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ABSTRACT

A DYNAMIC PROGRAMMING APPROACH TO IMPULSE
CONTROL OF BROWNIAN MOTIONS

by

Robin Braun

The University of Wisconsin-Milwaukee, 2020
Under the Supervision of Professor Chao Zhu

This thesis considers an impulse control problem of a standard Brownian motion under a
discounted criterion, in which every intervention incurs a strictly positive cost. The value
function and an optimal (7, Y;) policy are found using the dynamic programming principle
together with the smooth pasting technique. The thesis also performs a sensitivity analysis
by analyzing the limiting behaviors of the value function and the (7.,Y,) policy when the
fixed intervention cost converges to zero. It is demonstrated that the limits agree with the
classic fuel follower problem.

The thesis next formulates and analyzes an N-player stochastic game of an impulse control
problem under a discounted criterion. In the N-player stochastic game, each player controls
an object. The objects are molded by an N-dimensional Brownian motion. A key aspect of
the formulation is that each player aims to minimize her total impulse control cost and the
total distance of her object to the moving center of the N objects. The interaction mandates
the players to closely follow each other’s movements. The Nash equilibrium is characterized
and analyzed by a system of Hamilton-Jacobi-Bellman equations. The case when N = 2 is

studied in detail.
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1 Introduction

In this thesis, our goal is to control a standard Brownian motion, where any intervention
incurs a strictly positive cost. Doing this, means we have to select a sequence of separate
intervention times and amounts, making the resulting stochastic problem an impulse control
problem. Here, we want to minimize the total incurred cost over an infinite horizon, while
considering a discounted criterion. In contrast to Helmes, Stockbridge and Zhu [1]|, which
used a linear programming approach to solve the problem, we will use the dynamic program-
ming principle (DPP) in combination with the smooth pasting technique to find the answer.
This will give us an alternate approach to the problem that we can then try to extend to an

N-dimensional case later on in the thesis.

1.1 1D Situation

Let W and {F;} be a standard Brownian motion and its natural filtration. An impulse
control policy is a pair of sequences (7,Y) := {(7%, Yx) : £ € N}, where for each k € N,
T is an {F; }-stopping time and denotes the kth impulse time and Y is an F,, -measurable
variable indicating the kth impulse size.

Under such a policy, the controlled process is given by

Xy =2+ Wi+ &,

- (1.1)
gt = Z [{Tkgt}ka
k=1

where ¢ is the accumulative jump amount up to time ¢t. Note that A&, =&, — & # 0 if and
only if an impulse 73, occurs at time ¢ and in that case A& = Y.

Define the running cost h and the impulse cost ¢

h(z) = 2%, c(y, 2) = ki + kaly — 2], (1.2)



where k; is the fixed cost for an impulse, ks is the proportional cost and y and z are the pre-

and post-jump locations. For a given impulse control policy (7,Y") the cost functional is

J(T.Y2) =B,

/ e h(X;)ds

0

+ Z ]{Tk<0°}e_aTk C(XTk—7 X'Tk) )
k=1

where © = X_ is the initial position and o > 0 is the discount factor. The first summand in
(1.3) corresponds to the running cost and the second one to the control cost for an infinite
horizon. In other words, the controller will have to balance the desire to keep the process
near zero to keep the running cost low, against the desire to keep the number or sizes of
interventions low as to not infer a great control cost.

The corresponding value-function is given by

V()= inf {J(nYio), (1.4)

where U is the set of all admissible control policies (more on that in section 2).

The goal now is to find an impulse control pair (7%, Y*) that minimizes the cost functional,
i.e. for which J(7*,Y*;x) = V(z) holds.

This problem has been solved in HSZ [1] using the linear programming approach. In the
following section, we will also solve this problem using the DPP to give a different approach

to the problem and then extend it to an N-dimensional version.



2 Analysis using the Dynamic Programming Principle

In this we will use the DPP to solve the problem stated in section 1.
Let’s start by looking at the set U used in (1.4). One very important observation we can
make, is that we don’t need to include any policies (7,Y") for which J(7,Y;z) = oo for some

x, since our end goal is to minimize the cost.

2.1 Formal Derivation the HJB Equation

Before diving into finding the Hamilton—Jacobi-Bellman (HJB) equation, we’d like to make
an important observation about the value-function and it’s associated optimal policy: An
optimal control policy, and with that V itself, should not be dependent on time, but only
on the current position of the process. This is because optimizing the cost after some time
t has past, is the same problem as optimizing from the start, just discounted by the factor
e L,

With that, consider a policy (7, }A/) that immediately jumps to an arbitrary position y and

then continues optimally thereafter. We have
V(z) < J(#Viz) = clz,y) +V(y) VyeR
Since the above equation holds true for any y € R we have

V(z) —MV(z) <0 VzeR, (2.1)

where MV () := ;rel]fR {c(z,2) +V(2)}.



Next, consider a policy (7, f/) and its associated process X that does nothing up to a time

h and continues optimally from then on.

V(z) <J(7,Y;z)=E, { /O e~ h(X,)ds + e "V (X},) (*)

Further assume that the value-function is smooth, so we can apply Itd’s Formula to the

process e~V (X,):
- h 1 -
eV (Xy) = V(x) +/ e (—aV + §V”)(X8)ds
0
h ~
+ / e~V (R,) AW,
0

If we also assume that V' stays bounded (which is desirable, since we don’t want the cost
to explode for large |x|), the second summand above is a mean-zero martingale. Thus, by

taking expectation on both sides, we get

E, [e’ahV(f(h)} = V(z)+E, { /0 ' e (—aV + %V”)(f(s)ds] .

Plugging this into (*) yields
h 5 h 1 5
V(z) <E, [/ eash(Xs)ds] +V(x)+E, [/ e~ (—aV + §V”)(Xs)ds]
0 0
h 1 3
0<E, {/ e (—aV + 5\/" + h)(XS)ds] :
0
Dividing by h and letting h — 0 gives us

1 8
0<e @ (—aV + §V” + h)(Xo)

1
0> (aV — §V” —h)(z) VzeR.



Now, if we consider the optimal policy (7%, Y*) at an initial position X,_ = z at time zero,
it only has two options. Either it will immediately push the process, or it will idle. In the

first case we get that the process jumps to some z € R, so
V(z)=J(r Y 2) =c(x,2) + V(2).
Since our policy is optimal, we also get
Viz) = J(", Y x) < clz,y) + V(y)Vy # 2,
giving us in total:
V(z) = MV(z) =0
In the second case, for h > 0 small enough, we get
h
V(z)=J(r",Y*2)=E, [/ e h(Xds + e "V (X})] .
0
Following the same steps as for (7,Y), we get
_ Loy
0= (aV — §V — h)(x).

Putting our two cases together, means the value-function must satisfy

max {aV(x) — %V”(m) — h(x),V(z) — ./\/lV(x)} = 0. (2.3)



2.2 Finding the Optimal Strategy

Now that we know the HJB equation for V, let’s think about how an optimal strategy could
look like. We already know that it shouldn’t be dependent on time, i.e. it will always act the
same for the same position. This means we can split our space in two regions: The Action
Region A and Continuation Region or Waiting Region W (We push when the process is in
A and idle in W):

A= {z € R:A¢(x) # 0}, W= A (2.4)

Pushes should always move the process out of A, since otherwise we would push again
immediately afterwards, incurring the fixed cost twice.
Another observation is that our strategy should be symmetrical, meaning if it pushes to z
from a position y, it should push to —z from —y. This is because the running cost h(x) = z?
is even and the push cost doesn’t favor one direction over the other. Also, since h is strictly

increasing for growing |z|, there shouldn’t be a part of W farther away from 0 than A, i.e.:

Ve e W,Vy € A: x| <y

So we should expect W to be some area bounded around zero and A to be the rest of R.

This implies there exists some y, > 0 (to be determined) s.t.:

W={zeR: -y, <z <y}

The last remaining question is how much we should push if z is in A. Let x > y, (so z € A).
Since we want the optimal strategy, we should expect there to be some z, € W (to be
determined) that is the optimal place to push to. In that case z, should also be the optimal

place for all = > y, since the push cost is linearly proportional to the push distance (factor

kZQ).



So, all in all, the strategy should idle in VW and always push to z, for z > y, or, because
of the symmetry, to —z, for © < —y, (See Figure 1). So in mathematical terms, our strategy

(7*,Y™*) is defined the following way:

7o = 1nf{t > 0: | X;| > y.}
= 1inf{t > 77, | X¢| >y} VEENS (2.5)

Yi=sgn(Xp ) 2. — X VEENS

Impulse Impulse

Figure 1: 1D Impulse control strategy

Now we need to determine the associated value u(z) := J(7%, Y*; x) to the optimal strategy,
and with it y, and z,.
From the symmetry we know that u(z) = u(—=x) if x < 0. For > y., we always push to z,,

so u looks like the following:

u(z) = u(z) + c(x, 24)

For 0 < z < y, our policy idles, so we want u(z) to fulfill au(z) — $u”(z) — h(z) = 0 (see

2.3).



To find that, we first solve the homogeneous part of the differential equation.

1
auh(:v)—§uh()—0:>oz——/\2—02>)\ +V2a =: £p

Which gives us the homogeneous solution
up(z) = Are " + Ayel” Ay, Ay constants

Since h(z) = 2%, we can find the particular solution by assuming it is a quadratic function,
uy(z) = az® + bx + ¢
1 9 2

1
ozup(x):§up( T)+z° = (ax2+bx+c)—§2a+x = a=

Q | —
@‘
I
o
\‘Q
Il
Il
|

Which gives us the particular solution

1, 1 ax?+1
5= 2
« (07 (0%

Remark 2.1
A more general approach for cost functions ¢(z) other than z? is to use the Zero-control (do

nothing) to find the particular solution (See Guo and Xu, 2019 [2]):

wy(z) = E {/OOO ot (Xt)dl _E [/OOO e h(e + W,)dt
_ / " ot / o

y2
T+ 2 dt d
/ Y / \/27r Y

:/R c(x + ) m \/ﬁly\dy

2
e_%t dy dt




All in all, this gives us u(x) = up(x) + up(x) = Are™"* + Aze’” + %

From the symmetry we get:

2 2
+1 +1
ox : AyePt 4 Ayt ax

u(x) = Aje P 4+ Aref + 5
o' «

u(—x)

So A; has to be equal to Ay. Defining A := 2A; lets us rewrite u(x) the following way:

axr? +1
2

u(z) = Acosh(px) + V0 <z <y

So u(z) is defined as follows:

(

Acosh(pr) + % 0<z<uy,
u(z) = w(z) + c(z, 24) x> Yy (2.6)

u(—x) x<0

\

Notice that per this definition «'(x) is bounded, which was one of our assumptions for the
value-function. Another assumption was for V to be smooth, so we want u to fulfill this
also. For that we use the Smooth Pasting technique, i.e. set v and its derivative equal on

the boundaries:

ay? +1
Oé2

az?+1
ey z) = ulyt) (27)

u(y.—) = Acosh(py.) +

= Acosh(pz,) +

. 2y
W' (y.—) = pAsinh(py,) + % = ky = v (y+)



We now have two equations, but need to determine three variables (A, y, and z.), so we
need one more constraint. We get that from the fact that we push to z,.. But if we are doing

a push, it should be the optimal one, so the following holds for an x > y,:

2z,
[u(z.) +c(z,2:)] =0 & u'(20) — ko =0 & pAsinh(pz,) + ; = ks (2.8)

0
0z
Remark 2.2
From the last two constraints we can already make an important observation: Since both

2z/a and psinh(z) are strictly increasing functions, the only way to get a y. # z, is when

A <.

If we use the first constraint of (2.7) and solve for A, we get:

241 241
A cosh(py.) — Acosh(pz,) = il :_ _ A% ;_ + c(Ys, 24)
o o

(Yo 24) + 2282

- cosh(py.) — Cosﬁ(pz*) (= Az 90))

Rearranging the other two constraints a little, we get:

a - psinh(py.) - A = ke — 2y, (: Yu > kfg_Oé)
. kQOé
a - psinh(pz,) - A = koar — 22, = 2 > ——
So:

22 g2
(Y z) = _ ka—2y. ko —2z
~ cosh(py,) —cosh(pz,)  a-psinh(py,) «- psinh(pz,)

(2.9)

These equations have a unique solution and an analysis of the function A(z, y) shows that it
has a unique minimum less than zero at (z., y.) (see HSZ VI-VII [1]). Unfortunately there is
no straightforward analytic expression for y, and z,. It is however relatively straightforward

to get them numerically (see section 2.4).

10



In the following figure, we can see a plot of u with specific parameters. Notice that the

tangents at y, and z, have the same angle ¢ (from v/(z,) = v/(y.)) and the function continues

linearly for |z| > y..

|
T T T T 1
l 2 |4 6
Za Us

Figure 2: Sample plot of the candidate function u(x)

Using the script to find v, and z,, we can also take a look at a sample path of the controlled

and uncontrolled processes.

10 free
controlled
Y i
: M /“/M i
| | |
Zx ¥ v 'Vv ¥
. M\VW/W’M
I
_y*
a=20.1
ki =10
10 ko = 10

0 500 1000 1500 2000

Figure 3: Sample paths of the uncontrolled and optimally controlled processes.
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2.3 Verification

Proposition 2.3
u e CHR)NC*R\ {—v., y.}) as given in (2.6) and satisfying (2.9) is a solution to the HJB

equation given in (2.3).

Proof. Per construction, we know that on W, (au — 1u” — h)(z) < 0 is fulfilled. It remains
to check whether u(x) — Mu(x) < 0. From the symmetry it’s enough to consider 0 < = < y,.
Since u is strictly increasing on R, we know that for a z > x, u(z) > u(x), so the above

inequality is trivially fulfilled. So the interesting case is for a 0 < z < x:

u(z) —u(z) — c(z, 2) ; 0

241 2412
o —Acosh(pz)—az il < ki + ka(x — 2)

A cosh(pr) +
o

22—1’2

A (cosh(pz) — cosh(pz)) ; ki + kao(x — 2) +

2

kl—i‘kQ(l’—Z)‘i‘ZQ%
cosh(px) — cosh(pz)

This inequality holds, since per definition of u, A is the minimum of the right expression.
So in W the HJB equation is satisfied. What’s left is to check A, i.e. = > y,:

Per construction we know that u(x) — Mu(z) = 0. So what’s left is to show the following:

aw(z) — %w"(:v) — h(x) % 0 (w"(x) = 0)

aw(x) — 2> <0

x > vy, implies that

d
e [ow(z) — 2%] = ks — 22 < kyov — 2y, = av - psinh(py.) - A <0,

12



So it is enough to show that au(y,) — y2 < 0. But y. € W, so the following holds:

1

au(y.) =yl = 5u"(y.)

From the definition of u we can make three important observations. Firstly «' is a concave
function on R, secondly «/(0) = 0 and u'(z,) = v/(y«) = ko > 0, which gives us thirdly
that u' has its absolute maximum on R, somewhere between z, and y,. This implies that
u”(z.) > 0 and u”(y,) < 0. So in particular 1u”(y.) < 0.

So u satisfies the HJB equation. O

Proposition 2.4
For u defined as in (2.3) and (7*,Y™) defined as in (2.5): u(x) = J(7*,Y"*; z).

Proof. Since u is smooth, we can apply It6’s Formula on the process e~ *u(X;):

e "u(X;) = u(z) +/0 e (—au + %u”)(Xs)ds

t
+ / e (X)dW (2.10)
0
+ 2 g™ [u(Xop) = u(Xe )]
k=0
Applying expectation, rearranging a bit and adding and subtracting h(X;) we get

E.[u(z)] = E, [e”*u(X,)]

+E, /Ot e **(au — %u” — h)(Xs)dsl

r rt
+E, /0 e“sh(Xs)dS} (2.11)
—E, /Ot eo‘su’(Xs)dWS]

+ By | Tirpene ™ (u(Xpo) = U(Xr;))]
L k=0

13



Remember that for this policy we always immediately push into W for any =z € A.
This means for one that X; stays bounded, so the first term approaches zero as t ap-
proaches infinity. It also implies that the set {¢ > 0 : X; € A} has Lebesgue measure
zero. Furthermore, from the construction we know that for any x € VW the following holds:

u(x) — u”(x) — h(xz) = 0. Which means the second term is equal to zero. Per construction,

u' is bounded, so the fourth term is equal to zero. Also, for this control [X .| > y. and

|XT: = 2, SO

U<XT;€**) = u(sgn(XT:,)z*) + C<XT;€*77 sgn(XT;,)z*) = U(XT;) + C(XT;,, Xorx)

= ’LL(X * ) — U(XT;) = C(XT;,,XT:>

ka
This gives us first that

u(z) = B, [e~u(X,)]
o ][ emnn]

+ E,;

D ipene T e(Xoy Xn:)]
k=0

and then, by applying the monotone convergence theorem

Z I{r,:<oo}€7m’:C(XT,:ﬂ Xoz)

ot [ nngal v 5 "

= J(m", YY" 2)

This finishes the proof. U

14



Theorem 2.1 (Verification Theorem). Suppose (7*,Y™*) is an admissible policy and the

corresponding value u(x) = J(7*,Y™*; x) with
(i) u(z) € C*(R) and satisfies (2.3),
(ii) o/(z) is bounded,

(iii) for any (7,Y) and its controlled dynamic X, the transversality condition holds:

limsupE, [e”*u(X;)] <0.

t—o00

Then
u(z) < J(1,Y;2) Y(1,Y) admissible policies,

i.e. V(z)=u(x).

Proof. Under a policy (7,Y), we have
Xe=z+ Wit ) ImepYe
k=1

We now apply 1t6’s Formula to the process e"*u(X;) as in (2.10) and (2.11) to obtain

/
+ E, _/Ot eo‘sh(Xs)dS} (2.13)
/

15



Letting t — oo, the first term is 0 because of the transversality condition. Since u(x) satisfies
(2.3), the second term is less than or equal to 0 and u(X,, ) — u(X,,) < (X, -, X,) for

the last term. Since u/(z) is bounded, the fourth term is equal to 0. Which gives us in total

Z I{Tk<00}eiaTkC(XTk*’ Xo)

wz) < E, [ /O ) e”sh(XJdS] +E. 2 (2.14)

= J(1,Y; )
This ends the proof. U

As we can see, our u fits the Verification Theorem if we can show the transversality
condition. Let (7,Y) be an admissible policy and X; the corresponding controlled process.

Suppose further, the transversality condition does not hold, i.e.

liminf E, [e"*"u(X;)] > K for some K > 0.

t—o00

This implies that X; is unbounded, so

lim E, [GiatU(Xt)} = }1)%10 E, [eiatu(Xt>I{|Xt|2y*}} :

t—o00

The linearity of w on {x : |x| > y.} implies that

Jim B, [ u(1Xu) Ix,zy] > K

lim B, [e7 (u(z.) + k1 + ko (| X — 2)) Iyxuzg] > K

lim e” (u(z,) 4 k1 — koz.) + koe™® lim By [| X I{x,24.1] > K
t—00 t—o00 -

. : at
Jim Be [|XlT(1x,29.y] > lim e®hy - K

So E, [|Xt\f{|xt|2y*}] is asymptotically bounded below by e** K. Jensen’s inequality tells us

16



E, [|X/|]> < E, [X?]. Combined with the above for an € > 0 and large enough ¢ we get

E, [X2] > E, [|Xi|Iyxiop]” > (Ke)? — ¢,
which implies J(7,Y;z) = 0o, which means (7, Y) wasn’t an admissible control to begin with.
To summarize, we get the following.

Theorem 2.2. Let u be defined by (2.3) and (7*,Y™*) defined as in (2.5). Then u is the

value-function, i.e.

J(r,Y;2) <wu(x)=J(T5,Y" ) VeeR, (r,Y)elU

Meaning we have found the value-function and the optimal control policy.

17



2.4 Numerical Solution for y, and z,

Unfortunately, we can not find a simple analytic expression for z, and y,, but finding them
numerically is relatively straight-forward. Remember, (z.,y.) is the pair that minimizes
ki + oy — 2.) + 225

A _ o
() cosh(py,) — cosh(pzy)

on the domain 0 < z < y. Since u/(z,) = u/(y.), we also get

2y, — koax 2z, — ko«

sinh(py,)  sinh(pz,)’

If we take a look at the function

k 2v — k
fiol 2 oo)or— 2Ry,
sinh(px)

we see that it has a maximum at (&, ), is strictly increasing on (’“27“, j) and strictly decreasing

on (&, 00).

4 4 6 8 10
ki

Figure 4: Sample plot of f(z)
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So for each section f has an inverse function. This allows us to define a function that gives

us all level sets (z,y):

f ’CzaA_lt
p:(0,8)3t— [CTNY E(kg_a

Fliom @)

Using this, we get a new function, only dependent on a single variable that we need to

minimize:
A:(0,8)3t— A(p(t)) eR

So if we define ¢, := arg min {A(t)}, we get that
)

te(0,t
pt) = (o) Aty = 4
t
0 ty-2-54----f----
[
21 |,
—20 :
1.57 |
-30 '
1]
—40 |
s 051 |
[
: , , , , ; , 0 — : : : :
0.0 0.5 1.0 15 2.0 2i5 3.0 [ [
‘ L zl'* 2:% :l;i 6 8 10

le plot of A and its mini
(a) sample plot of A and its minimum (b) t., 2 and g, marked in a plot of f(x)

Figure 5: Plots of the numerical Solution

Based on this we created a python script to find (z.,y.) and A given «,k; and ko (See
Appendix Python-Code 1-D).
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2.5 Comparison with the Fuel Follower Problem

Guo and Xu [2] discuss a very similar problem in their paper: The fuel follower problem.
This problem is very similar to our impulse control problem, with the only difference, that
there is no fixed cost ky. For their discussion, they also used a fixed push-cost of 1, which
would mean ky = 1 for our problem.

The optimal policy they found was to always apply the minimal push for the process to stay

within [—c¢, c] for a ¢ > 0 and the associated value-function is given by

! (¢) cosh(zv2a
e tPe)  0<a<e
vp(z) = ve(e) + (x —c¢) r>c (2.15)
vp(—1) z < 0.

\

Where p; is the cost of the "Zero-Control". Using the same running cost function as in this

az®+1
a?

thesis (h(z) = %) will give us p;(z) = u,(z) =
We can see that both the policy and value-function are very similar to our result. The key
difference is that Guo and Xu push to the border of the waiting region (to c¢), whereas we
actually push to a point inside it (to z,).

An interesting question that that we can now ask ourselves is what happens when we let
the fixed cost ki go to zero, i.e. if we make our problem more and more similar to the fuel
follower problem. Intuition tells us we should expect the same result, meaning we should
move to a strategy that pushes to the border of the waiting instead of inside it, or in other

words, we should expect to see z, — y, as ky — 0.
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One thing that illustrates this quite well is if we take a look at the following function and

its derivative:

241 2
G(z) = aza:— + Acosh(pz) — kg -2 = G'(z) := Ex + A - psinh(pz) — ko

This allows us to express the constraints for v in (2.7) and (2.8) in terms of G:

G'(y.) = 0, G'(z) =0, G(y.) = G(z) + ky

Y
=k :/ G'(z) dx

Since we can now express k; as the area of G’ (which is strictly concave) between z, and

Ys, it is obvious that k; — 0 has to imply that z, — y. (see Figure 6).

Figure 6: k1 expressed as an area of G’
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Since we now know that z, — ., this has to happen at the maximum (let’s call it ¢ to go

with Guo and Xu’s [2] convention ) of f(x) = —;fl;(’fg

_ 2sinh(pc) — (2¢ — kaa)pcosh(pc)

f(e) (sinh(pc))? =0

2sinh(pc) = (2¢ — ko) p cosh(pc)

sinh(pc)  tanh(pc)  2c— koo ky=1 2C —
pcosh(pc) P N 2 N 2

In GX [2] ¢ is the solution to —=tanh(cv2a) = p,;(lc)_l. Together with p = V2« and

az’+1

pi(z) = ¥, we get

1 Pilc)—1 (-1 2c—aq
tanh(cv2a) = 2 == = ,
Vaa VR =T T

1
—tanh(pc) =
5 (pe)

meaning the ¢’s are the same in the two problems. Left to check is, if the value-functions
also agree. If we compare our value function u (2.6) with their value-function vy (2.15), we

can see that they are already similar in the last two cases, so left is to check if u(z) = vs(2)

for any 0 < z < c¢. In our problem we have u(z) = Acosh(pz) + u,(z), A = % and
from before sinh(pc) = pcosh(pc) 222, so
koox — 2¢
u(zr) = cosh(px) + u,(z
(1) = e Cosh(pm) £ 1)
2 cosh(px)
- “  osh I e Ve
a2a cosh(pc) coshipz) +uy(x) a? cosh(pc) up()

Remember for this setup p;(z) = u,(z), so p{(z) = 2, so we get

cosh(px)

_ Pl(c) cosh(zv2a) () =

2a COSh(c 204) o o2 COSh(pc) + up(x) = U(IIT)

vp(z) =

Meaning the two value-functions agree with one another as k& — 0.
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3 N-players

Now suppose there are N policies, each controlling one object. From now on, let’s refer to
such a pair of policy and object as a "player". The goal for each player is to stay as close as
possible to the other players.

This N-player problem can be formulated as follows. Let v* := {(7},Y}) : k € N} be the
policy for the ith player, where (as in the one-dimensional case), ) < T4 < ... are stopping
times denoting the impulse times for the ith player and Y} is FTi—measurable for each kK € N
and indicates the kth impulse size for the ith player. Now, let (X},..., X}¥) € RY be the

positions of the players such that forv=1,..., N,
XZ :xi_l'Wti‘l'g’

@ _ (3.1)
&= I Vs,
=1

with (X3 ..., X)) = (2t,...,2) =z, where (W}, ..., W) is an N-dimensional stan-
dard Brownian motion on RY and & are the total aggregated impulses for the ith player up
to time .

Let X, := (ZzNﬂ X;) / N be the moving average of our N-players. As in the one-dimensional
case, the running cost function is h(z) := 2 and c(y, z) = k1 + ks|y — z|. The goal for each
player i is to minimize, over all admissible control policies v := (v1,... V) € Uy, the

following cost functional:
J (v:7) = E[ / e—oth (X} — X,) i
0

+ Z I{T]i<oo}6_a7-kc (X:Ii_’ X:_;) :| .
k=1

(3.2)
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The set Uy is defined as

v € U, P(AE(z) - Adl(x)) = 0

Un ;:{(yl,...,yN)

(3.3)
for any t > 0,z € RY i, j € {1,...,N},i7éj},
with
ul, = {yj 3 ¥ control policy s.t. JI((077,19);x) < oo} : (3.4)
Here (077, 07) := (0%, ..., 0971 i, i+t oM.

The condition in (3.3)

P(A&(x) - A&l (x)) =0 forany t >0,z € RN, 4,5 € {1,..., N}, i #j

means, we only consider policies where no two players act at the same time.

3.1 Nash equilibrium and HJB Equation

Definition 3.1 (Nash Equilibrium). A tuple of admissible impulse controls
v = (v**,...,vV*) is a Nash equilibrium (NE) of the N-player stochastic game if for any

i=1,2,...,N, Xg =z and any (v, 1?), the following inequality holds:

J'w*z) < J((v "™,V x).

Ji(v*;z) is called the NE value associated with v*.

The first step to finding the NE solution is to derive and analyze the associated HJB

system. To do that, let’s define the action region A; and waiting region W; for each player.
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Definition 3.2. Player i’s action region A; is defined as
A = {x ¢ RY : A¢'(x) # 0},

and her waiting region is defined as
Wi = RN\ A,

Denote A_; := [J,; A; the union of action regions of the other players and W_; := (1, , W,

the common waiting region of the other players.

Introduce the operator M'f(z) := inf,cr{f(z~", y) + c¢(xi,y)}. From the definition of Uy
we know that A; N A; = 0 for any ¢ # j. With this the HIJB equation for the NE for the

N-player problem is

max {awi(z) — hiz; — T) — Lw'(z), wi(z) — /\/llwl(x)} =0, VzeWw.,,

9 (3.5)
oz, '@ =0, Ve €A 5 #
N
i 1 0%
where Luw'(x) = 3 2. 8—$?w (z).

The derivation of (3.5) can be illustrated with the case of N = 2. In this case, if x =
(71, 15) € Ay and AE?* # 0. By the definition of the NE, player one is not expected to suffer

a loss for otherwise she will have incentive to take action. Thus

wh(xq, 29) = w' (w1, 15 + AE™).

Letting A&* — 0, we have ;2-w'(z) = 0 for & € A,.

25



If x € Wh, AE?*(z) = 0, then the control problem for player one becomes a classical single

player impulse control problem. Therefore w!(z) satisfies

_ 2
max {awl(a:) - h(“’”l x2> 2! %wl(x), w'(z) - lel(x)} —0, VoeWs
j:

3.2 Verification Theorem

Theorem 3.3 (Verification Theorem). Suppose v* = (v1*, ... v™N*) is an admissible policy

and the corresponding value w'(z) := J'(v*;x) satisfies
(i) the function w'(xz) € C*(W_;) and satisfies (3.5),

(ii) for any admissible policy ', the controlled dynamic (X;™, X}) under the policy

(v V) stays in W_; for all t > 0 P-a.s.,

(iii) there emists a function u'(z) € C*(RY) such that u'(z) = w'(z) on W—i

)

(iv) there exists an increasing sequence of stopping times {5, : n € N} with 3, — 00 a.s.

such that
tABn S
M = e —u (X", X)dW?!
tABn /() Z al,j ( s s) s
7j=1
15 a martingale with mean zero; moreover the transversality condition holds:

lim lim E [efa(TAB")Ui(X;i*ﬁw X%/\ﬁn)} =0,

T—00 n—00

Then v* is a NE with value u'.
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Proof. Under the policy (v=*, 1), we have
Xi=a'+Witeg, t>0,

and for j #£ 1
X =2+ W/ +&* t>0.

Let [, as in the statement of the theorem. We now apply Ito’s formula to the process

e~y (X, ™, X?) to obtain
E [e—awnui (X7hs, X;Aﬁn)} —u'(x) (3.6)

=E

TABn , o , o
/ e (ﬁuZ (X, X)) — o (X7, X)) )dt]
0

+E| Y icrnge ™ [“l (Xf_fj*’ X%i) - (X;gj, Xif%_) H
L k=1

' N oo
—OéT]:* 7 — 1k 7 % — 1k 7
+E| Y Y Aprarnpye ™ [“ <Xf,g*vXTg*> —u (Xr,g*’XT,g*_)H

L j=1,j%i k=1

By condition (ii), the last term is equal to zero. On the other hand, by conditions (ii) and

(i), we have
Lu' (X7 X)) — o (X7, X)) > —h (X — X))

Since A; N A; = 0 for i # j, we have XT_f* = X;fi. This, together with conditions (ii) and
k k

(i), implies that

i <X_1‘7;*,Xii> W (X—ii*’Xii_> > ¢ (Xii_7Xii) .
T T Ti— T T T
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Plugging the above two inequalities into (3.6), we obtain

E |:6—aT/\ﬂnui (X;;\*ﬁna X%/\ﬂn) :| . U,Z(Z‘)

TABn S

> -E / e h (X{ - X,)dt

0
) Z [{T;iST/\Bn}e_ach (X:'é—’ Xii) ] .
k=1
That is
i —aTABn, i —ix i _ —aTt} i i
u'(x) <R |e Ty (XT/\B,L7XT/\,3n) + ;I{T,iST/\ﬂn}e "C (XT;_aXT,g>]

+E

TAGn o
/ e h (Xi - X)) dt] .
0

Since h, ¢ > 0, we can use the monotone convergence theorem and the transversality condition
in (iii) to obtain

(o) SE| Y- Tigpape e (X0, X

k=1

T / e~ (X — X)) dt]
0

=J ((v_i*, l/i);m) .

This finishes the proof. 0
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3.3 Finding the Optimal Policies

Now that we have the Verification Theorem, we can start finding the policies for our players.
Let’s try a similar approach to the one-dimensional case, meaning our player idles as long
as she stays within a certain distance of the moving average and jumps closer to it, if she is

farther away.

Note 3.4. The distance of a player to the moving average can also be expressed in terms of

the distance from the player to the average of the other players (excluding the player itself):

XX, =X -

S X _N-1 X%—Z#*wl——N_l(Xﬂﬂx”) (3.7)
N N t N—-1] N t ¢ '

Using this, we can also formulate that threshold in terms of the distance to the other
players’ average. So we can say there exists some constant yy,. > 0, s.t. we can decompose

the ith players action and waiting region as follows:
A= {E; UE} NQ,, W; =RV \ A, (3.8)

where

E ={zxeR":d)(z) < —yn.},

Ef ={zx eR" :d)(z) > yn.} . (3.9)

d¥(z) =2’ —x—i.

Q; is a partition of RY. We need that, since we want to avoid any two players sharing an
action region, which could happen if we just used A; = E; UE;". This is especially noticeable

in the case N = 2, because of the symmetry we get there:

1 1
di(a’,2%) = (0! =2%) = =5 (2% = &) = =d5(a", 2%)
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So By = E and Ef = E; . In general we can use the partition

|dY (z)| > |d (z)] for any k <4; |dY(z)| > |dy (z)| for any k > z}

(3.10)

i.e. we use the rule: Should more than one player be in their "action region", the one furthest
from the center pushes first. If multiple players have the biggest distance, the one with the
highest index pushes first.

On the common waiting region of all players W = ﬂfvzl W;, every policy idles, so every

candidate solution w’ should satisfy:

aw'(z) — h(z) — Lw'(z) =0

To solve this, we start by finding the homogeneous solution w! to aw}(z) — Lw!(z) = 0, by

assuming wi (z) = et Iv®@;

(N —-1)
)\::l: 2 . :::i:
Ve TN PN

So our homogeneous solution is given by
w) (x) = B]i\,epN'dgv(m) + C'Iive_pN'd}:\’(z),

for some constants BY, C% € R.
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We find the particular solution w;, by assuming

wi(x) = ady(x)? 4 bdly () + c.

o (adiy(@)? + bdi(z) + ¢) = (N]; 1d§V(x))2 +3 (2a + (N2+1)2<N - 1))

o (ady (@)" + by () + ) = (%) div(z)2+a<1+ (Nl_l))
_(N_1)2 b—=0 _a N _N—l
o= P=0 e=t =y

._ _aN? _ 1 _ N3
Let ay := o2 80 4= oo and ¢ = TN Then we have

diy (z)? N N3
ay a% (N —1)3

wi(@) = wi(x) + wi(x) = BierN W@ 4 Of e v 4

for any € W.

Let’s take a closer look at the case N = 2. Because of the above mentioned symmetry, we

get the following result if we use the partition from (3.10):

@) > | =0

Ql_{$€R2

60)] > | )| p =

Q2:{$€R2

In other words, player 2 does all the work, while player one always idles. This also gives us

Wi =R?, A =10,
Wy ={(a',2%) e R*: |2 — 2'| <y}, Ay =E; UES

Ey ={(z",2*) e R*: 2® — 2" < —yo, }, Ef ={(z",2%) e R*: 2® — ' >y}

To find the NE for this partition, let’s start with finding player two’s candidate function w?.

Notice that, since player two is doing all the work, player one’s action region is the empty
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set, so the second condition in (3.5), i.e 2(z',2?) =0 V(2! 2%) € Ay, is actually no

. —w
Ox?
constraint at all. This means we only have to consider the first part, making this problem

very similar to the one-dimensional case.
From (3.11), we already know how w? has to look like on W, = W. Furthermore, from the

symmetry of this partition, we get w?(x) = w?(y) if |d3(z)| = |d3(y)|. This also gives us that

A% = B3, so with A3 := B3 /2, we get
w?(z', 2%) = Aj cosh (po(a® — 2')) + @) + = V(zt, 2?) € Wh. (3.12)

On A,, we know that player two pushes, so

1

w?(xh, 2?) = w(zh, 2t — 20.0) + (2, 2t — 2) V(z', 2?) € By,

w?(xh, 2?) = w? (2t 2t + 20.) + (2, 2t + 24) V(zt 2?) € B,
for some constant zo,. As in the one dimensional case, zs, should be the optimal jump

distance, so

0

EP [w2 (xl,a:l + 22*) +c (:cl,x2 + 22*)] =0

2
pa A3 sinh(pazo, ) + a—z2* — ko = 0.
2

Furthermore, using the smooth-pasting technique along 2% = z! + 1., we get

2 8
w? (2, 2t + yp.—) = A5 cosh (paya.) + Por | —

22 8
= A3 cosh (pazo.) + f +ate (Y2u, 224) = W (z!, 2" + yout)
2 2

J . 2 0
3 (2, 2" + you—) = pa A3 sinh(payo.) + a—2y2* =Fky = @uﬁ(xl,xl + Yout)
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Giving us the following system of equalities:

2 2
225 " Y2
2 C<y2*7 22*) + T an Oégk‘g — 2y2* . Ckgk’g — 22’2*

cosh(payas) — cosh(pazay)  opysinh(poyo.)  qopysinh(pazoy)’

If we compare this to the system we found for the one-dimensional case

222
- C(y*7 Z*) + *Ty* o k204 - 2y* o kZOd - 22*
~ cosh(py,) — cosh(pz,)  a-psinh(py,)  «- psinh(pz,)’

we can see that they are very similar and can be solved the same way. Unfortunately, as
with the one dimensional case, there is no simple analytic expression for A2, zo, and ys., but
finding the solution numerically works nearly the same way as for the one dimensional case

(See Appendix Python-Code N-D). All put together we get

(

w?(xt, xt — 29.) + (2?2t — 294) (2!, 2?) € Ey,
w?(z',2%) = ¢ A2 cosh (po - (2% —21)) + % +5 (21, 2?) € Wh, (3.13)
2
w?(zh, 2t + 20.) + (2?2t + 204) (z!,2%) € E.

\

With u2(z!,22) = AZcosh(va - (22 —2!)) + &=2

1 .
o T 5,2, we can check as in the one

dimensional case that w? fulfills the conditions in the Verification Theorem, meaning to find

a NE solution, all that’s left is to find w!.
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As with w?, we know w' on W is given by (3.11) and with A} := B;/2 and the symmetry

we get
1 2)2
w'(z', 2%) = Ajcosh (po(a! — 2%)) + (xa—x) + % V(2! 2?) e W. (3.14)
2 2

On Ay we know that player two pushes and from (3.5) we know that player one incurs no

cost from that push. So we should expect

w'(zh, 2?) = w' (2!, 2! — 22.) V(2! 2%) € E;,

w'(zh,2?) = w'(z' 2t + 2.) V(2! 2?) € ES.

Matching the values along 22 = 2! + 15,, we get

2
8
y2* +_2
22 8
ai: + aZ w'(z, ! + Yo t)
2

w'(ah, 2! + you—) = Az cosh (pays.) +
= A} cosh (pazas) +
Solving for Al gives us the last missing variable:

(B
cosh(paya.) — cosh(pazay)

So the final expression for w' is

(
wh(z!, 2! — 2,) (z!,2%) € Ej,
w'(at, 2?) = Al cosh (py - (21 — 2?)) + % - a% (21, 2?) € Wy, (3.15)

(zt,2?) € Ey.

wh(zh, o' + 294)
\
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Let’s check if w' satisfies the HJB equation (3.5).
Per construction only w'(z!, 2%) — Mw!(z!, 22) <0 on W is left to check. Let ¢ € R, then

we need to check whether

w' (2, 2?) — w' (2" + q,2%) — c(zt, 2t + ¢q) <0,

Suppose (2! +q,2?) € Ey, then w' (2! +¢,2%) = w' (' + ¢, 2" + ¢+ 22.). From the definition

of A} and the symmetry of w! around z! = 22, we get

w'(z' + g2t + g+ z) =0 (2" + g2t g+ yo) = w27 — Yo, 2P).

But since (z! + ¢, 22) € B, we also know that 2! + ¢ < 2% — ya. < 2!, s0

wl(l‘lv‘,}j?) _wl(xl +4q, xZ) _C(:Claxl +Q) < wl(xl’xZ) _wl(lz —yg*,fL’Q) _C($17x2 _yQ*)

Using the same argument for (z!,2%) € FE,, we see that it is enough to check any g, s.t.

(z' + q,2*) € W. Then

wh(@!, 2?)—w! (2! + g,2%) — oz’ 2t + q)

(l’l —1‘2)2 1
= [A; cosh (Vo - (2! — 2%)) + o T oa
Lg— 22 1 7
_ [Aécosh(\/a« (2" +q—12%) + (z +Za z) t 52 + k1 4 kalq|| <0

Let y = 2! — 2% and 2z = 2! + ¢ — 2. Then, if |2] < |y| we get

1

2 ki + a2 — y| + 222
~ cosh (pay) — cosh (p22)

This is true, since A} < A2 and A3 is the minimum of the right expression (as in the one

dimensional case).

35



Now suppose |z| > |y|. This case is more tricky to show and we actually have no analytic
proof yet, which will have to be done in a future work. For now, we verified that the
inequality holds numerically and will assume its correctness from here on.

From here it is straightforward to check that w' satisfies the Verification Theorem, so we

have found a possible NE Solution. Let

v'* := "Zero-control" , v = (17, V),
2k . 2 1
o =inf {t >0 | X7 — X/| > 2}
b (3.16)
o =inf {t > 775 ¢ |X7 - X/ > v} Vk € N.

V2 i=sgn (X? = X")po) 2 — (X* = XYoo VEEN>

Figure 7: Possible NE impulse control strategy for 2D

Theorem 3.5. Let v* = (v'*,1v**) defined as in (5.16), then v is a NE with values w' and

w? defined as in (3.13) and (3.15) respectively.

36



160— /
4
_ p % /
140— /i%/
] Y 4
2 /%//%%//
— .
100— //%/// w (l' » L )
///
il - .
= ///{
| = : ;‘:: 1(,.1 ,.2
40— 0‘::§ % /;?zi.: w ('T » L )
———— ;2:: , %

Figure 8: Sample plot of w' and w? - NE solutions

In the above figure, we can see a sample plot of w! and w?. The figure in the next page
shows a cross-section of the above plot for (:171 = —x2) that shows what influence 2o, and ys,
have on the functions.

As we can see in both plots, w! < w? everywhere. This might seem unexpected at first, but
does make sense. Player one never has to push, so the total cost should be lower than for

player two for the same start position.
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Figure 9: Cross section of w! and w? - NE solutions

Because of the symmetry in the two dimensional case, we actually have more than one
NE solution. One that we can immediately find, is if we flip the roles of player one and
player two, so now player one always pushes and player two always idles. This solution also

corresponds to the partition @; = R?, Qs = 0.
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3.4 Qutlook

Another partition that might be interesting to analyze in a future work is

z! >x2}
xt < 932}

Q= {(ml,xQ) € R?

Qr = {(a:l,xz) € R?

Figure 10: Partition of R?

This partition would result in both player one and player two doing pushes, with player
one to the right of 2! = 2% — 15, and player one to the left of 22 = 2! — y,,. This also means
that we would loose the inherent symmetry the problem had until now, meaning the constant
B} and C% in (3.11) would most likely not be the same anymore. A possible cross-section of

the corresponding w! and w? functions could look as in Figure 11.
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1

Figure 11: Possible shape of cross section of w!' and w? for non-symmetric strategy

After finishing with the two dimensional case, the next step is of course to get a general
NE solution for the N-player case. One thing that could cause problems there, compared to
before is that A; N I] # () in general, meaning the action-regions share borders. Matching
the different functions along those borders could prove difficult. Another thing to consider,
is that pushes from one player may cause another player to react. Consider the following
5-player situation. X, = (—§y5* - 0.1, —§y5*, §y5*, §y5*, %%*), then the distance of player

one to the others is:

2 —2Uss + 2Yse + 2Ysu + 2Uss
dé(XO,) = —§y5* —0.1- 3 3 4 3 3 = — Y5y — 0.1< —Ysx.

So player one has incentive to act and makes a push toward the center. But this causes
player two to slip out of the waiting region, resulting in a push from player two. This goes
against the assumption that actions of other players should not result in a disadvantage and

definitely warrants a closer look in a future work.
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Appendix Python-Code 1-D

import numpy as np
import scipy.optimize as opt

import matplotlib.pyplot as plt

set as needed

k1 = 10 # > 0
k2 = 10 # >0
alpha = 0.1 # > 0

rho = np.sqrt(2*xalpha)

def A(z, y):
try:
return (k1 + k2xnp.abs(y—z) + (zx*2 — yxx2)/alpha) /(np.cosh(rhoxy) —
< np.cosh(rhoxz))
except OverflowError:

return np.inf

def f(x):

return (2xx — k2xalpha) /(np.sinh (rhoxx))

hat x = opt.minimize scalar(lambda x: —f(x)).x

hat t = f(hat x)

def inv_ f(t, left of hat x=True):
# method: find zero for f(x) — ¢
if left of hat x:
# we know it has to cross zero between 0 and hat x
bounds = [0, hat x]
else:

# find the zero crossing
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bl, b2 = 0, 10
while f(hat_x + b2) >= ¢t:
bl = b2
b2 x= 2
bounds = [hat_x + bl, hat_ x + b2]

return opt.brentq(lambda x: f(x) — t, bounds[0], bounds[1])

p_z = inv_f(t, left of hat x=True)

p_y = inv_f(t, left of hat x=False)

return (p_z, p_y)

def hat A(t):
z, y = P(t)

return A(z, y)

Aprint result
t_star = opt.minimize_ scalar (hat_A, bounds=(0, hat_t), method="bounded’).x
z_star, y_ star = P(t_star)

print (f’A = {hat A(t star)}; z%x = {z_star}; y*={y_star}’)

#plot result
ts = np.arange (0, 1, 0.005) % hat t
res = [hat A(t) for t in ts]

plt.plot (ts, res, '~ , [t_star]|, [A(z_star, y star)], ’ro’)

plt .show ()
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Appendix Python-Code N-D

import numpy as np
import scipy.optimize as opt

import matplotlib.pyplot as plt

set as needed

k1l — 10 T
k2 = 10 # >0
alpha = 0.1 # > 0
N = us 1
rhoN = np.sqrt(2+xalpha * (N—1)/N)

alphaN = (alpha * N#%2) /(N—1)x%2

def A(z, y):
try:
return (k1 + k2xnp.abs(y—z) + (zx*2 — yxx2)/alphaN) /(np.cosh (rhoNxy) —
< np.cosh(rhoNxz))
except OverflowError:

return np.inf

def f(x):
return (2xx — k2xalphaN) /(np.sinh (rhoNxx))

hat x = opt.minimize scalar(lambda x: —f(x)).x

hat t = f(hat x)

def inv_f(t, left of hat x=True):
# method: find zero for f(x) — t
if left of hat x:
// we know it has to cross zero between 0 and hat x

bounds = [0, hat x]
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else:
+ find the zero crossing
bl, b2 = 0, 10
while f(hat_x + b2) >= ¢t:
bl = b2
b2 x= 2
bounds = [hat_x + bl, hat_x + b2]

return opt.brentq(lambda x: f(x) — t, bounds[0], bounds[1])

p_z = inv_f(t, left of hat x=True)

p_y = inv_f(t, left of hat x=False)

return (p_z, p_y)

def hat A(t):
z, y =P(t)

return A(z, y)

#print result

t_star = opt.minimize_ scalar (hat_A, bounds=(0, hat_t), method="bounded’).x
z_star, y_ star = P(t_star)
print (f’A = {hat_A(t_star)}; zx = {z_star}; yx={y_star}’)

#plot result

ts = np.arange (0, 1, 0.005) % hat t
res = [hat A(t) for t in ts]
plt.plot (ts, res, '—’, [t_star]|, [A(z_star, y star)], ’ro’)

plt .show ()
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