Îβ = − 1
n3

∑i
∂Ui

∂vec(β)
and Σ̂β is a consistent estimator of Σβ.

Proof. We can derive the asymptotic for vec(γ̂) as below:

0 = U = E
[
vec((1, Qi

T, V i
T)TX̂ i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ)

]
,

where X̂ i = (1, W i
T, V i

T)Tβ∗. If γ̂ solve the estimating equation:

0 = ∑ Ui = n−1
3 ∑

i=1

[
vec((1, Qi

T, V i
T)TX̂ i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ)

]
,
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0 =
n2

∑
i=1

Ui(γ̂, β̂)

=
n2

∑
i=1

Ui(γ
∗, β∗) +

∂U
∂vec(γ)

|γ∗,β∗(vec(γ̂)− vec(γ∗)) +

∂U
∂vec(β)

|γ∗,β∗(vec(β̂)− vec(β∗)) + o(||vec(γ̂)− vec(γ∗)||, ||vec(β̂)− vec(β∗)||).

With Theorem 1,

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂vec(γ)
|γ̂,β̂ = E

(
∂U

∂vec(γ)
|γ̂,β̂

)
+ op(1).

and with Theorem 2, we have:

E
(

∂U
∂vec(γ)

|γ̂,β̂

)
= E

(
∂U

∂vec(γ)
|γ∗,β∗

)
+ op(1).

So we have:

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂vec(γ)
|γ̂,β̂ = −Iγ + op(1).

Similarly, we have:

n−1
2

n2

∑
i=1

∂Ui(γ, β)

∂vec(β)
|γ̂,β̂ = −Iβ + op(1).
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Plug in the Taylor expansion, notice that EU(γ∗, β∗) = 0, we have:

0 = n−1
2

n2

∑
i=1
{Ui(vec(γ∗), vec(β∗))− EU(vec(γ∗), vec(β∗))}

−Iγ(vec(γ̂)− vec(γ∗))− Iβ(vec(β̂)− vec(β∗))

+o(||vec(γ̂)− vec(γ∗)||, ||vec(β̂)− vec(β∗)||) + op(1) ∗ ||vec(β̂)− vec(β∗)||

+op(1) ∗ ||vec(γ̂)− vec(γ∗)||.

So we have:

√
n2(vec(γ̂)− vec(γ∗)) = I−1

γ

{
n−1/2

2

n2

∑
i=1

Ui(γ
∗, β∗)− Iβ

√
n2(vec(β̂)− vec(β∗))

}
+ op(1).

By Theorem 3, we have:

n−1/2
2

n2

∑
i=1
{Ui(γ

∗, β∗)− EU(γ∗, β∗)} → N(0, Var(Ui(γ
∗, β∗))).

So we have:

Σγ = I−1
γ

{
Var(U(γ, β)) + C2 IβΣβ IT

β

}
I−T
γ .

As we have shown Îγ = Iγ + op(1), Îβ = Iβ + op(1) and by assumption Σ̂β = Σβ + op(1)

and n2/n1 → C1 < ∞, using Theorem 2, we have Σ̂γ = Σγ + op(1). where Iγ =

−E ∂U
∂vec(γ) and Iβ = −E ∂U

∂vec(β)
. Specifically,

Iγ = E
{
(Im ⊗Xi)

T (Im ⊗Xi)
}

,

Iβ = E
{
(Im ⊗X1i)

T (Im ⊗Xi)
}

,
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where Xi = (1, Qi, V i) and X1i are matrix needed in the prior step with respect to different

methods. More detailed information can be found in the following lemmas.

Lemma 12. Assume n2/n1 → C1 < ∞ and γ∗1 is the unique solution to EU(γ1, β∗1) = 0

for an estimating function U(γ1, β1). If γ̂1 solve the estimating equation 0 = n−1
2 ∑n2

i=1 Ui(γ1, β̂1)

where
√

n1(vec(β̂1)− vec(β∗1))→ N(0, Σβ1), then we have
√

n2(vec(γ̂1)− vec(γ∗1))→

N(0, Σγ1) where,

0 = Ui = E
[
vec((1, Qi

T, V i
T)TX̂i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ1)

]
,

X̂i = (1, W i
T, V i

T)β∗.

Then we have:

Σγ1 = I−1
γ1

(Iγ1 + C1 Iβ1Σβ1 IT
β1
)I−T

γ1
,

where Iγ1 = E
{
(Im ⊗Xi)

T (Im ⊗Xi)
}

and Iβ1 = E
{
(Im ⊗X1i)

T (Im ⊗Xi)
}
. This

variance can be consistently estimated by:

Σ̂γ1 = Î−1
γ1

(
Îγ1 +

n2

n1
Îβ1Σ̂β1 ÎT

β1

)
Î−T
γ1

,

where Îγ1 = n−1
2 ∑n2

i=1

{
(Im ⊗Xi)

T (Im ⊗Xi)
}
, Îβ1 = n−1

2 ∑n2
i=1

{
(Im ⊗X1i)

T (Im ⊗Xi)
}
,

and X1i = (1, W T
i , V T

i ) in the second sample. Moreover, Σ̂β1 is a consistent estimator of

Σβ1 .

Proof. To derive asymptotic for vec(γ̂1), we need to derive asymptotic for vec(β̂1) and

then apply Lemma 11.

0 =
n1

∑
i=1

Ui(β̂1)

=
n1

∑
i=1

{
Ui(β∗1) +

∂U
∂vec(β1)

|β∗1(vec(β̂1)− vec(β∗1)) + o(||vec(β̂1)− vec(β∗1)||)
}

.
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where Ui(β∗1) = vec((1, W i
T, V i

T)TX∗i − (1, W i
T, V i

T)T(1, W i
T, V i

T)β∗1).

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β1)

∂vec(β1)
|β̂1

= E
(

∂U
∂vec(β1)

|β̂1

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂vec(β1)

|β̂1

)
= E

(
∂U

∂vec(β1)
|β∗1

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(β1)

∂vec(β1)
|β̂1

= −Iβ1 + op(1).

Plug in the Taylor expansion, notice that EU(β∗1) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗1)− EU(β∗1)} − Iβ1(vec(β̂1)− vec(β∗1))

+op(1)||vec(β̂1)− vec(β∗1)||.

where Iβ1 = −E ∂Ui(β1)
∂vec(β1)

.

So we have:

√
n1(β̂1 − β∗1) = I−1

β1

{
n−1/2

1

n1

∑
i=1

Ui(β∗1)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗1)− EU(β∗1)} → N(0, Var(Ui(β∗1))).
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So we have :

Σβ1 = I−1
β1
{Var(U(β1))} I−T

β1
.

By assumption, Σ̂β1 = Σβ1 + op(1) which is a consistent estimator of Σβ1 .

Then by applying Lemma 11, we have:

Σ̂γ1 = Î−1
γ1

(
Îγ1 +

n2

n1
Îβ1Σ̂β1 ÎT

β1

)
Î−T
γ1

.

Lemma 13. Assume n2/n1 → C1 < ∞ and γ∗2 is the unique solution to EU(γ2, β∗2) = 0

for an estimating function U(γ2, β2). If γ̂2 solve the estimating equation 0 = n−1
2 ∑n2

i=1 Ui(γ2, β̂2)

where
√

n1(vec(β̂2)− vec(β∗2))→ N(0, Σβ2), then we have
√

n2(vec(γ̂2)− vec(γ∗2))→

N(0, Σγ2) where,

Σγ2 = I−1
γ2

(Iγ2 + C1 Iβ2Σβ2 IT
β2
)I−T

γ2
,

where Iγ2 = E
(
− ∂U(γ2,β2)

∂γ2
|γ∗2 ,β∗2

)
and Iβ2 = E

(
− ∂U(γ2,β2)

∂β2
|γ∗2 ,β∗2

)
. This variance can be

consistently estimated by:

Σ̂γ2 = Î−1
γ2

(
Îγ2 +

n2

n1
Îβ2Σ̂β2 ÎT

β2

)
Î−T
γ2

,

where Îγ2 = n−1
2 ∑n2

i=1

(
− ∂Ui(γ2,β2)

∂γ2
|γ̂2,β̂2

)
, Îβ2 = n−1

2 ∑n2
i=1

(
− ∂Ui(γ2,β2)

∂β2
|γ̂2,β̂2

)
and Σ̂β2

is a consistent estimator of Σβ2 .
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Proof. The asymptotic for γ̂2 can be derived as below.

First note that,

Var(X∗|V , W) = Ω1 =
1
n1

∑
i

{
(X∗i − (1, W i

T, V i
T)β)T(X∗i − (1, W i

T, V i
T)β)

}
,

Var(X∗|V) = Ω2 =
1
n1

∑
i

{
(X∗i − (1, V i

T)βt)
T(X∗i − (1, V i

T)βt)
}

,

where we let Ω1i =
{

X∗i − (1, W i
T, V i

T)β
}T {

X∗i − (1, W i
T, V i

T)β
}

and

Ω2i =
(
X∗i − (1, V i

T)βt
)T (

X∗i − (1, V i
T)βt

)
.

Second, the estimating equations considered are:

U121i = vec
{
(1, W i

T, V i
T)T(X∗i − (1, W i

T, V i
T)β)

}
,

U122i = vec
{
(1, V i

T)T(X∗i − (1, V i
T)βt)

}
.

U123i = vec
{
(X∗i − (1, W i

T, V i
T)β)T(1, W i

T, V i
T)β)−Ω1

}
,

U124i = vec
{
(X∗i − (1, V i

T)βt)
T(X∗i − (1, V i

T)βt)−Ω2

}
.

Third, we can derive the asymptotic normal distribution for vec(β), vec(βt), vec(Ω1) and

vec(Ω2) as:

√
n1





vec(β̂)

vect(β̂t)

vec(Ω̂1)

vec(Ω̂2)


−



vec(β)

vec(βt)

vec(Ω1)

vec(Ω2)




→ N(0, I−1 J I−T),

where J is the variance covariance matrix of the above four estimating equations and I

is a matrix composed by the expectation of derivatives of each estimating equation with
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respect to vec(β), vec(βt), vec(Ω1) and vec(Ω2), respectively. Specifically,

I =



1
n1

∑i(Xi)
T(Xi) 0 0 0

0 1
n1

∑i(Xti)
T(Xti) 0 0

0 0 Im2 0

0 0 0 Im2


,

where Xi = (1, W T
i , V T

i ) and Xti = (1, V T
i ).

Fourth, β̂2 = β̂B̂F
−1

can be derived using delta method.

√
n1

(
vec(β̂2) − vec(β2)

)
→ N(0, CI−1 J I−TCT),

where C is a matrix derived by taking derivative of β2 each with respect to β and BF,

respectively. That is:

C1 =


Imp 0 0

0 0 Σ2
−1 ⊗ Σ2

−1

0 Im2 0

 ,

C2 =

 Imp 0 0

0 Im ⊗ Σ2
−1 Σ1 ⊗ Im

 ,

C3 =

 Imp 0

0 Im2

 ,
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C4 =

 Imp 0

0 (I − Σ2
−1Σ1)

−1 ⊗ (I − Σ2
−1Σ1)

−1

 ,

C5 =

(
Imp ⊗ (I − Σ2

−1Σ1)
−1 β̂⊗ Im

)
,

and C = C5C4C3C2C1C0. Then we have estimating equation for β2 as below:

0 =
n1

∑
i=1

Ui(β̂2) =
n1

∑
i=1

{
(1, W i

T, V i
T)TX∗i − (1, W i

T, V i
T)T(1, W i

T, V i
T)vec(β̂2)

}

=
n1

∑
i=1

{
Ui(β∗2) +

∂U
∂vec(β2)

|β∗2(vec(β̂2)− vec(β∗2)) + o(||vec(β̂2)− vec(β∗2)||)
}

.

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β2)

∂vec(β2)
|β̂2

= E
(

∂U
∂vec(β2)

|β̂2

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂vec(β2)

|β̂2

)
= E

(
∂U

∂vec(β2)
|β∗2

)
+ op(1).

So we have:

n−1
1

n1

∑
i=1

∂Ui(β2)

∂vec(β2)
|β̂2

= −Iβ2 + op(1).

Plug in the Taylor expansion, notice that EU(β∗2) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗2)− EU(β∗2)} − Iβ1(vec(β̂2)− vec(β∗2))

+op(1)||vec(β̂2)− vec(β∗2)||.
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So we have:

√
n1(vec(β̂2)− vec(β∗2)) = I−1

β2

{
n−1/2

1

n1

∑
i=1

Ui(β∗2)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗2)− EU(β∗2)} → N(0, Var(Ui(β∗2))).

So we have:

Σβ2 = I−1
β2
{Var(U(β2))} I−T

β2
.

By assumption, Σ̂β2 = Σβ2 + op(1) which is a consistent estimator of Σβ2 .

Then by applying Lemma 4, we have:

Σ̂γ2 = Î−1
γ2

(
Îγ2 +

n2

n1
Îβ2Σ̂β2 ÎT

β2

)
Î−T
γ2

.

Lemma 14. Assume n2/n1 → C1 < ∞ and γ∗3 is the unique solution to: EU(γ3, β∗3) = 0

for an estimating function U(γ3, β3). If γ̂1 solve the estimating equation: 0 = n−1
2 ∑n2

i=1 Ui(γ3, β̂3)

where
√

n1(vec(β̂3)− vec(β∗3))→ N(0, Σβ3), then we have
√

n2(vec(γ̂3)− vec(γ∗3))→

N(0, Σγ3) where,

0 = Ui = E
[
vec((1, Qi

T, V i
T)TX̂ i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ3)

]
,

X̂i = (1, W i
T, Qi

T, V i
T)β∗.
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Then we have:

Σγ3 = I−1
γ3

(Iγ3 + C1 Iβ3Σβ1 IT
β3
)I−T

γ3
,

where Iγ3 = E
(
− ∂U(γ3,β3)

∂vec(γ3)
|γ∗3 ,β∗3

)
and Iβ3 = E

(
− ∂U(γ1,β3)

∂vec(β3)
|γ∗3 ,β∗3

)
. This variance can be

consistently estimated by:

Σ̂γ3 = Î−1
γ3

(
Îγ3 +

n2

n1
Îβ3Σ̂β3 ÎT

β3

)
Î−T
γ3

,

where Îγ3 = n−1
2 ∑n2

i=1

(
− ∂Ui(γ3,β3)

∂vec(γ3)
|γ̂3,β̂3

)
, Îβ3 = n−1

2 ∑n2
i=1

(
− ∂Ui(γ3,β3)

∂vec(β3)
|γ̂3,β̂3

)
and Σ̂β3

is a consistent estimator of Σβ3 .

Proof. To prove Lemma 14, we need to derive asymptotic for vec(β̂3) and then apply

Lemma 11. The asymptotic of vec(β̂3) can be derived as below:

0 =
n1

∑
i=1

Ui(β̂3)

=
n1

∑
i=1

{
Ui(β∗3) +

∂U
∂vec(β3)

|β∗3(vec(β̂3)− vec(β∗3)) + o(||vec(β̂3)− vec(β∗3)||)
}

.

where Ui(β∗3) = vec((1, W i
T, Qi

T, V i
T)TX∗i − (1, W i

T, Qi
T, V i

T)T(1, W i
T, Qi

T, V i
T))β∗1).

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(β3)

∂vec(β3)
|β̂3

= E
(

∂U
∂vec(β3)

|β̂3

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂vec(β3)

|β̂3

)
= E

(
∂U

∂vec(β3)
|β∗3

)
+ op(1).
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So we have:

n−1
1

n1

∑
i=1

∂Ui(β3)

∂vec(β3)
|β̂3

= −Iβ3 + op(1).

Plug in the Taylor expansion, notice that EU(β∗3) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(β∗3)− EU(β∗3)} − Iβ3(vec(β̂3)− vec(β∗3))

+op(1)||vec(β̂3)− vec(β∗3)||.

where Iβ3 = −E ∂Ui(β3)
∂vec(β3)

.

So we have:

√
n1(β̂3 − β∗3) = I−1

β3

{
n−1/2

1

n1

∑
i=1

Ui(β∗3)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(β∗3)− EU(β∗3)} → N(0, Var(Ui(β∗3))).

So we have:

Σβ3 = I−1
β3
{Var(U(β3))} I−T

β3
.

By assumption, Σ̂β3 = Σβ3 + op(1) which is a consistent estimator of Σβ3 .

Then by applying Lemma 11, we have:

Σ̂γ3 = Î−1
γ3

(
Îγ3 +

n2

n1
Îβ3Σ̂β3 ÎT

β1

)
Î−T
γ3

.
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Lemma 15. Assume γ∗4 is the unique solution to: EU(γ4) = 0 for an estimating function

U(γ4). Solving the estimating equation 0 = n−1
1 ∑n1

i=1 Ui(γ̂4), we have
√

n1(vec(γ̂4)−

vec(γ∗4))→ N(0, Σγ4) where,

Ui(γ
∗
4) = vec((1, Qi

T, V i
T)TX∗i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ∗4).

and,

Σγ4 = I−1
γ4

(Var(U(γ4)))I−T
γ4

,

where Iγ4 = E
(
− ∂U(γ4)

∂vec(γ4)
|γ∗4
)
. This variance can be consistently estimated by:

Σ̂γ4 = Î−1
γ4

(Var(U(γ4))) Î−T
γ4

,

where Îγ4 = n−1
1 ∑n1

i=1

(
− ∂Ui(γ4)

∂vec(γ4)
|γ̂4

)
and Σ̂γ4 is a consistent estimator of Σγ4 .

Proof. The asymptotic for γ̂4 can be derived as below.

0 =
n1

∑
i=1

Ui(γ̂4) =
n1

∑
i=1

{
vec((1, Qi

T, V i
T)TX∗i − (1, Qi

T, V i
T)T(1, Qi

T, V i
T)γ̂4)

}

=
n1

∑
i=1

{
Ui(γ

∗
4) +

∂U
∂vec(γ4)

|γ∗4 (vec(γ̂4)− vec(γ∗4)) + o(||vec(γ̂4)− vec(γ∗4)||)
}

.

With Theorem 1,

n−1
1

n1

∑
i=1

∂Ui(γ4)

∂vec(γ4)
|γ̂4 = E

(
∂U

∂vec(γ4)
|γ̂4

)
+ op(1),

and with Theorem 2, we have:

E
(

∂U
∂vec(γ4)

|γ̂4

)
= E

(
∂U

∂vec(γ4)
|γ∗4

)
+ op(1).
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So we have:

n−1
1

n1

∑
i=1

∂Ui(γ4)

∂vec(γ4)
|γ̂4 = −Iγ4 + op(1).

Plug in the Taylor expansion, notice that EU(γ∗4) = 0, we have:

0 = n−1
1

n1

∑
i=1
{Ui(γ

∗
4)− EU(γ∗4)} − Iγ4(vec(γ̂4)− vec(γ∗4))

+op(1)||vec(γ̂4)− vec(γ∗4)||.

So we have:

√
n1(vec(γ̂4)− vec(γ∗4)) = I−1

γ4

{
n−1/2

1

n1

∑
i=1

Ui(γ
∗
4)

}
+ op(1).

By Theorem 3, we have:

n−1/2
1

n2

∑
i=1
{Ui(γ

∗
4)− EU(γ∗4)} → N(0, Var(Ui(γ

∗
4))).

So we have:

Σγ4 = I−1
γ4
{Var(U(γ4))} I−T

γ4
.

By assumption, Σ̂γ4 = Σγ4 + op(1) which is a consistent estimator of Σγ4 .

Theorem 7. With X ∈ RK and Q ∈ RK, the asymptotic bias in Method 1 with K

exposures is associated with ρ and δ with a form such that the bias corrected association

parameters, θ∗z and θ∗v , are θ∗z = ρ−1θz where ρ = IK −Var(X|V)−1Var(X|W , V), and

θ∗v = θv − ρ−1(1− ρ)δθz when a linear function form, E(X|V) = Vδ, exists.
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Proof. To see the asymptotic bias of Method 1, we consider the first step regression model

of X∗ on (W , V), then we have:

X̂ = E(X∗|W , V) = E(X|W , V)

= E(X|V) + {W − E(W |V)}T Σ−1
WW |V ΣT

XW |V .

Now we compute E(X̂|Q, V) to see how it is biased away from E(X|Q, V). We have:

E(X̂|Q, V) = E
{

E
(
X̂|X, Q, V

)
|Q, V

}
= E

{
E
(
X̂|X, V

)
|Q, V

}
= E

[
E
[

E(X|V) + {W − E(W |V)}T Σ−1
WW |V ΣT

XW |V |X, V
]
|Q, V

]
= E

[
E(X|V) + {E(W |X, V)− E(W |V)}T Σ−1

WW |V ΣT
XW |V |Q, V

]
= E

[
E(X|V) + {X − E(X|V)}Σ−1

XX|V ΣXW |V Σ−1
WW |V ΣT

XW |V |Q, V
]

= E
[
E(X|V) + {X − E(X|V)} ρV |Q, V

]
= ρV E(X|Q, V) + (IK − ρV )E(X|V).

When ρV is a constant over V , we simply denote it as ρ and we have ρθ∗z = θz, or

θ∗z = ρ−1θz with appropriate adjustment for V. Explicitly, we have:

ρ = IK − Σ−1
XX|V

(
ΣXX|V − ΣXW |V Σ−1

WW |V ΣT
XW |V

)
= IK −Var(X|V)−1Var(X|W , V).

If we further have E(X|V) = Vδ is a linear function of V, then (IK − ρ)δθ∗z + θ∗v = θv,

or θ∗v = θv − ρ−1(IK − ρ)δθz.

Theorem 8. With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1) where
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Σθ1 = I−1
θ1

(Iθ1 + C2 Iγ1Σγ1 IT
γ1
)I−T

θ1
can be consistently estimated by Σ̂θ1 = Î−1

θ1
( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
for Method 1.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂2− θ∗2)→ N(0, Σθ2) where Σθ2 = I−1

θ2
(Iθ2 +

C2 Iγ2Σγ2 IT
γ2
)I−T

θ2
can be consistently estimated by Σ̂θ2 = Î−1

θ2
( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
for

Method 2.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂3− θ∗3)→ N(0, Σθ3) where Σθ3 = I−1

θ3
(Iθ3 +

C2 Iγ3Σγ3 IT
γ3
)I−T

θ3
can be consistently estimated by Σ̂θ3 = Î−1

θ3
( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
for

Method 3.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂4− θ∗4)→ N(0, Σθ4) where Σθ4 = I−1

θ4
(Iθ4 +

C2 Iγ4Σγ4 IT
γ4
)I−T

θ4
can be consistently estimated by Σ̂θ4 = Î−1

θ4
( Îθ4 +

n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
for

Method 4.

Proof. By applying Lemma 2 and Lemma 5, the asymptotic Σθ1 can be derived as

Σ̂θ1 = Î−1
θ1

( Îθ1 +
n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
.

By applying Lemma 2 and Lemma 6, the asymptotic Σθ2 can be derived as

Σ̂θ2 = Î−1
θ2

( Îθ2 +
n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
.

By applying Lemma 2 and Lemma 7, the asymptotic Σθ3 can be derived as

Σ̂θ3 = Î−1
θ3

( Îθ3 +
n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
.

By applying Lemma 2 and Lemma 8, the asymptotic Σθ4 can be derived as

Σ̂θ4 = Î−1
θ4

( Îθ4 +
n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
.

Theorem 9. With n3
n2
→ C2 and n2

n1
→ C1, we have

√
n3(θ̂1 − θ∗1) → N(0, Σθ1) where

Σθ1 = I−1
θ1

(Iθ1 + C2 Iγ1Σγ1 IT
γ1
)I−T

θ1
can be consistently estimated by Σ̂θ1 = Î−1

θ1
( Îθ1 +

n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
for Method 1.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂2− θ∗2)→ N(0, Σθ2) where Σθ2 = I−1

θ2
(Iθ2 +

C2 Iγ2Σγ2 IT
γ2
)I−T

θ2
can be consistently estimated by Σ̂θ2 = Î−1

θ2
( Îθ2 +

n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
for

Method 2.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂3− θ∗3)→ N(0, Σθ3) where Σθ3 = I−1

θ3
(Iθ3 +
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C2 Iγ3Σγ3 IT
γ3
)I−T

θ3
can be consistently estimated by Σ̂θ3 = Î−1

θ3
( Îθ3 +

n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
for

Method 3.

With n3
n2
→ C2 and

n2
n1
→ C1, we have

√
n3(θ̂4− θ∗4)→ N(0, Σθ4) where Σθ4 = I−1

θ4
(Iθ4 +

C2 Iγ4Σγ4 IT
γ4
)I−T

θ4
can be consistently estimated by Σ̂θ4 = Î−1

θ4
( Îθ4 +

n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
for

Method 4.

Proof. By applying Lemma 3 and Lemma 5, the asymptotic Σθ1 can be derived as

Σ̂θ1 = Î−1
θ1

( Îθ1 +
n3
n2

Îγ1Σ̂γ1 ÎT
γ1
) Î−T

θ1
.

By applying Lemma 3 and Lemma 6, the asymptotic Σθ2 can be derived as

Σ̂θ2 = Î−1
θ2

( Îθ2 +
n3
n2

Îγ2Σ̂γ2 ÎT
γ2
) Î−T

θ2
.

By applying Lemma 3 and Lemma 7, the asymptotic Σθ3 can be derived as

Σ̂θ3 = Î−1
θ3

( Îθ3 +
n3
n2

Îγ3Σ̂γ3 ÎT
γ3
) Î−T

θ3
.

By applying Lemma 3 and Lemma 8, the asymptotic Σθ4 can be derived as

Σ̂θ4 = Î−1
θ4

( Îθ4 +
n3
n2

Îγ4Σ̂γ4 ÎT
γ4
) Î−T

θ4
.
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