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ABSTRACT

REGIME-SWITCHING JUMP DIFFUSION PROCESSES WITH COUNTABLE
REGIMES: FELLER, STRONG FELLER, IRREDUCIBILITY AND EXPONENTTAL
ERGODICITY

by
Khwanchai Kunwai

The University of Wisconsin-Milwaukee, 2021
Under the Supervision of Professor Chao Zhu

This work is devoted to the study of regime-switching jump diffusion processes in which
the switching component has countably infinite regimes. Such processes can be used to
model complex hybrid systems in which both structural changes, small fluctuations as well
as big spikes coexist and are intertwined. Weak sufficient conditions for Feller and strong
Feller properties and irreducibility for such processes are derived; which further lead to
Foster-Lyapunov drift conditions for exponential ergodicity. Our results can be applied to
stochastic differential equations with non-Lipschitz coefficients. Finally, an application to

feedback control problems is presented.
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Chapter 1

Introduction

1.1 Motivation and Overview

A stochastic model is a tool used to estimate potential outcomes where randomness or
uncertainty is presented. Traditionally, stochastic models are constructed based on the
continuous dynamics of the outcomes over time. Let’s consider the following example of a

risky asset. Suppose the stock price S; satisfies the stochastic differential equation
dSt = /LStdt + O'Stth

where p represents the expected rate of return and o denotes the market’s volatility. Because
these parameters are assumed to be constant, this model is good only for a relatively short
period of time. Moreover, the movement of an individual stock can be subject to the general
trends of the market; bull or bear market. That is; if the the overall market moves up, most
stocks go up and if the overall market goes down, most stocks follow. The market trend
has a bigger effect on the volatility of the individual stock. To incorporate the broad trend
of the stock market we need more realistic and more sophisticated models to capture such
complex evolution.

A regime-switching diffusion is a two-component stochastic process (X (t), A(t)) that con-



tains an analog (or continuous state) component X (¢) and a switching (or discrete event)
component A(t). Intuitively, the continuous component X (¢) represents the state of phe-
nomenon while the discrete component A(t) refers to the structural changes of the system.
In the past decades, this class of processes has received growing attention due to its abil-
ity of modeling and analyzing complex systems in which both structural changes and small
fluctuations coexist and are intertwined. These processes are widely used in many areas
such as economy, financial engineering, risk management, biology, engineering, and etc. For
instance, a regime-switching Black-Scholes model is considered in Zhang (2001), in which
the continuous component X (¢) models the price evolution of a risky asset and the switching
component /A(t) delineates the overall economy state. For another example, Ferrari and Ro-
dosthenous (2019) study the optimal control of the debt-to-GDP ratio where X (¢) models
the level of debt-to-GDP ratio while A(t) represents the state of macroeconomic conditions.
Regime-switching (jump) diffusions are also used in mathematical biology such as the recent
paper from Tuong et al. (2019) in which a stochastic SIRS model subject to both white and
color noises is analyzed.

Compared to the classical setting when there is no switching component, much care is
needed for regime-switching diffusions. This is due to the interactions between the continuous
and the switching components. For example, one can combine two stable (or unstable)
diffusions to produce an unstable (or stable) regime-switching diffusion; see, for example,
Yin and Zhu (2010) and Lawley et al. (2014). In general, a regime-switching diffusion can
possess a certain property even though some of its regimes do not. This feature is, of course,
not possible in the usual setting. One of the most important problems of great interest is
the asymptotic property of such processes. Taking this consideration into account, we will
study existence, uniqueness and the rate of convergence of an invariant measure.

Regime-switching diffusion processes with a finite switching state space have been rela-
tively well studied. We refer to Mao and Yuan (2006) and Yin and Zhu (2010) for extensive

discussions and applications on this class of processes. To be more precise, Mao and Yuan



(2006) study state-independent regime-switching diffusions; that is, the switching component
is a continuous-time Markov chain independent of the continuous component. On the other
hand, Yin and Zhu (2010) focus on state-dependent regime-switching diffusions when the
switching component is a stochastic process taking values in a finite set and depend on the
continuous component. More investigations on this vein can be found in Cloez and Hairer
(2015), Nguyen et al. (2017), Shao (2015a), Shao and Xi (2014), Xi (2004, 2009), Zhu and
Yin (2009) and references therein. When the switching state space is infinite, this adds more
subtlety and difficulty to the analyses as we need to deal with infinite regimes. Moreover,
this makes the interactions between the continuous and discrete components much more
complicated. Recent developments on the countably infinite case can be found in Nguyen
and Yin (2018a,b,c), Shao (2015a,b), Xi and Zhu (2017), Xi et al. (2019).
Regime-switching diffusions become more interesting and challenging when jumps are
brought into consideration. This enhances the ability to model more complex and realistic
phenomena. We refer to Applebaum (2009) for extensive discussions on jump processes.
Continuing on the effort of studying regime-switching diffusions with countable regimes,
Xi and Zhu (2017) studied regime-switching diffusions with jumps and derived Feller and
strong Feller properties as well as exponential ergodicity of such processes. This paper
treats when the coefficients of the associated stochastic differential equations are (locally)
Lipschitz. While it is a convenient assumption, it is rather restrictive in many applications.
For example, the diffusion coefficients in the Feller branching diffusion and the Cox-Ingersoll-
Ross model are only Holder continuous. For another example, many control and optimization
problems often require the handling of systems where the local Lipschitz condition is violated.
Recently, Xi et al. (2019) presented non-Lipschitz conditions for existence and uniqueness
of nonexplosive strong solution as well as for Feller and strong Feller properties for regime-
switching jump diffusion processes. However, with the broad settings in the later paper,
the ergodicity has not been investigated yet. So we want to fulfill the gap here as well as

improve the results on Feller and strong Feller properties in Xi et al. (2019). Moreover, the



irreducibility of theses processes remains in question.

The series of papers Meyn and Tweedie (1992, 1993b,c) provide a powerful criterion for
exponential ergodicity of Markov processes. The criterion relies on the existence of a Foster-
Lyapunov function and the property that all compact subsets are small in some sense for
some skeleton chain. In view of Theorem 3.4 of Meyn and Tweedie (1992), the smallness
assumption can be verified by establishing Feller property and ¢-irreducibility. Then the
existence of a Foster-Lyapunov function becomes the key to establishing exponential ergod-
icity. Indeed, this type of function plays a vital role in the study of stability and long-term
behaviors of stochastic systems; see, for example, Hairer et al. (2011), Khasminskii (2012),
Mao and Yuan (2006), Yin and Zhu (2010), to name just a few. However, in practice, it is
usually not easy to find such functions. For regime-switching (jump) diffusions with infinite
number of switching states, it is even harder to find an appropriate Foster-Lyapunov function
due to the interactions between the continuous and the discrete components. In this work
we provide weak sufficient conditions for such functions to exist.

In this dissertation, we study state-dependent regime-switching jump diffusion processes
with countable regimes and non-Lipschitz coefficients. The contributions of this dissertation

can be summarized as follows:

(i) Weak sufficient conditions for Feller and strong Feller properties, (open set) irreducibil-
ity, and exponential ergodicity are presented in terms of the coefficients of the associ-

ated SDEs and the transition rate matrix of the discrete component A.

(ii) Topological and probabilistic concepts of irreducibility are discussed for regime-switching

jump diffusions; namely, open set irreducibility and -irreducibility.

(iii) Sufficient conditions for the existence of a Foster-Lyapunov function for regime-switching

jump diffusions are presented.

(iv) As a result, we can answer three important questions on existence, uniqueness and the

rate of convergence to an invariant measure for regime-switching jump diffusions with

4



countable regimes and non-Lipschitz coefficients.
(v) An application to feedback control problems is presented for the demonstration.

This work is organized as follows. In Chapter 2 we review some classical results on
stability of Markov processes studied in Meyn and Tweedie (1992, 1993b,c). Then we give
the formulation of regime-switching jump diffusion processes. Moreover, we discuss coupling
methods for regime-switching jump diffusions. In Chapter 3, Feller and strong Feller proper-
ties are investigated by using the coupling methods. Weak sufficient conditions for Feller and
strong Feller property are imposed on the coefficients of the associated stochastic differential
equations and spelled out in Theorems 3.1.6 and 3.2.8, respectively. In Chapter 4, open
set irreducibility is investigated. As an application, we present in Proposition 4.1.12 a set
of sufficient conditions under which a unique invariant measure for regime-switching jump
diffusions exists. After establishing Feller and strong Feller properties and irreducibility,
we derive in Chapter 5 the exponential ergodicity of regime-switching jump diffusions. We
construct a Foster-Lyapunov function in Theorem 5.2.4 by incorporating some nice proper-
ties of the generator Q(z) of the discrete component A. As a result, we can conclude that
a regime-switching jump diffusion process can be exponentially ergodic even though some
subsystems are not; see Remark 5.2.3. Finally, an application to feedback control problems
is present in Chapter 6. For the sake of completeness, some elementary computations are

given in Chapter 7.



Chapter 2

Preliminaries and Classical Results

2.1 Mathematical Background

2.1.1 Markov Processes

In this section we briefly review the basic notions and terminology of Markov theory. For the
classical discussions we refer to Blumenthal and Getoor (1968), Ethier and Kurtz (1986),
Sharpe (1988), and others. Let (§2,.#,P) be a probability space and let (E,B(F)) be a
measurable space where E is a locally compact separable metric space and B(FE) is the Borel
o-algebra of open subsets of E. Let ® := {®; : 0 <t < oo} be a continuous time stochastic
process defined on (,.%,P) and take values in the set E. For each ¢t > 0 we define the

sub-g-algebra F? = (P, : s < t) of F. Then ® is called a Markov process if
P{®, , € Al.FZ>} = P{D,,, € A|D,} (2.1)

for all s,t > 0 and A € B(F). Condition (2.1) is called Markov property or memoryless
property. If {F;}i>o is a filtration with #2 C %, t > 0, then ® is a Markov process with

respect to {F }io if (2.1) holds with .#® replaced by %;. It is clear that if ® is a Markov



process with respect to {%;}:>0, then it is a Markov process. Note that (2.1) implies
E[f(®ers) € AlFT] = E[f(Pirs) € AlD4]

for all s,t > 0 and bounded and measurable function f on E.
A function P(t,z, A) defined on [0,00) x E x B(E) is a time-homogeneous transition

function if
e P(t,x,-) is a probability measure on B(F) for all (t,z) € [0,00) x E,
e P(0,z,) =0, for all z € E where §, is the unit mass at x,
e P(-,-,A) is bounded and measurable function on [0,00) x E for all A € B(E),

o forall s,t >0,z € E, A€ B(E)

P(t+s,x,A) = /P(s,y,A)P(t,x, dy). (2.2)

The relationship (2.2) is called Chapman-Kolmogorov equation. A transition function P(t,x, A)

is a transition function for a time homogeneous Markov process ® if
P{®,., € Al.Z>} = P(s,®,A) (2.3)
for all s,t >0, A € B(E), or equivalently, if
E[f(@u) € A1FP] = [ 1Pl @dy (24)

for all s,¢ > 0 and bounded and measurable function f on E. The probability measure v on
B(E) defined by v(A) = P{®, € A} is called the initial distribution of ®.
Suppose ® is a Markov process with respect to a filtration {.%#;};>0 such that ¢ is {.%;}-

progressive in the sense that the restriction of ® to [0,¢] x  is B([0,t]) x .#;-measurable



for any ¢ > 0. Then ® is called strong Markov process with respect to { % }i>0 if, for any

{%#,}-stopping time 7 with 7 < oo a.s.,
P{d,,, € A|Z#,} = P(t,®,,A) (2.5)
for all t > 0, A € B(E), or equivalently, if

E[f(®,) € ALF,] = / () P(t, @, dy) (2.6)

for all ¢ > 0 and bounded and measurable function f on E. Here we denote %, = {4 € % :
Vt>0{r<t}nAec.F}

Define the operator P, which acts on a set of bounded functions f by

Pof(x) == E [f(®)|Pg = 2] = /E F () P(t, . dy).

It follows from the Chapman-Kolmogorov property that the family { P, : ¢ > 0} is a semigroup

in the sense that P,y s = P, o P, for all s,¢t > 0. For a o-finite measure p on B(E) we define
uPi(A) = / P(t,x, A)u(dz), YA€ B(E), t>0.
E

Next we define one of the most important tools in Markov theory. The infinitesimal
generator o/ of ® is defined by

o) et PLE) = @)

t—0 t

(2.7)

provided that the limit exists. This generator measures the expected change of the function

f under the dynamic of the Markov process ® in an infinitesimal time interval.



2.1.2 Feller and Strong Feller Properties

The intuition behind the concepts of Feller and strong Feller Properties is that a slight
perturbation of the initial data should result in a small perturbation in the subsequent
movement. This is a natural condition in physical or social modeling. In addition, Feller and
strong Feller properties are intrinsically related to the existence and uniqueness of invariant
measures of the underlying process; see, for example, Meyn and Tweedie (1992, 1993b,c).
We denote by B,(E) the class of bounded and Borel measurable functions on E and by
@, (E) the class of bounded and continuous functions on E. Following Dynkin (1965), let us

state the following definition.
Definition 2.1.1. The semigroup {P; : t > 0} or the process ® is said to have Feller property
if im P,f(x) = f(x) for all f € €(F) and
t—0
P, : G(E) — €(E) forall t>0

and strong Feller property if

P, :By(E) — €y(E) forall t>0.

2.1.3 Irreducibility

Consider a continuous time Markov process ® := {®; : 0 < t < oo} taking values in the
state space (E, B(FE)) with initial distribution v(A) = P{® € A}. The fundamental concept
of irreducibility is the idea that all parts of E can be reached by the Markov process. As
discussed in Tweedie (1994), connections between topological and probabilistic properties
involve irreducibility.

For any measurable set A € B(E) we define the hitting time and the occupation time by

Ta:=inf{t >0: P, € A} and nu = / 1a(Py)dt,
0

9



respectively. Topological concepts of irreducibility are defined in terms of the ability of the
process to reach open sets, rather than sets of positive measure. To be more precise, P is
said to be open set irreducible if for every point y € E and any open set A containing y we

have

P {74 <0} >0 forall ze€kFE.

In this case the point y is called reachable. Hence ® is open set irreducible if every point is
reachable.
The process ® is said to be p-irreducible if there exists a o-finite measure ¢ on B(FE)

such that for any x € E we have

p(A) > 0= E, [n4] > 0.

The measure ¢ is called an irreducible measure. This is a concept of probabilistic irreducibil-
ity studied in the literature; see, for example, Meyn and Tweedie (1992, 1993b,c), Tweedie
(1994).

The connection between these two concepts of irreducibility was studied in Tweedie (1994)
for the class of T-process. It was shown in Theorem 3.2 of Tweedie (1994) that any open
set irreducible T-process is ¢-irreducible. In particular, every open set irreducible Markov
chain with strong Feller property is ¢-irreducible; see Proposition 6.1.6 of Meyn and Tweedie

(2009).

2.1.4 Petite Sets

The concept of petite sets is a generalization of the concept of small sets. It was studied

in Meyn and Tweedie (1992) to develop criteria for stability of Markov processes. For a

10



probability distribution @ on R, we define by

K,(z,A) ::/]R a(dt)P(t,z, A)

the transition kernel corresponding to a. A set B € B(FE) and a non-trivial sub-probability

measure £ on B(E) are called petite if for some probability distribution a we have
p(s) < Ky(z,:) VYx € B.

In the literature, we sometimes use the term pu,-petite to indicate the sub-probability
measure i and the probability distribution a. This class of petite sets plays a crucial role in
the study of stability of Markov processes in both discrete and continuous time cases; see,
Meyn and Tweedie (1992, 1993b,c). Furthermore, for discrete time Markov processes with

Feller property we have the following result.

Theorem 2.1.2 (Theorem 3.4, Meyn and Tweedie (1992)). Suppose that & := {®, : n =
0,1,2,...} is p-irreducible. Then either of the following conditions implies that all compact

subsets of E are petite:
(i) ® has the Feller property and there exists an open p-positive petite set;

(ii) ® has the Feller property and the support of ¢ has nonempty interior.

2.1.5 Invariant Measures and Ergodic Theory

To study a Markov process we usually raise questions concerning the existence and uniqueness

of an invariant measure. A o-finite measure 7 on B(E) is called invariant if

T(A) = 7P(A) = /E P(t,z, Ar(dz), VA€ B(E), t > 0. (2.8)

11



It is called subinvariant if we have m > wP. It is well known that in finite state space case,
that is when F is finite, an invariant measure always exists. However, for infinite state space
case, there may be no invariant measures.

Let us recall the concept of Harris recurrence. A Markov process ® is called Harris

recurrent if one of the following condition holds:

e there exists a o-finite measure p such that

p(A) > 0= P,{ns =00} =1,

e there exists a o-finite measure ¢ such that

©(A) > 0= P, {4 <00} =1

These conditions are equivalent; see Theorem 1.1 of Meyn and Tweedie (1993a). It is clear
from the definition that Harris-recurrent processes are p-irreducible. It is well known that
if @ is p-irreducible then a subinvariant measure exists. Moreover, if ® is Harris recurrent
then a unique (up to constant multiples) invariant measure 7 exists; see, for example, Azéma
and Revuz (1991) and Getoor (1979). If the invariant measure 7 is finite then ® is called
positive Harris recurrence. In this case m can be normalized to be a probability measure.

We conclude that

positive Harris recurrence = Harris recurrence = ¢-irreducibility.

A criterion for positive Harris recurrence was given in Meyn and Tweedie (1993c) in terms

of a Foster-Lyapunov drift condition.

Assumption 2.1.3. There exist constants c¢,d > 0, a function f > 1, a measurable set

12



C C E, and a function V > 0 such that

GV (x) < —cf(x) + dlo(z) (2.9)

forallz € F.

The function V' in (2.9) is called a Foster-Lyapunov function. We denote w(f) :=
[ f(z)m(dx). The following result can be proved by applying the Dynkin’s formula to

the process V(®;) above.

Theorem 2.1.4 (Theorem 4.2, Meyn and Tweedie (1993c)). Suppose that ® is a non-
explosive right process. If (2.9) holds for a closed petite set C' C E and V' is bounded on C

then ® is positive Harris recurrence and 7(f) < oo.

The following result shows that, for Feller processes, the existence of an invariant measure

can be obtained without assuming irreducibility.

Theorem 2.1.5 (Theorem 4.5, Meyn and Tweedie (1993c)). Suppose that ® is a non-
explosive right process with Feller property. If (2.9) holds for some compact set C C E, then

an invariant probability measure exists, and w(f) < d/c for any invariant probability 7.

To study long-term behavior of Markov processes, we are interested in the rate of con-
vergence towards invariant measures. To this end, let us give some notations. For any

measurable function f: F — [1,00) and any signed-measure p on B(E), we set

[l = sup{|u(g)] : all measurable g with |g| < f}

where u(g) := [, 9(y)u(dy). We note that the total variation norm ||u||7y is the special case
of ||p||f when f = 1.

Following the terminology in Meyn and Tweedie (1993c) we say that the process ® is

13



ergodic if an invariant probability measure 7 exists and
tlim |P(t,z,-) —7()||lry =0, forall ze€FE.
— 00

Moreover, ® is said to be f-exponentially ergodic if there exist a probability measure 7(+), a
constant 6 € (0,1) and a finite-valued function ©(z) such that for all ¢ > 0 and all x € F

we have

1Pt 2, ) —7()lly < O(x)0"

Remark 2.1.6. In general, the concepts of positive Harris recurrence and ergodicity are not
equivalent. If ® is ergodic then every h-skeleton chain {®,; : n = 0,1,...} is also ergodic.
On the other hand, positive Harris recurrence processes do not have this property. A counter

example is a clock process; see Meyn and Tweedie (1993b).
The following theorem is comparable to Theorem 2.1.4.

Theorem 2.1.7 (Theorem 5.1, Meyn and Tweedie (1993c)). Suppose that ® is a non-
explosive right process and that all compact sets are petite for some h-skeleton chain. If

(2.9) holds for some compact set C' with V' bounded on C, then ® is ergodic.

To obtain criterion for exponential ergodicity we need a stronger version of condition

(2.9). Let us state the following assumption.

Assumption 2.1.8. There exist constants ¢ > 0,d < oo and a function V' > 0 such that

lim V(z) =o0 (norm-like) and 'V (x) < —cV(z)+d Vz € E. (2.10)

||| =00

Theorem 2.1.9 (Theorem 6.1, Meyn and Tweedie (1993c)). Suppose that ® is a right
process, and that all compact sets are petite for some h-skeleton chain {®,, : n € Z,}. If

(2.10) holds, then ® is f-exponentially ergodic with f =1+ V.

14



We summarize the discussions in section 2.1 in Figure 2.1. For Feller processes, the exis-
tence of an appropriate Foster-Lyapunov function becomes the key for deriving the existence
and uniqueness as well as the convergence rate of invariant measures. In view of Theorem
2.1.5, the existence of an invariant measure 7 is guaranteed by condition (2.9). However,
the uniqueness and the convergence rate remain questionable. To determine the uniqueness
and the convergence rate we need the notion of petite sets. Thanks to Theorem 2.1.2, this
can be done if we can verify that the process is -irreducibility and if the measure ¢ has
nonempty interior. From Theorem 2.1.7 we obtain the convergence in total variation norm.

Furthermore, Theorem 2.1.9 gives the exponential rate of convergence.

( 7
Strong Feller
. J
Open Set Irreducible

(T-process)

( 7
] Feller

. J
( 7

Foster-Lyapunov Foster-Lyapunov p-Irreducible

Thm
(2.9) (2.10) *int(suppy) # 0

. J

all compact

—>@9 69 sets are petite

*some h-skeleton

Exponential
Existence of m
Ergodicity

Figure 2.1: Overview of Ergodic Theory
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2.2 Regime-Switching Jump Diffusion Processes

2.2.1 Formulation

Let d > 1 be an integer and S = {1,2,...} be the switching state. Throughout this dis-
sertation, we consider an arbitrary filtered measure space (§2,.%,{%# }i>0,P) rich enough
to accommodate a standard d-dimensional Brownian motion W. We construct a regime-
switching jump diffusion as a continuous-time stochastic process (X, A) := {(X(¢), A(t)) }+>0
where (X (t), A(t)) : © — R? x S is a random variable for all + > 0. Let (U, 4) be a measur-
able space and v a o-finite measure on U. Assume that b: R? x S — R?, ¢ : R? x S — R*4
and ¢ : R4 x S x U — R? are Borel measurable functions. Suppose that (X, A) is a right
continuous strong Markov process with left-hand limits on R? x S such that the continuous

component X satisfies the following stochastic differential equation (SDE),

dX (1) = b(X (), A(t))dt + o (X (t), A(t))dW () + / (X (), A7), w)N(dt, du), (2.11)

where N is a Poisson random measure on [0, 00) x U with intensity dtv(du) and N is the
associated compensated Poisson random measure. As in Nguyen and Yin (2018a,c), Xi and
Zhu (2017), and Xi et al. (2019) we suppose that the discrete component A is a continuous-
time stochastic process taking values in the set S and generated by the transition rate matrix

Q(z) = (qri(z))k1es. That is A satisfies

P{A(t+ A) = I|A(f) = k, X () = 2} = wE@AFold)  HEA (2.12)

L+ gu(x)A+o(A) if k=1,

for all x € R%. We suppose further that Q(z) is stable and conservative in the sense that for

any v € R?

0 < qu(z) <+ for k #1
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Figure 2.2: Sample Path of Regime-Switching Jump Diffusion

@ () = —qur(z) < +00 (stable)
qr(r) = Z Qi () (conservative).
1eS\{k}

To obtain the structure of the process A, let consider the family of disjoint intervals { Ay () :

k,l € S} defined on the positive half of the real line as follows:

Ap(r) = [0,q2(z)),

Ap(r) = [q2(7), () + q3(2)),

Agi(z) = [qu(2), q1() + gar (7)),

Agz(z) = [qu(®) + qai(), @1 () + gar () + gz (),

Azi(z) = [¢1(®) + @(2), 1 (z) + ¢2(2) + g1 (2)),

where gx(2) 1= o (1) () and we set Ag(z) = 0 in the case of gu(x) =0, k # . We

note that {Ay(x) : k,1 € S} are disjoint intervals and that the length of the interval Ay (z)
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is equal to gy (). Define a function h: R x S x R, — R by

h(ZB, /{J,T) = Z(l - k)]'Akl(x)(r)' (2'13)

leS

In other words, for each z € R? and k € S, we set

-k ifre Akl(l’)
h(z, k,r)=

0 otherwise.

As a result, the process /A can be described as a solution to the following stochastic differential

equation

A(t) = A(0) —i—/o /]R h(X(s7), A(s™),r)N1(ds,dr), (2.14)

where N is a Poisson random measure on [0, 00) x [0, 00) with characteristic measure m(dz),
the Lebesgue measure. We refer to Xi et al. (2019) for the existence and uniqueness of
non-explosive strong solution to the system of SDEs (2.11) and (2.14).

Denote by C?(R?) the set of twice continuously differentiable functions with compact
support defined on R?. Given a function f : R? x S — R with f(-,k) € C*(R?) for each

k € S. The infinitesimal generator of the regime-switching jump diffusion (X, A) is given by

JZ{f(l"k) = %f(m7k)+”Q{Jf(x7k)+Q(x)f(ka)w (2'15)
where
Sz, k) = %tr (alw, E)V2 (2, B)) + (b, k), V (2, k), (2.16)
i f(z, k) = /U(f(:v +c(x, k,u), k) — f(x, k) — (Vf(x, k), clz, k,u))v(du), (2.17)
Q) f(x, k) = Zle(x> [f(z, 1) = fz, k)] (2.18)
les
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In (2.16)-(2.17) and hereafter, we denote by Vf(z,k) := (:Z f(x, k), O f(x, k)T the

For s B
gradient and by V2f(z,k) := [#;chf(x, k)];; the Hessian matrix of f with respect to x.
Moreover, we denote by ( , ) the ordinary inner product in R?. For any square matrix
A we denote by tr(A) the trace and by AT the transpose of A, respectively. Then the
Hilbert-Schmidt norm of A is given by |A| := /tr(AAT).

We finish off this section by presenting some interesting examples of regime-switching dif-

fusion processes and their applications in mathematical finance, economy and public health.

Example 2.2.1. The regime-switching Black-Scholes model is studied in Zhang (2001). Let
a(-) be a Markov chain taking values in a finite set {1,2,..., N} and generated by the stable
and conservative transition rate matric Q) = (qu)i<ki<n- We regard a(-) as the market-
trend indicator process. We denote by S(t) the stock’s price at time t > 0. Suppose that S(t)

satisfies

dS(t) = S(t)[u(a(t))dt + o(a(t))dW (t)]

S(0) = S,

where Sy > 0 is the initial price, u(-) is the expected return, o(-) is the stock volatility, and
W is a one dimensional standard Brownian motion. Here we suppose that « is independent

of the Brownian motion W.

Example 2.2.2. Consider the following debt-to-GDP ratio model studied in Ferrari and
Rodosthenous (2019). Suppose W is a one dimensional standard Brownian motion and A is
a continuous-time Markov chain taking values in a finite set {1,2,...,N}. Suppose further
that A is independent of W, irreducible and generated by a stable and conservative transition
rate matriz Q = (qr)1<ki<N-

Assume that the nominal debt D, grows at time t > 0 at rate r + \p, and satisfies

th = (7“ + )\At)Dtdt
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where r > 0 s fived interest rate on government debt and Ay, is the additional interest rate
the government has to pay when the macroeconomic conditions are in state Ay € {1,2,..., N }.

Assume that the country’s GDP WV, evolves the stochastic differential equation

d\Ift == g\ptdt + O-\Ijtth

where g is the growth rate of the GDP. Then the Debt-to-GDP ratio X := D/V satisfies the

stochastic differential equation

dXt = (7“ + )\At — g + O'Q)Xtdt + O'Xtth.

One can show that the solution to this stochastic differential equation is given by

X = xeXp(r_g+%U2)t+fg /\A%dSJrJWt, Xo=z,Ag=1.
Example 2.2.3. The following regime switching SIRS (Susceptible-Infected- Removed-Susceptible)
model is studied in Tuong et al. (2019). This is an epidemiological model which classi-
fies individuals into compartments of susceptible, infectious, removed with permanent ac-
quired itmmunity and susceptible due to the loss of immunity of the removed individuals. Let
& ={& :t >0} be a right continuous Markov chain taking values in {1,2,...,m}. Consider

the model

/

dS(t) = [=SOI)F(S(), I(t), &) + p(&) (K — S(1)) + 7 (&) R(H)]de
= SOOI F(S(t), (1), &)dW (1)
§dI(t) = [SOIE)F(S(#), 1(t),&) — (&) + p(&) + 72(E))I (1))t

+ SO F(S(t), (1), &)dW (1)

| AR(t) = 12(€)1(t) = (u(&) +71(&)) R(t)]dt
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where W is a one dimensional standard Brownian motion, Fy, Fy are positive and locally
Lipschitz functions on [0,00)? x {1,2...,m} which represent incidence rates. The constant
K is a carrying capacity and the parameters p, p, 1,72 are the per capita disease-free death
rate, the excess per capita natural death rate of infective class, the per capita loss immunity
and return to the susceptible class of infective class, and the per capita recovery rate of the

infected individuals, respectively.

2.3 Coupling Methods

2.3.1 Classical Constructions of Couplings

Coupling method is a very powerful tool used to compare two stochastic processes. We will
use this method to derive Feller and Strong Feller properties of the regime-switching jump
diffusion process (X, A). We refer to Lindvall (1992) and Chen and Li (1989) for extensive
discussion on coupling method.

Given two processes @' = {®! : 0 <t < oo} and ®? = {2, : 0 <t < oo} taking values in
(E1, Bi(E)) and (Es, By(E)), respectively. Let P; and P, denote distributions for ® and @2,
respectively. A process (I, T?) := {(T'},T?) : 0 < t < oo} valued in (B} x Eq, By (E)®Bs(E))

with distribution P is called a coupling of ®* and ®? if
P{(T},T?) € B; x By} =P {®! € B;} and P{(T'},T?) € E; x By} = P,{®? € By}

for all t > 0 and By € By(FE), By € By(E). That is, P has marginals P; and Py. It is worth
noting that a coupling is not unique.
Let ®! and ®? be strong Markov processes defined on a probability space (Q2,.%,P) and

take values in a state space (F,B(E)). Suppose that (I'',T?) is a coupling process for ®!
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and ®2. A stopping T is called a coupling time if
I, =07 vt>T.
If T' is a coupling time then we obtain the following coupling inequality
[P(8? € -}~ P(®] € Hirv = sup [P(8} € A4} ~ P(®] € A}| <2P{r<T).  (219)
Indeed, for any A € .% and t > 0 we have

|P{®? € A} — P{®; € A}|
= |[(P{9] € At <T}+P{®; € At >T}) — (P{®} € At <T}+P{®, € At >T})|
= [P e At <T}+P{I7€At>T}) — (P{I, € At <T}+P{Iy € At >T})|
= [P e At <T}+P{I7€At>T}) — (P{I, e At <T}+P{I; € At >T})|
= |[P{T7€ A t<T}-P{I'} € At < T}

< 2P{t < T}.

By taking supremum over A € .% we obtain (2.19).

Consider a diffusion process X := {X; : 0 <t < oo} in R? satisfying the SDE
dXt == b(Xt)dt + U(Xt)th

where b : R? = R?, o : R? — R%*? are Borel measurable functions and W is a d-dimensional
Brownian motion. Assume further that X is a strong Markov process. For z,y € R? we
denote by X* and XV the processes X started at x and y, respectively. Then we can define

a coupling process for X* and XV as follows. Define the coupling time T by
T:=inf{t >0: X} = X/}
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and

XPoitt<T
X, = (2.20)

XY ift>T.

Then (X', X¥) is a coupling process for X* and XVY. This construction is known as basic

T

Figure 2.3: Basic Coupling

coupling. Let a(x) := o(z)o(x)’. We denote the generator of X by
L) = gtr(a(n)VA() + 0e), V()

where V f(z) = (%f(x), s 81% (2))T the gradient and by V2f(z) := [%ngf(x)]” the
Hessian matrix of f with respect to x. Then the coefficients of the basic coupling operator

are given by

To be more precise, the generator for the basic coupling is given by

Liry) = gie(aley) V() + 0r,y), V() (2.21)
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Another useful coupling technique is coupling by reflection. We refer to Chen (2004),
Chen and Li (1989), Lindvall and Rogers (1986) for the discussions on this method. As in

Lindvall and Rogers (1986), given a diffusion process X satisfying the SDE
dXt = b(Xt)dt + U(Xt)th.

The idea is to construct another diffusion process Y with the same generator as X but

started at y # = and solve the SDE
Y, = bt + o(Yi)aW,

where dW/ = g(z,y)dW; and g(z,y) = I — 2(x — y)(z — y)T /|z — y|>. The generator for the

coupling by reflection is the same as in (2.21) but with the following coefficients

a(x x, b(x
a(z,y) = ) gey) , b(w,y) = )
g(z,y)"  aly) b(y)

2.3.2 Coupling Methods for Regime-switching Jump Diffusions

Consider regime-switching diffusion (X, A) of the system of SDEs (2.11) and (2.14) and two
distinct initial conditions (z,4) and (y, j). We use the constructions discussed in the previous
section to construct a coupling process for (X @9 A@9) and (X @) AWI)),

We use basic coupling to derive Feller property. To this end, let us first construct a basic

coupling operator .« for /. For f(x,i,y,7) € C*(R? x S x R x S), we define

A [0y, §) = [Qa+ %+ D] [z, 1,9, ), (2.22)

where (24, ij, and (2, are defined as follows. For z,y € R and 4,7 € S, we set a(x,i) =

24



o(z,i)o(z,i)T and

o a(z, 1) o(x,i)o(y,j)" o b(z, i)
a(z,i,y,j) = , b(x,4,y,5) =
oy, j)o(z, )" a(y, j) b(y,j)
Then we define
Quf(x,iyy,j) = %tr(a(fc,i,y,j)DQf(w,'i,y,j)) +(b(x,4,y,75), Df (4,9, 7)), (2.23)

éjf(xviay7j> ::/U[f(:v+c(x,i,u),i,z—I—c(y,j,u),j)—f(x,i,y,j) (2 24)

= (Daf(x,i,y, ), c(x,i,u)) = (Dyf (2., 5), c(y, j, w)) |v(duw),

where Df(z,i,y,j) = (Do f(x,4,v,7), Dyf(x,i,y,7))" is the gradient and D?f(z,4,y,7) is

the Hessian matrix of f with respect to the variables z and y, and

st(:v,i,y,j) = Z[Qd(‘r) - le(y)]—i_(f(l',l,y,j) - f($,Z,y,]))

leS

+ Z QJZ Qzl (f(iL‘,Z, Y, l) - f(xaia y>]>> (225)

les

+ZQ2I /\QJI (f(l’,l,y,l)-f(:?,l,y,j))

les
For any function f : R% x R? — R, let fv: R? x S x R? x S + R be defined by f(:p,i, Y, ) =
f(z,y). Now we denote for each k € S

Lif(x,y) = (OF + Q) f(2,y) = (Qa+ D)z, b,y k), Vf € CHR x RY).

To derive the strong Feller property we need another coupling method. Motivated by
Priola and Wang (2006) we construct the operator o as follows. Let Az > 0 be a constant
depending on R > 0 and o), be the unique symmetric nonnegative definite matrix-valued

function such that o3 (z,k) = a(z, k) — Agl. This will be determined more in Assumption
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(3.2.2); in particular, see condition (3.28). To this end, we let

a(x,i,y,j) = and  b(z,i,y,7) ==
where
g(x,1,y,5) = Ar( = 2u(@, y)u(@,y)") + o, (2, 1)org (y.5)"
and u(x,y) := ﬁ Then the coupling operator o for (2.15) is given by
A f(w,i,y,g) = Q0+ 2+ Q) f(x,4,y,5), feCHRIxSxRIxS), (2.26)
where
0af (ris,) = 5 (@69, DD (10, 9)) + B d), D)) (221)

and §2; and £, are defined as in (2.24) and (2.25), respectively. In addition, for each k € S
and any F € C?(R? x RY), we write f(z,k,y,k) := F(x,y) and denote

LyF(w,y) = (20 + Q) (w,koy k) o= o [k, ). (2:28)

Remark 2.3.1. We note that if oy,, = 0 then o is the generator of the coupling by reflection

as discussed in the previous section.
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Chapter 3

Feller and Strong Feller Properties

We denote by B,(R? x S) the set of all bounded and Borel measurable functions on R% x S
and by €,(R? x S) the set of all bounded and continuous functions on R¢ x S. Suppose
(X, A4) == {(X(t),A(t) : t > 0} is a solution to the system (2.11) and (2.14). For any

t>0,r € R and k € S, define the operator
Pof(z, k) == Eqp [f(X (1), A(#))] = E [f(X(£), A2))|(X(0), A(0)) = (2, k)] (3.1)

for f € B(RYxS). Note also that | P, f(z, k)| = |Epi [Pof (2, k)] | < Epi [|Pof (2, K)|] < || f]]oo
and hence ||P;f|lcc < ||flloo- In other words, P; is a bounded operator P; : 9B,(R? x
S) — By (RY x S) and the family {P,};>o forms a semigroup of bounded linear operators on
B,(R? xS). The semigroup { P, };>0 or the corresponding process (X, A) is said to have Feller
property if Py : €,(R? x S) — &€,(R? x S) and limyyo B,.f (z, k) = f(x, k) for all f € Cp(R? x S)
and (z,k) € RY x S and strong Feller property if P, : B,(R? x S) — €,(R? x S) for all ¢ > 0.

In Xi et al. (2019), the authors study multidimensional regime-switching jump diffusion
processes with non-Lipschitz coefficients and countably many switching states. The authors
imposed Assumptions 2.1 and 2.2 in order to obtain the existence and the uniqueness of a

non-explosive strong solution to the system of SDEs (2.11) and (2.14). However, to derive

Feller property of such processes, the authors further imposed other assumptions. So, our
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goal aims to show that the Assumptions 2.1 and 2.2 imposed in Xi et al. (2019) are indeed
sufficient to obtain the Feller property of regime-switching jump diffusion processes.

To study Feller and strong Feller properties as well as irreducibility it is sufficient to
consider weak solutions of the system (2.11) and (2.14) instead of the strong ones. We make

the following standing assumption throughout this work:

Assumption 3.0.2. For any (x,k) € R? xS, the system of stochastic differential equations
(2.11) and (2.14) has a non-explosive weak solution (X @) A@HF)) with initial condition (, k)

and the solution is unique in the sense of probability law.

3.1 Feller Property

In this section, we derive Feller property of (X, A). To begin let us state the following

assumptions.
Assumption 3.1.1. Assume the following conditions hold.

(i) Ifd = 1, then there exist a positive number 0y and a nondecreasing and concave function

[ 52

such that for allk € S,R >0 and x,z € R with |z| V |2]| < R and |z — z| < dy,

p:]0,00) = [0,00) satisfying

sgn(z — 2)(b(x, k) — b(z,k)) < krp(|lx — z]), (3.3)

lo(x, k) — oz, k)|* + / le(x, k,u) — c(z, k,u)|*v(du) < kglz — 2|, (3.4)

where kg is a positive constant and sgn(a) = lzs0y — lya<oy. In addition, for each

k €8S, the function c satisfies that

the function x +— x + c(x, k,u) is nondecreasing for all u € U; (3.5)
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or, there exists some B > 0 such that

|z — 2z + 0(c(z, kyu) — c(z, k,u)| > Ble — 2|,V(z,2,u,0) e Rx Rx U x[0,1]. (3.6)

(i) If d > 2, then there exist a positive number 6y and a nondecreasing and concave function

p:]0,00) = [0,00) satisfying

0<p(r) < (1 +7r)p(r/(1+7)) for all v >0, and /0+ % = 00, (3.7)

so that for allk € S,R >0 and x,z € R with |z| V |2] < R and |z — 2| < &,

2(x — 2,b(x, k) — b(2,k)) + |o(z, k) — o (2, k)|?

(3.8)
/ lc(x, k,u) — c(z, k,u)[Pv(du) < kpp(|lz — 2|?),

where kg 1S a positive constant.

Assumption 3.1.2. For each k € S, there exists a concave function v, : Ry — R, with
v(0) = 0 such that for all z,y € R* with |z| V |y| < R, there exists a positive constant kg
(which, without loss of generality, can be assumed to be the same positive constant as in (3.3)

and (3.4)) such that

D law(@) = gu)] < krmllz = yl). (3.9)
1eS\{k}

Remark 3.1.3. We note that examples of functions that satisfy condition (3.2) or (3.7) in-
clude p(r) =r, p(r) = rlog(1/r), p(r) = rlog(log(1/r)), and p(r) = rlog(1/r)log(log(1/r))
for r € (0,60) with o9 small enough. When p(r) = r Assumption 3.1.1 reduces to the usual
local Lipschitz condition. For other choices of p(r) Assumption 3.1.1 allows the coefficients of
(2.11) to be non-Lipschitz. This enables us to work with regime-switching (jump) diffusions
with non-Lipschitz coefficients. This is an important result in Xi et al. (2019) which provides

us the opportunity to explore a larger class of regime-switching (jump) diffusion processes.
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Note also that conditions (3.3), (3.4) and (3.8) require the coefficients to be continuous in a

small neighborhood of the diagonal line x = z in RY @ R? with |z| V |2| < R for each R > 0.

Remark 3.1.4. Assumption 3.1.1 is comparable to the corresponding assumption in Xi
et al. (2019), except that the non-local term in (3.4) and (3.8) only requires the reqularity of
Jo le(@, k,u) —c(z, k,u)Pr(du). In Xiet al. (2019), the corresponding term is [, [|c(x, k,u)—
c(z, k,w) P ANz — 2| - |c(z, kyu) — ez, k,u)|Jv(du).

Moreover, Assumption 3.1.2 is weaker than that in Xi et al. (2019). Indeed, that paper

assumes that Q(x) = (qu(x)) satisfies

r—Yy
Z |k (z) — qu(y)| < krp Q), for each k € S,
1+ [z -yl

1eS\{k}

for all x,y € R with |z| V |y| < R, in which kg > 0 and p is an increasing and concave
function satisfying (3.7). In contrast, the function v in Assumption 3.1.2 may depend
on k, and is only required to be concave with v¢(0) = 0. In particular, the non-integrability

dr

condition f0+ o = 15 dropped. This relaxation is significant and renders that the analyses

in Xi et al. (2019) are not applicable.

We introduce the following notations. Let (X(-), A(-), X(-), A(-)) denote the coupling
process corresponding to the operator o with initial condition (x,k, z, k), in which §y >

|z — z| > 0, and dy is the positive constant in Assumption 3.1.1. For any R > 0, let
TR = inf{t >0 |X ()| V|X ()| V|A®)| V|At)| > R}. (3.10)

In view of Assumption 3.0.2, limg_,s 7 = 00 a.s. Also denote A, = X (t) — X(t) and

Sso =1nf{t > 0: |A¢] > do} =inf{t > 0: | X(t) — X(¢)| > do}- (3.11)

In addition, let

C:=inf{t > 0: A(t) # A@t)} (3.12)
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denote the first time when the switching components A and A differ.

Lemma 3.1.5. Under Assumption 3.1.1, the following assertion holds:

hm EHAH\TR/\Séo/\CH == O, Vt Z 0 (313)

|Z—z|—0

Proof. We will prove the lemma separately for the cases d =1 and d > 2.
Case (i): d = 1. Let {a,} be a strictly decreasing sequence of real numbers satisfying

. Ay —
ap = 1, lim,e0a, = 0, and [ 4

an T

= n for each n > 1. For each n > 1, let p, be a

nonnegative continuous function with support on (a,, a,_1) so that
an—1
/ pn(r)dr =1 and p,(r) < 2(nr)~* for all r > 0.

For x € R, define
lz|  ry
wnta) = [ [ stz (3.14)
o Jo

We can immediately verify that 1, is even and twice continuously differentiable, with

I
Un(r) = Sgn(r)/o pu(2)dz = sgn(r)[vy(r)], (3.15)

and

S

W< L 0< ) = Irlpa(lr) < =, and - Tim v (r) = 1] (3.16)

for r € R. Furthermore, for each r > 0, the sequence {¢,,(r)},>1 is nondecreasing. Note
also that for each n € N, 4,,, ¥/, and ¢! all vanish on the interval (—a,,a,). Moreover the

classical arguments using Assumption 3.1.1 (i), (3.15) and (3.16) reveal that

Lithn(z — 2) = %%’(z — 2)|o(x, k) — o(z,k)* + 4, (x — 2)(b(z, k) — bz, k))
+ /U[wn(x —z+4c(z, k,u) — c(z, k,u))
— Yz = 2) = (v — 2)(c(z, kyu) — c(z, k, u))]v(du)
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< K%—H{Rgﬂx—d), (3.17)

for all z, z with |z|V|z| < Rand 0 < |z —z| < dy, where K is a positive constant independent

of R and n. Then it follows that

E[¢H<At/\s(go/\TR/\<)] = E[wn(X(t A 550 NTR N C) - X(t A 550 NTR A C))}
tATRAS5uAC ~
| Lot (X(5) — X(6))ds|
t/\TR/\Séo/\C KR
< unlad+ 5| [ (rnglal) + K52 as

t
K
< n(B0l) + K2t 4k [ p(EI syl ds.
0

where the first inequality follows from (3.17) and the second inequality follows from the

concavity of p and Jensen’s inequality. Then we use the monotone convergence theorem and

(3.16) to derive

t
El| Aunrpnsy acll < 8ol + / PLE[| A snrpnsy ncll)ds.
0

Let u(t) := E[|Asarpass,acll: Then u satisfies

0 <u(t) <o(t) :=|Ao| + /{R/O p(u(s))ds.

Define the function I'(r) := [/ % for > 0. Thanks to (3.2), we can verify that I' is
nondecreasing and satisfies I'(r) > —oo for all » > 0 and lim,_,o I'(r) = —oo. Then we have

D(u(t)) < T(v(t)) =T(|Ag]) +/0 M (v(s))v'(s)ds = T(|Ag|) + HR/O zgzgziids

t
S F(|A0|) + I{R/ lds = F(|A0|) + I{Rt,
0
where we use the assumption that p is nondecreasing to obtain the last inequality. Taking
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the limit |A¢| = |Z — x| — 0 we have I'(u(t)) — —oo since lim, o I'(r) = —oo. Moreover,
since I'(r) > —oo for all 7 > 0 we must have limz_, o u(t) = 0. This gives (3.13) as desired.
Case (ii) d > 2. Consider the function f(z,z) := |x — 2|?>. Then Assumption 3.1.1 (ii)

implies that

Zkf(x, 2) = 2(x — z,b(x, k) — b(2,k)) + |o(x, k) — o(z, k)|* + /U le(x, k,u) — c(z, k,u)|*v(du)

< krp(lo — 2[?),
for all 2,2 € R? with |z| V |2| < R and |z — 2| < &,. Consequently

E[’At/\TR/\S(go/\dQ] = E[f<X(t ANTgr N 550 N C)? X(t NTgr N 550 N C))]
t/\TR/\Séo/\C . B
_ f(3.2) +E[ / ckf<x<s>,x<s>>ds}
t/\?'R/\Séo/\C B
<180/ +E| | erp((X(5) = X(3))ds|
0

t
< |A()| + KzR/ p(E[|As/\TR/\550/\C|2])dS7
0

where the last inequality follows from the concavity of p and Jensen’s inequality. Using the
same argument as that in Case (i), we can show that limz_—0 E[|AtATRA55OAC|2] = 0; which,
together with Holder’s inequality, leads to (3.13).

Combining the two cases completes the proof. O
Now we are ready to show that the process (X, A) has Feller property.
Theorem 3.1.6. Under Assumptions 3.1.1 and 3.1.2, the process (X, A) has Feller property.

Proof. We need to show that for each (z,k) € R? x S and each f € Cy(R? x S), the limit
(P.f) (&, k) — (Pif)(x, k) as (Z,k) = (z,k) holds for all t > 0. Since S = {1,2,...} has a

discrete topology, it is enough to consider only (Z,k) — (x, k). First, observe that

(P, k) = (Bf)( k)] = [E[f(X (1), A))] = ELF(X (1), A®)]]
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We will show that both terms on the right-hand side of (3.18) converge to 0 as & — z.

Consider the function Z(z, k, 2,1) := 1z It follows directly from the definition that
A=z, k, 2, 1) = O E(x, k, 2,1) <0, if k £ 1L.

When k = [, we have from (3.9) that

= Z aki () = @i (2] Ly — L) + D ari(2) = @i (@) (Liry — Linry)

€S €S
Z ’(sz - ka | < RRfYk(’x - y’)
1€S,i#£k
Hence

for all k,1 € S and z, 2 € R? with |z| V |2] < R. Note that ¢ <t A7 A Sy, if and only if

A(t AT A Ssy AC) # At ATr A S5, AC). Thus we can use (3.19) to compute

P{¢ <tATRA S5}

=E[EX{EATRASsy NC), At ATr A Ssy AC), X(EATRA S5y AC), At ATr A Ssy AC))]
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INTRASsNG ~
=Z=(2,k,z, k) + E{/o A=(X(s), A(s), X(s),A(s))ds

tATRAS5y A ~
<k | [ (X () = X(5)))ds
< RR/ [y (|X (s A 7r A S, A C) — X(5 A7r A Sy, AC)]ds
0

t
< KR/ /Yk(]EHAS/\TR/\S(;O/\CH)dS?
0

where the last inequality follows from the assumption that ~; is concave. Then it follows

from (3.13), the assumption that 7,(0) = 0, and the bounded convergence theorem that

lim P{¢ <tA71rASs}=0. (3.20)

|Z—xz|—=0
Note also that on the set {Ss, <t A (A Tg} we have §y < |A550M/\</\TR|. This implies
6oP{Ss, <t NCATRY < E[|Asnss,ncarnl Liss, <tncarny) < EllAsnass ncarsll-

Therefore, it follows from (3.13) that

lim P{Ss <tACATR}=0. (3.21)

|Z—x|—0
Fix an arbitrary positive number e. From (3.13) we have

E [|At/\550 ATRNAC H

li P{|A - >eb < i =0 3.22
|5—1a{|n—>0 {|Asnssynrracl > €} < |5_1§|n_>0 p (3.22)

Since limpg_,o TR = 00 a.s., we can choose R sufficiently large so that
P{rr <t} <e. (3.23)
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Then

P{|A;| > e} =P{|As| > e,7r <t} + P{|As| > &,7r > t,{ <t A Ss, A TR}
+P{|A¢ > e, 7R >, >t NS5y ANTR, S5y <tANTRAC}
+P{|A| >e,7r > t,( >t NS5y ANTR, S5, >t ANTR A}
<e4+P{C<tASs; NTr} +P{Ss, <t ATRACH+P{|A] > e,t < S5, ANTr AC}

<e+P{{ <t A S5, AT} +P{Ss, <t ATRACH 4 P{|Aass,nrancl > €}

From (3.20)-(3.22) we have
lim P{|A{ > ¢} <e

|Z—z|—0

Since € is arbitrary, we conclude that limz_,—,0 P{|A¢| > €} = 0. In other words, X (t) —

X (t) in probability as # — x. With the metric d on R? x S defined by d((z,1i), (y,7)) :=

|z — y| + 1z, we see immediately that (X (¢), A(t)) = (X(t),A(t)) in probability as & —
z. Because the function f is continuous, we also have f(X(t),A(t)) — f(X(t),A(t)) in

probability as £ — x. Then the bounded convergence theorem implies

IE[f(X(t), A(t))] — E[f(X(t),A(t))]| = 0 as T — =. (3.24)

Next, we show that lim;_,, P{¢ < ¢} = 0 holds. Recall that R is chosen so that (3.23) holds.

Then we compute

P{(<t} = P{(<tmr<t}+P{C<tTr>1t}
< Pl <t} +P{C<t, 7R 21,85 <tANCH+P{C<t, 7R > 1,55, >t NC}

< e+ P{Ss, <tACATRFHP{C <tATRA S5}

It then follows from (3.20) and (3.21) that limz_, o P{¢ < t} < e. Again since € is arbitrary,
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we conclude that

lim P{¢ <t} =0. (3.25)
|Z—z|—0
Finally we plug (3.24) and (3.25) into (3.18) to complete the proof. O

3.2 Strong Feller Property

To facilitate future presentations, we introduce the following notations. For any z,y € RY

and 7,5 € S, put

A(l‘7iay7j) = (l(l‘,i) + @(?JJ) - 2§]<x7i7y7j)a

- 1

A(z,i,y, ) == ﬁ@ —y, Az, 1, y, ) (x — y)),

B(x,i,y,7) = (x —y,b(z,i) — b(y, 7))

We first obtain following lemma whose proof involves elementary and straightforward com-
putations; see section 7.1. Similar computations can be found in Chen and Li (1989) and

Priola and Wang (2006).
Lemma 3.2.1. For each x,y € R? and i,j €S, we have
(i) a(x,i,y,7) is symmetric and uniformly positive definite,
(ii) trA(z,i,y,j) = |oag (2, 1) = ox (Y. J)]” + AR, and
(iii) A(z,i,9,7) > 4Ag.

To derive the strong Feller property we need stronger conditions than those in Assumption

3.1.1.

Assumption 3.2.2. For every k € S the following assertions hold:

37



(i) For every R > 0 there exits a constant A\g > 0 such that
(€ a(z,k)E) > Ale,  €eRY, (3.26)

for all x € R with |z| < R, where a(x, k) := o(x, k)o(x, k)T.

(i) There exits a nonnegative function g € C(0,00) satisfying

/0 g(r)dr < oo, (3.27)

and

2z — 2,b(x, k) = b(2,k)) + |org (2, k) — orq (2, )|

k)
/ lc(x, k,u) — c(z, k,u)Pr(du) < 2rg|r — 2|g(jx — 2]), (3.28)

for all z,z € R with |x| V |2] < R and |z — z| < &, where & is a positive constant
and oy, the unique symmetric nonnegative definite matriz-valued function such that

03, (@, k) = a(z, k) — Agl.

Remark 3.2.3. Note that (£, a(x,k)E) > 0 for all € € R However, to obtain the strong
Feller property we need this to be strictly positive. So we require the elliptic condition (3.26).
If we set \g = 0 and g(r) = r then condition (3.28) reduces to condition (3.8) with p(r) =r.
In this case, the coefficients satisfy the usual local Lipschitz condition.

Assumption 3.2.2 improves significantly over those in the literature such as Shao (2015b),
Xi and Zhu (2017), which require Lipschitz condition for the coefficients of the associated
stochastic differential equations. By contrast, (3.28) places very mild conditions on the co-
efficients; it allows to treat for example the case of Holder continuous coefficients by taking
g(r)=r7P for 0 < p < 1; see Example 3.3.2.

Moreover, the condition (3.28) significantly weakens the requirement in Xi et al. (2019)
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as we do not require g to satisfy lir% g(r) = 0; see Lemma 4.4 of Xi et al. (2019). Therefore,
T—

Theorem 3.2.8 improves Theorem 4.8 of Xi et al. (2019) on strong Feller property.

As in Section 3.1, we will use the coupling method to prove Theorem 3.2.8. Now, let
¢ € C*([0,00)). As in Chen and Li (1989), for each k € S and all z, 2 € R? with x # z, we

can verify that

PO — o) = 2= a0 g 2k

oz~ 2 . (829
+ ﬁ[trA(x, k,z, k) — A(x, k, 2z, k) + 2B(z, k, z, k)].
x—z
Moreover, we have
P 0lle —2l) = [ (8l + el bw) — 2 = ez k) = 6 — =)
U
o (3.30)
- M(z —z,c(x, k,u) — c(z, k,u)))v(du).
|z — 2|
Motivated by Priola and Wang (2006), we consider the function G given by
T s KR 1 v KR
G(r) = / exp { - / —g(w)dw} / exp { / —g(u)du}dvds, r € [0,1]
0 0 2)\R s 0 2)\R
where ¢ is the function given in Assumption 3.2.2 (ii). Since g > 0, we see that
r K 1 v K
G'(r)=e " Q*I}%g(w)dw/ el 2RI gy > 0, and G"(r) = —1- ;TRQ(T)G/(T) <0.
r R
(3.31)

Note also that G is concave and lim,_,o G(r) = 0. Since G'(0) > 1 and G(0) = 0, there exists

a constant a € (0,1) so that

r < G(r) forall rel0,a] (3.32)

Lemma 3.2.4. Suppose Assumptions 3.2.2 holds. Then for any R > 0 and k € S there exits
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a positive constant Br > 0 such that
LiG(jz — 2]) < — B (3.33)

for all z, 2z € R with |2|V |z| < R and 0 < |z — z| < a A &y, where a > 0 is given in (3.32).

Proof. In view of (3.29), it follows from (3.31) that

2G|z - 2))

" _ - ’ _ _
_ Gl ==) “9”2 D A, k) + W[UA(:U, koz k) — A(w, k, 2, k) + 2B(x, k, 2, k)]
T —2z
< G"(Jx — ZD4)\R MH(;AR(% k) — oxg (2, k)|* + 2B(2, k, 2, k)]
2 2|z — 2|
KRR /
" ( Siolle =) F (o z!))
G'(|z —
+ MHO}\R('II% k) B UAR(Z7 k)’2 + 23(%, k’ s k)]
_ 24+2B
— oapt (‘ngqx — o) 2l ) — onn( BT+ 25 B 2 k>> Gz — =)
2|z — z|
(3.34)

Since the function G is concave, we have G(r1) — G(r9) < G'(r9)(r1 — ro) for all ro,r > 0.

Take 19 = | — z| and r = |z + c(z, k,u) — z — ¢(z, k, u)| to obtain

G (|2 — =])

|z = 2|

G(lx + c(x, k,u) — z — c(z, k,u)|) — G(|lx — z|) — (x =z, c(x, k,u) — c(z, k,u))

(x —z,c(x, k,u) — c(z, k, u)>) .

| = 2|

< G|z — =) (|x+c<x, Fou) — 2 — ez by )| — o — 2| —

Furthermore, with a := 2 — z and b := ¢(x, k,u) — ¢(z, k,u), we can verify directly that

(@.b) _ =(la+0bl—lal)> +[bo]* _ [b”

o+ 0] —[a| - = S ol
lal 2|al 2al
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Hence it follows that

G(lz + c(z, k,u) — 2z — c(z, k,u)|) — G(|lx — z|) — %(x —z,c(x, k,u) —c(z, k,u))
le(z, k,u) — c(z, k,u)]?\ ., I
< (Mot Akl e - ),
Then we have
Gz — 2]) < G|z / el & ;‘,x_j LD (3.35)

From (3.34) and (3.35), we see that
LyG(|z — 2]) = 2 MGz - =)

|0>\R(x7i) - O-AR(Zaj)‘Q + 2B<x7 ka Z, k)
2|z — 2|

T

+ 0P
< 22+ G'(Jz — 2]) (—KRg |z —z|) +

< —2Ag.

The proof is complete. O

Throughout the rest of the section, we use the following notations. For any z, 7 € R? and
k €S, denote by (X(-), A(-), X(-), A(-)) the process corresponding to the coupling operator
</ with initial condition (z,k, %, k). Asin Section 3.1, A, := X (t)— X (t),t > 0. Let 75, S,
and ¢ be defined as in (3.10), (3.11), and (3.12), respectively. In addition, for each n € N,

we define

n

T, := inf {t >0:|X(t) - X(t)] < 1}. (3.36)

Then lim,, ,, T,, =T, where T is the coupling time given by
=inf{t >0: X(t) = X(t)}. (3.37)
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Lemma 3.2.5. Suppose Assumption 3.2.2 holds. Then the following assertions hold for

every t > 0:

Sm ElG([Aunrgnssncl)] = 0- (3.38)
In particular,
~hm ]E“At/\TR/\SS/\C_ ” = 07 (340)
|Z—x|—0

where & := &y A a, & is the constant given in Assumption 3.2.2 (i), and o € (0,1) is the

constant given in (3.32).

Proof. Assume without loss of generality that 6 > |z — Z| > 0. We apply Itd’s formula to

the process G(|X(-) — X ()]) = G(|A.]):

tATRAS5AC .

E[C(Aurmsinc)] = G(lAd) +E{ / FG(IA)ds

< G(|Ao]) = BRE[t ATr A S5 A €,
where the last inequality follows from (3.33). Hence
ElG(1Atnranssacl)] + BrE[E A TR A S5 A (] < G([Ao]) = G|z — ).

Since lim,_,o G(r) = 0, then we obtain (3.38). The same argument implies (3.39). Since

|Atprpnssnc-| <0 < a, it follows from (3.32) that

|Aiarpassnc—| < G(|Aiargassac—1)
and therefore (3.40) follows. O
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Lemma 3.2.6. Suppose Assumptions 3.1.2 and 3.2.2 hold. Then for any t > 0 we have
lim P{¢ <t} =0. (3.41)
|Z—x|—0

Proof. Given € > 0. Choose R sufficiently large so that P{7p <t} < e. Observe that

P{(<t} = P{(<t,mr<t}+P{(<t,Tr>1}

< Plrp<t}+P{{<t,mr > 6, S5 <tAC+P{{ <t 7 >t,55>tA(}
< e+ P{(<t 2t S5 <tAGHP{CSt TR >S5 >t ACH
< e+ P{S; <tA(ATR}+P{( <tATRA S5} (3.42)

As in the proof of Theorem 3.1.6, condition (3.9) enables us to derive

t
P{C <t AmhA S5} < rn / e (E[ A prnsync-)ds.
0

Furthermore, the limit in (3.40) implies

lim P{¢ <tATpAS;5}=0. (3.43)

|Z—x|—0

Note that on the set {S5 <t A ¢ A 7g} we have 0 < [Ag aacarg|- Since G is increasing, we
obtain

0<G() < G(|A¢nssacarrl)-

Thus

G(0)P{S5 < t A ATr} < E[G(|Atnszacare]) Liss<tncarst) < EIG(|Ainszacarg])]-
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This, together with (3.38), implies that

lim P{S; <tA(ATg}=0. (3.44)

|Z—z|—0

In view of (3.42), it follows from (3.43) and (3.44) that limz_, o P{¢ < t} < e. Since € is

arbitrary we obtain (3.41). O

Lemma 3.2.7. Suppose Assumptions 3.1.2 and 3.2.2 hold. Then for everyt > 0 we have

lim P{t<T}=0. (3.45)

|Z—z|—0

Proof. We may assume without loss of generality that § > |z — Z| > nio > ( for some ny € N.
Let € > 0 and choose a sufficiently large R so that P{rp < ¢t} < e. For each n > ng, we

define T, and T as in (3.36) and (3.37), respectively. We first observe that

P{lt<T}=P{t<T,rr<t}+P{t <T,7p >t}
<P{rp<t}+P{t<T, 7 >t, S5 <t} +P{t <T,7p > 1,55 >t}
<e+P{Ss <tANT AT} +P{t <T N7 AS;}
=e+P{Ss <tANT ATR, S5 < (}+P{S5 <t AT AN7g,S;5 > (}

+P{t<TATRAS;,t <} +P{t<TANTRAS;5,t>(}
<e+P{S; <tANTANTRAC+P{C < Sz AtAT A TR}
+P{t<TATRAS;ACY+P{ <t}
<e+P{Ss<tATATRACH+P{{ <t} +P{t<TATRAS;AC}+P{¢ <t}

=e+P{Ss <tATATRACH+P{E<TATRAS;AC}+2P{¢ <t}

E[T AN Tr A S5 A (]

<e+P{S5 <TATRA(}+ ;

+2P{¢ < t}. (3.46)

Note that on the set {S5 < T,, A Tr A (} we have § < |AssaT,Arpac]- Since G is increasing,
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we have 0 < G(0) < G(|Agar,arnnc])- Thus

G(O)P{S5 < Ty Ar A ¢} < E[G(|Asatnrpncl) Lis;<tunrmnct] < BIG(|Asat,armncl)]

SsATWATRAC
:G(|a:—5:\)+E{/ L,G(1A,)ds
0

< G(lw — #[) — BRE[T, ATr A S5 A (],
where that last inequality follows from (3.33). Hence
G(O)P{S5; < T ATr A C} + BrE[T, Ar A S5 A (] < G(|lz — &).
Passing to the limit as n — oo, we obtain
G(6)P{S; < T ATr AC}+ BRE[T Ar A S5 A (] < G|z — ).

In view of (3.46), we see that

E|T <
P{t <T} <e+P{S; <TATRAN(}+ [T AR A S5 A (¢

t
<e+ G(’é(g)i’) + quﬁ_ ) 2P{¢ < t}.

+2P{C < 1}

From (3.41) and the fact that limjz_,—0 G(|z — Z|) = 0, we have limz_, o P{t < T} < e.

Since € was arbitrary we obtain (3.45). O
Now we are ready to present the proof of the main theorem of this section.

Theorem 3.2.8. Suppose Assumptions 3.1.2 and 3.2.2 hold. Then the process (X, A) has

strong Feller property.

Proof. Given x € R? and k € S. We want to show that for every bounded Borel measurable
function f on R? the limit (P,f)(%, k) — (P.f)(x, k) as (%, k) — (x,k) holds for all ¢t > 0.

Since S = {1, 2, ...} has a discrete topology, we may consider only when (z, k) — (x, k); that
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is, when k = k.
For any given € > 0 we can choose a sufficiently large R so that P{7z <t} < e. Let & € R?
be such that 6 > |z — Z| > 0, where § := &y A a. Denote the coupling process corresponding

to the coupling operator £ with initial condition (z, k, #, k) by (X (t), A(t), X (), A(t)). Let
T :=inf{t > 0: (X(t), A(t)) = (X (1), A1)} (3.47)

be the coupling time of (X (t), A(t)) and (X (t), A(t)). Recall the stopping time T" defined in

(3.37). We make the following observations:
(i) T < T, and
(i) T < ¢ implies T = T.

Then we have

Lyery = Ly + Lipciciy
= Lpery + Yipaetc<y + Yiraiatoon
< Lpery + ey + Lipaypcc ety
< Lgeery + Lesny + Lipec ety
< Laery + Lic<ny + Lipeqpcqy
< lpery + Lggzy + Lieny

=2 1p<ry + 1iezy-

It follows that

(P, k) = (Pf)(@, k)] = [E[f(X(2), A))] = ELF(X (1), A@®)]]
< E[F(X(#), A®t) = FX (@), A#) 1]

+E[IF(X(2), A1) — FX (1), A)[Lop)]
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= E[|f(X (), A(5) — F(X (1), AD)) L]
< 2|l E[L ey
<2/ fl|ooE[2 - Lrery + Liccn]

= 4| fllcP{t < T} + 2|[f[locP{¢ < t}.

A combination of (3.41) and (3.45) then gives

lim [(Pf)(%, k) — (P.f)(x, k)| = 0.

|Z—2|—0

This establishes the strong Feller property and completes the proof. O

3.3 Examples

Example 3.3.1. Consider the following SDE

dX (1) = b(X (), A(£))dt + o (X (t), A(t))dW () + / (X (), A(t™), w) N (dt, du),
v (3.48)
X(0) =z € R,

where W is a standard 2-dimensional Brownian motion, N is the associated compensated
Poisson random measure on [0,00) x U with intensity dtv(du) in which U = {u € R? : 0 <

lu| < 1} and v(du) := Mﬁ% for some 6 € (0,2). The coefficients of (3.48) are given by

oz, k)= (lg| + DI, bz, k) =—kz, clz,ku) =vVklu|z
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where y > 0 is a constant so that * [, |ul*v(du) = 2. The component A is the continuous-

time stochastic process taking values in S = {1,2,...} generated by Q(z) = (qu(x)) where

k 1 .
e U RFL
dlc) = D

— > mi(x)  otherwise.
We make the following observations.

(i) Assumption 3.0.2 is satisfied. In deed, the coefficients satisfy all assumptions in The-
orem 2.5 of Xi et al. (2019) with ((r) =1 and p(r) = r. So a unique non-explosive

strong solution exists.

(i1) To verify Assumption 3.1.2 we compute

k 1 Kk 1
2k (1 +lz)?)  2HF (1 +1|y|?)

Z | (z) — a(y)| = Z

1eS\{k} leS\{k}
Z HyP \3?’ \
- 20(1 + 1|=?) (1 + U|y]?)

_ N Lyl DTyl — =]
=27 (T4 1z (1 + Iy [?)

[
Sziw—ﬂ

les
= |I’ - y|7
where the last inequality follows from the triangle inequality ||y| — |z|| < | — y| and
the observation that
lyl + || lyl |z vl 2] 11
+ < + <-4-=1
I+ ) (T +1yl?) — T+1yl>  1+1z> — 14+ [y2 1+z2 — 2 2

(iii) Assumption 3.2.2 also holds. Indeed, since a(x,k) = o(x,k)oT (2, k) = (Jz| + 1)%I, for

each R > 0, we can take \gp =1 and oy, (2, k) = ((Jz|+1)? — 1)z for all (z,k) € RXS.
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Then
(€ a(z, b)) = (& (|z] + 1)°1€) = (|=[ + 1)’IIEP > Aplé]?,  €eR

This implies condition (3.26). Moreover, for all z,z € R with |z|V |2| < R and k € S

we have

o5 s (7, ) — onp (2, k)? + 2(x — 2,b(x, k) — b(2, k) + /U lc(x, k,u) — c(z, k, u)[*v(du)
=2/l = 0P =1 = VIR P =1 = 2hfa =+ bl — 2" [ JuPtan
N (Ve B/ (v
< 4)(Ja] +1)? = (2] + 1?
— 4]jaf? +2la] — |2 — 2/2]
< 4]fof? = [+f?] + 8llal - |||
— 4(la] + |2D)llo] — 1| + 8lla] — |2]
< 8(R+ D]z — 2|

= 2rplr — z[g(|lz — z)
where the first inequality follows from the inequality |\/a — v/b|? < 2|a —b| and we take
kr=4(R+1) and g(r) = 1.
Therefore, the process (X, A) given by (3.48) is strong Feller continuous by Theorem 3.2.8.

Example 3.3.2. Consider the following SDE

dX@y:MX@LA@»ﬁ%ﬂdX@%A@»mv@yg/cuqr%A@jﬂoNuumg, (3.49)

X(0) =z € R where W is a standard 1-dimensional Brownian motion, N is the associated

compensated Poisson random measure on [0,00) x U with intensity dtv(du) in which U =
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{u e R:0< |u <1} and v(du) := ﬁ%. Note that v is a o-finite measure on U with
v(U) = oo. Suppose that the coefficients of (3.49) are given by

o(r,k) = a5 +1, bla,k) = ——

-7
5L c(x, kyu) = U, (x,k) e R xS,

where v = The component A is the continuous-time stochastic process taking values in

S={1,2,...} generated by Q(z) = (qu(x)) where

s

P kA
qu(z) =
- Zz;,sk qr(x)  otherwise.

We make the following observations.

(i) As in Example 3.3.1 we can show that the coefficients satisfy all conditions of Theorem

2.5 of Xi et al. (2019) and hence Assumption 3.0.2 is verified.

(i1) Similarly, we verify Assumption 3.1.2 by computing

k 1 k 1
Z g () — qu(y)| = Z T ~ — i -
€S\ (k) o 13 (L 1z ?) 3 (L4 Ly [?)
k 1 1 1
- k Z 2l 2 2
3 leS\{k}3 L+1z> 1+ 1yl

Z Hy!Q |37H
- 31+ 1=?)(1 4+ y|?)

_ N Lyl DTyl = =]
—2.3 (14 1z (1 + Iy [?)

l
§Z§|y—5€|

leS

Hle =l

=—|z -yl

4 y

(iii) Assumption 3.2.2 also holds. Indeed, since a(z, k) = o2(x, k) = x5 4+ 223 + 1, for each
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R >0, we can take \g =1 and oy, (z, k) = (23 + 223)2 for all (z,k) € R x S. Hence
(6 alz, b)) = E(xt +205 +1)€ > Aple’, € ER
This verifies (3.26). Moreover, for all z,z € R with |z|V |z] < R and k € S we have

oxg (7, k) — oxp(2,K) > 4+ 2(x — 2,b(x, k) — b(z, k) + /U lc(x, k,u) — c(z, k,u)[*v(du)

where g(r) = r~3. Note that the function g satisfies (3.27).

In view of Theorem 3.2.8, the process (X, \) has strong Feller property. Moreover, this exam-
ple shows that our results can be applied to stochastic differential equations with non-Lipschitz
coefficients. As discussed in Remark 3.1.4, we only requires the reqularity of fU le(x, kyu) —
c(z, k,u)Pv(du) not [[|c(z, k,u) — c(z, k,u)|* Az — 2| - ez, k,u) — c(z, k,u)|Jv(du). Note
also that the function g does not satisfy 7101_1)1(1) g(r) = 0. So the result in Xi et al. (2019) can not
be applied to this particular example. This shows that Theorem 3.2.8 makes a tremendous

improvement over many existing results in the literature.
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Chapter 4

Irreducibility

In this chapter we aim to answer the questions on existence and uniqueness of an invariant
measure. Irreducibility plays an important role in establishing the uniqueness of an invariant
measure; see, for example, Cerrai (2001) and Hairer (2016). Unfortunately, irreducibility of
regime-switching jump diffusions has not been systematically investigated in the literature
yet. In this work, we derive the irreducibility for regime-switching jump diffusions (Theorem
4.1.10) by using an important identity concerning the transition probability of such processes.
An intermediate step, which is interesting in its own right, is to show that the sub-systems
consisting of jump diffusions are irreducible under weaker conditions than those in the recent
papers such as Qiao (2014) and Xi and Zhu (2019). We present in Proposition 4.1.12 a set
of sufficient conditions under which a unique invariant measure for regime-switching jump
diffusions exists. Finally, we show that the process (X, A) is p-irreducible and proceed further
to obtain the property that all compact subsets of R? x S are petite for every h-skeleton
chain {(X(nh), A(nh)) :n=0,1,...} of (X, A).
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4.1 Open Set Irreducibility

4.1.1 Open Set Irreducibility

Denote the transition probability of the process (X, A) by
P(t, (x, k), B x {1}) := Pilpxu(z, k) = P{(X(t), At)) € B x {I}|(X(0), A(0)) = (=, k)},

for B € B(RY) and [ € S. The process (X, A) or the semigroup {P; };>0 of (3.1) is said to be

open set irreducible or irreducible if for any ¢t > 0 and (x,k) € RY x S
P(t,(x,k),Bx{l}) >0
for all [ € S and all nonempty open sets B € B(R?).

We make the following assumptions:

Assumption 4.1.1. For each k € S and x € R, the stochastic differential equation

X® () = x+/t b(X(’“)(s),k)ds+/ta(X('“)(s),k:)dW(s)
.00 0 (4.1)
+/ /c(x<k>(s—),k,u>ﬁ<ds,du)

(k

has a non-explosive weak solution X*®) with initial condition x and the solution is unique in

the sense of probability law.

Assumption 4.1.2. For any x € R? and k € S, we have
2(z,b(z,k)) <k (Jz]*+1), |o(z,k)]? +/ le(z, k,u)|Pv(du) < & (Jz]> +1). (4.2)
U

Assumption 4.1.3. (i) There emists positive constant \ such that for each x € R% and
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k€S, we have

(€ alz,k)E) > NE?,  £eR™ (4.3)

(ii) There exits a nonnegative function g € C(0,00) satisfying

/o g(r)dr < oo, (4.4)

and

2(x — z,b(x, b(z,k)) + |oa(z, k) — oz, k)|?

k)
/ le(x, k,u) — c(z, k,u)|*v(du) < 26|z — z|g(|lz — 2]), (4.5)

for all x,z € R with |xv — z| < &, where & is a positive constant and oy the unique

symmetric nonnegative definite matriz-valued function such that o3 (z, k) = a(z, k) —

M.

Assumption 4.1.4. (i) There exists a positive constant ko > 0 such that
0 < qu(z) < Kol3™! (4.6)

forallz € R and k #1 € S.

(ii) For any k,l € S, there exist ko, ky,....k, € S with k; # kit1,ko = k, and k, =1
such that the set {x € R? : g, (x) > 0} has positive Lebesque measure for all

i=0,1,....,n—1.

Remark 4.1.5. We note that Assumption 4.1.3 is comparable to Assumption 3.2.2 in which
we require the constant \ to be uniform for all x,z € RY.

Condition (4.6) is imposed to facilitate the technical analyses as we need to express the
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transition probability P(t,(x,k),-) in a suitable form; see the proof of Theorem 4.8 of Xi
et al. (2019).

In order to obtain the irreducibility of the process (X, A) we first show that, for any given
k € S, the process X ¥ of (4.1) is strong Feller and irreducible. Then we use a result in Xi
et al. (2019) to write P(t, (x, k), B x {l}) as a convergent series in terms of sub-transition
probabilities of the killed processes X @, j € S and the transition rates g;;(x). Denote the

transition probability of the process X*) by
P®(t x, B) =P{X®(t) e BIX®(0) =z}, BeBRY.

The corresponding semigroup {pt(k)}tzg is said to be irreducible if P*)(¢, 2, B) > 0 for all
nonempty open set B C R?. We next kill the process X*) with killing rate ¢ (-) and denote

the killed process by X®)_ that is, we define

X®@)y if t<T,
XK (1) =

0 if t>7,

where 7 := inf{t > 0 : A(t) # A(0)} and 9 is a cemetery point added to R?. Then the

semigroup of the killed process X is given by

PO 5e) = B 0)) = B[00 e { [ a0x® (s Hx(0) = 2],
0
where f € B,(R?). We also denote its sub-transition probability by
P®(t,x, B) := E[1p(X® ()] = P{X®(t) € BIX®(0) =2}, B e BRY.

We first obtain the following lemma. It is worth mentioning that this lemma still holds

when we replace Assumption 4.1.3 by Assumption 3.2.2.
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Lemma 4.1.6. Under Assumptions 4.1.1 and 4.1.3, the semigroup {P }t>0 15 strong Feller.

Proof. Let (X®, X®)) be the coupling process corresponding to £ of (2.28) with initial
condition (Z,z). Suppose without loss of generality that 0 < |Z — x| < &y, where dy is the
positive constant in Assumption 3.2.2. Define T := inf{t > 0 : X () = X(¢)}. Using very
similar calculations as those in the proof of Lemma 3.2.7, we can show that limz_, o P{t <

T} = 0. Then it follows that for any f € %,(R%) and t > 0, we have

(PP F)(@) — (PP f)(@)] = [E[F(XP )] - E[f(X® ()] < 2/ fllP{t < T} — 0,

as £ —x — 0. This implies that Pt(k) f is a continuous function and hence completes the

proof. O

Lemma 4.1.7. Suppose that Assumptions 4.1.2 and 4.1.3 (i) hold. Then for every T > 0

there exists a constant K := K(T, X (0)) > 0 so that
E[X(®)]] < K (4.7)

for all t € [0,T].

Proof. For any R > 0, we set 7 := inf{t > 0: |X(¢)] > R}. Also note that P}im TR = 00
—00

a.s. By Ito’s formula and mean theorem we see that

E[| X (t A7r)?]
— IX(O)P+E [/OWR (X, (X (s), k:)>ds] +E [/OWRHJ(X(S),/{;)HMS}
+E [/MTR/ (1X(s) + (X (5), by ) — \X5|2—2(X(s),c(X(s),k,u)>)y(du)ds]

_ X ()|2+E[/MTR2<Xs,b(X(s),k:)>ds]+E[/OMTRHJ(X(s),k)H%s}

+]EUWR/| o), b, u)|2v(du)d }

X(0)? +E UOWR k (IX(s)P +1) ds} |
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where we use (4.2) to obtain the inequality. Then
tATR
E[l+ [ X(tATR)?]) <14 |X(0)* + IiE|:/ (1+ |X(s)|2)ds} .
0

Now letting R — oo and using Fatou’s lemma and the monotone convergence theorem to

obtain

E[l +|X(#)[* <1+ |X(0)]* + m/o E {(1 + ]X(s)]Q)} ds.

So we can use Gronwall’s inequality to obtain

EL+X@OF] < [L+[X(0)[]e”

< 14 ]X(0)]2e.
Therefore,
E[X®)7] < [1+]X(0)%)e"" —1.

]

To derive irreducibility for the semigroup {Pt(k)}tzo, we consider the function F' given by
F(r):= /HT e~ Joswidvgs e [0, 00) (4.8)
0

where g is the function given in Assumption 3.2.2(ii). Since g > 0, we see that

.
0< F(r) < <1 4.9
(r) < Ty S (4.9)
1 o 1
0< Fl(r) = o ewdw - © < 4.10
= F(r) (1—}—7"26 — (142~ (4.10)
) 5 9(i=) _ o 2 9(%)

0> F// _ -y gwydw _ JNI4r/ — [y g(w)dw _ 147 Fl )
2 Fr) = e T e )RR

(4.11)
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In addition, for any x € R, we have
VE(|2*) = 2F (|2[)z,  V2F(laf?) = 4F"(|2[*)az" + 2F(|2[*)1.

Lemma 4.1.8. Under Assumptions 4.1.2 and 4.1.3, the semigroup {Pt(k)}tzo 15 irreducible.

Proof. Let T > 0,r > 0 and x,a € R? be arbitrary but fixed. We will show that
PY(T, 2, Ba;r)) = P{IXW(T) — a| < r|XM(0) =2} > 0,

or equivalently, P{|X®)(T) — a| > r|X*)(0) = #} < 1. Let us choose some t, € (0,T). For
any n € N, we set X\ (to) := X(k)<t0)1{‘X(k)(t0)|§n}. Since lim, ,0 F(r) =0and 0 < F < 1,

the bounded convergence implies that

lim E[F(]X{(to) — X®(t0)[*)] = 0. (4.12)

n—oo
For t € [ty, T], define

t—to
T —to

a— X (to)
T —t,

a, and Rh"(t):= —b(J"(t), k).

We see that J"(t;) = Xr(Lk)(tg) and J"(T) = a. In addition, J" satisfies the following

stochastic differential equation

t

ﬁ@—mmm+fmﬁ@@m+/M@m,tqmﬂ

to to

Consider the stochastic differential equation

Y (t) = X®(t,) +/ b(Y(s), k) 4+ h™(s)]ds —I—/ o(Y{(s), k)dW (s)
o fo (4.13)

+ /m /UC(Y(S)a k,u)N(ds, du), t € [to, T].
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Also denote A, := Y (t) — J"(t) for t € [to,T]. Note that A,, = X®(t5) — X,gk)(to) and

Ar =Y (T) — a. In addition, A, satisfies the stochastic differential equation

A=Ay + /t (Y (), k) — b(J"(s), k)]ds + /t o(Y (s), k)dW (s)

+ /tt /U (Y (s), k, u) N (ds, du).

Consequently the generator of the process A, is given by

Lf(x) = Laf(x)+ L;f(x)
= %w (o(Y(5), K)o (Y (5), )TV f () + (b(Y (5). k) = b(.J"(s), k). V ()

+ /U (f(z+ (Y (s),k,u)) = f(x) = (VF(2),e(Y(5), k,u)) v(du),  fe CZRY).
We compute

LaP(AP) = Sir (oY (5), Mo (Y (), TV F(ALP) + (Y (), k) — b(I"(5), ), VF(1A,P))
= St (o(¥(5), K)o (Y (5), k)T [4F" (1A, 2) AT + 27 (1A, P)1])
(Y (3), k) — B(I"(s), k), 2 (|A)AL)
= 2" (|APAT (Y (5). H) + F(1Ao(Y (5). B
F2F (ALY B(Y (5), K) — (T (s). ). A)
< FAD [0 (¥ (). k)P +2(6(Y (s). k) = b(J"(s). k). A

<|o(Y(s),k)[* + 2(b(Y (s), k) — b(J"(s), k), As),
where the inequalities follow from (4.10) and (4.11). Likewise, the concavity of F' leads to

LiF (A7) = /U (F(1As+c(Y(s), bk, u)l*) = F(AS*) = (VE(|A), e(Y (s), k,u)) v(du)

< / [FDJDIA, + (¥ (5), b w)? — A — 2F (1A, 2) (A, (Y (), by u) p(du)
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/ FA) (Y (), k) Pridu)

< [ I s) ko)

Therefore by adding the above two inequalities, we have

F(IA?) < o (Y (s), k)* + 2(b(Y (), k) — b(J"(s) /I ).k, u)[*v(du).

Furthermore, when |Y(s)| < R, |J"(s)] < R and |A4| < g, we can use (4.2) and (3.28) to
obtain

FIAP) < 6(IY ()] +1) + 26]A4g(1AL]) < Ko+ w[Y ()],

where Ky = k + 2k max,cps,]{rg(r)} < oo. In view of (4.2) and (4.7), we can use the
standard arguments to show that E[sup, <,<p [Y(s)]?] < K, where K is a positive constant
independent of ¢y. For any R > 0, we define 7 := inf{t > ¢, : |Y(¢)| V [J"(t)| > R} AT and

Sso = 1nf{t >ty : |Y(t) — J"(t)| > do} AT. Then we can compute

TATRASS,
E[F(Arnmnsy )] = EF(1Ay )] + E [ / £F<|AS-|2>ds}

to

(Pl e [ s

to

E[F(|Ay *)] + Ko(T — to) + E[/j R|Y(s)|2ds]

E[F(| A, |2)] 4 (Ko + K)(T — to). (4.14)
Next we show that
B{F(Ar1)] € FrrEIF(Arms, P (1.15)

Indeed, we observe that |AT/\550/\7’R| > 0o on the set {Ss, < TATg}. Since F is increasing, we
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have F(03) < F(|Azps;, |*). This together with the fact that 0 < F' < 1 give the following

E[F(|Araranss, )]

— E[F(|Azrg )]

F(53)
E[F (| Arargnss, ) Lrarm<ss, 1] + EIF (| Arnrgnss, )1 7arg >S5, 1]
_ ATRN ) { ATRS 60} - ATRA ) { ATR> 50} _]E[FOAT/\TR‘Q)]
F(43)
E[F(|Ararp|?) Lirarp<ss, ) + FOF)P{T A 7r > S}
Z = }((52> _E[F(’AT/\TRF)]
0

> P{T ATk > S5} + E[F(|Arary ) Lizarp<si,y] = EIF (| Arar, )]
=P{T A7r > S5,} = E[F(|1Azarp ") Liznrg>ss,)]

> P{T NTR > 550} - ]E[l : 1{T/\7'R>550}] =0.

E[F(]A ATRA 2 . .
Consequently we have E[F(|Arar,|*)] < il 2(515) 00 Since limp_ oo TR = 00 a.5. and
0

0 < F <1, the bounded convergence theorem gives (4.15).
Recall that Y satisfies the stochastic differential equation (4.13) for t € [to,T]. For
t € [0,to], we define Y (t) := X®(t) and X®)(¢) is the weak solution to (4.1) with initial

condition z. Then the process Y satisfies the following stochastic differential equation:

t

Y(t) = :v+/0 [b(Y(s), k) —I—h"(s)l{s>t0}]ds—l—/0 a(Y(s), k)dW (s) +/0 /UC(Y(S),k,u)N(ds,du)

for t € [0,7]. Next we set

H(t) = Lgseyo (VL) )R (L),

M) = e { [enave) - [leras).

As argued in Qiao (2014), it follows from (4.3) that |H(¢)|? is bounded and hence M is a

martingale under P by Novikov’s criteria. Moreover, E[M(T)] = 1. Define

QB) = EMD)w), BeFr
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W(t) = W(t)—{—/tH(s)ds.

It follows from Theorem 132 of Situ (2005) that Q is a probability measure, W is a Q-
Brownian motion and N (dt,du) is a Q-compensated Poisson random measure with com-
pensator dtv(du). Furthermore, under the measure Q, Y solves the following stochastic

differential equation

Y () :ﬂn—i—/o b(Y(s),k)ds+/0 a(Y(s),k:)dW(s)—i—/o /UC(Y(S),k‘,u)N(ds,du)

for t € [0,7]. By the uniqueness in law of the solution to the SDE, we have that the law
of {X®(¢):t € [0,7]} under PP is the same as the law of {Y(¢) : t € [0,7]} under Q. In
particular, we have P{|X®)(T) —a| > r|X®(0) = 2} = Q{|Y(T) — a| > r|Y(0) = x}. Since
P and Q are equivalent, the desired assertion P{|X®)(T)—a| > r|X®(0) = 2} = Q{|Y(T) -
al| > r|Y(0) = 2} < 1 will follow if we can show that P{|Y(T) —a| > r|Y(0) = 2} < 1. To
this end, for any € > 0, we first choose an R > 0 sufficiently large so that P{7p < T} < e.
Next we use the facts that the function F' is bounded and increasing, (4.15) and (4.14) to

compute

P{Y(T) —a| > r|Y(0) = 2} = P{|Y(T) — af* > r*|Y(0) = 2}

=P{F(|Y/(T) — af’) > F(r*)|Y(0) = x}
E[F(Y(T) —a*)] _ E[F(|Ar]*)]

- F(r?) F(r?)

E[F(|Ars;, [*)]
F(r?)F(05)

E[F(|Arass,nrn ) Lirpzrass ] + EIF([Arass, 1) Lirp<rass, )]

F(r?)F(03)
E[F(|Ay )] + (Ko + K)(T — to) + P{rg < T}
F(r?)F(05)
E[F(|Ay 2] + (Ko + K)T —to) + ¢
F(r?)F(03) '

<

<
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Note that by virtue of (4.12), E[F(]A4]?)] — 0 as n — oo. Therefore we can choose n

sufficiently large and ¢ close enough to 7' to make the last term less than 1 as desired. [

Remark 4.1.9. While irreducibility for jump diffusions has been considered in the literature
such as Qiao (2014), Xi and Zhu (2019), it is worth pointing out that Assumption 3.2.2(ii)
is much weaker than Assumptions (Hy) and (H;) of Qiao (2014) and Assumption 2.5 of
Xi and Zhu (2019). In particular, as we mentioned in Remark 3.2.3, Assumption 4.1.3(ii)
allows to treat SDEs with merely Holder continuous coefficients. The relaxations make the

analyses more involved and subtle than those in the literature.

Theorem 4.1.10. Suppose that Assumptions 4.1.1, 4.1.2, 4.1.3, and 4.1.4 hold. Then the

semigroup {P;}i>o0 of (3.1) is irreducible.

Proof. Given t > 0 and (z,k) € R? x S. We want to show that P(t, (z,k), B x {l}) > 0 for
all [ € S and all open sets B € B(R?) with positive Lebesgue measure. Under Assumption

4.1.4 and from Lemma 4.1.6, as in the proof of Theorem 4.8 of Xi et al. (2019), we can write

P(t, (z,k), B x {l})

—5kl]5(k)(t,a:,B)+i // Z / / Mty @, dyn) i (1) (4.16)

m=1 lo,l1,l2,....lm ES d
o<ti1<- <tm<tl7$ll+1 - klm—lR

where &y, is the Kronecker symbol. From Assumption 4.1.4 (ii), we know that the set
{y € R : q,,,(y) > 0} has positive Lebesgue measure. Then it suffices to show that
P®(s,y,B) > 0forall k €S, s > 0 and all open sets B € B(R?%) with positive Lebesgue

measure. We calculate

P (s,y, B) = P{X{"(s) € B}



> e MP{XF(s) € B}

= e Mp®(s,y, B).

From Lemma 4.1.8, the semigroup associated with the process X * is irreducible and there-

fore P®)(s,y, B) > 0. This completes the proof. ]

4.1.2 Existence and Uniqueness of Invariant Measures

In this section we study existence and uniqueness of an invariant measure of the semigroup
{P;}+>0. We first obtain the following result which can be proved in the same manner as in
Proposition 6.1 of Xi and Zhu (2017). Similar result for the finite regimes case can also be

found in Theorem 3.3 of Xi (2004).

Proposition 4.1.11. Suppose Assumptions 3.1.1 and 3.1.2 hold. In addition, assume there
exist constants a, B > 0, a compact subset C C R?, a compact subset N C 'S, a measurable
function f R xS — [1,00), and a twice continuously differentiable function V : R x S —

[0,00) such that
AV (x k) < —af(z,k)+ Blexn(z, k), V(z, k) € R xS, (4.17)

Then the semigroup {P;}i>0 of (3.1) has an invariant probability measure .

Proof. Thanks to Theorem 3.1.6, under Assumptions 3.1.1 and 3.1.2, the semigroup P, pos-

sesses Feller property. From (4.17) we observe that

0 < Ewp [VX(EATR)AEATR))]
tATR

= V(z,k) +Eg@p { V(X (s), A(s))ds}

< Viek) + B [ [ (X6 AG) + Bl (X(6). A6 s
— V(e k) — aB [ /0 ). A(s))ds] + BEqa) [ /0 O L (X(s), A(s))ds} |
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Since f > 1 we have

Bnlnm] < aB | [ FX()AG)S]

t/\TR
< Vix, k) +ﬁ/ E@r Loxn(X(s), A(s))] ds
< Vix, k) —i—ﬁ/ ),C x N)ds
Letting R — 0o we obtain
ozt<Vx/€+B/ k), C x N)ds
and hence
a V(x, k) /t
- < + - P(s,(z,k),C x N)d
S < Tt [ Petam.cx)
This implies that
o o1t
3 < limlnf—/ P(s,(z,k),C x N)ds. (4.18)
—>00 0

As in the proof of Theorem 4.5 of Meyn and Tweedie (1993c), the author states the following
result from Foguel (1969) and Stettner (1986). For any Feller process, there are two mutually

exclusive possibilities: either an invariant probability measure exists, or

hm sup / / ),C' x N)u(dx,dk)ds =0 (4.19)

for any compact set C'x N C R?xS, where the supremum is taken over all initial distributions
p on the state space RYx S. From (4.18), we know that (4.19) is impossible, then an invariant

probability measure 7 exists. O]
Proposition 4.1.12. Suppose Assumptions 3.1.2, 4.1.1, 4.1.2, 4.1.8, and 4.1.4 hold. If
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there exists a twice continuously differentiable function V : RY xS — [0, 00) such that (4.17)

holds, then the the semigroup {P;}i>o0 of (3.1) has a unique invariant measure.

Proof. The existence follows from Proposition 4.1.11. The semigroup { P, }+>o is strong Feller
and irreducible by Theorems 3.2.8 and 4.1.10, respectively. From the classical result; see,
for example, Cerrai (2001) and Hairer (2016), if a semigroup {P;};>o is irreducible with
strong Feller property then it can admit at most one invariant measure. This completes the

proof. O

4.2 p-Irreducibility and Petite Sets

Let h > 0 be a constant and consider the h-skeleton chain {(X(nh), A(nh)) :n =0,1,...}.
It is worth notice that the transition kernel of the embedded chain is given by P(h, (z, k), A).
As in Meyn and Tweedie (1992, 1993b) we say that the h-skeleton chain {(X(nh), A(nh)) :

n=0,1,...}is p-irreducible if  is a o-finite measure on B(R? x S) and

p(A)> 0= P(nh,(x,k),A) >0 forall (z,k)€R’xS.

n=1

We obtain the following result as a direct consequence of Propositions 6.1.5 and 6.1.6 of

Meyn and Tweedie (2009). For the sake of completeness we give the proof here.

Proposition 4.2.1. Suppose that Assumptions 3.1.2, 4.1.1, 4.1.2, 4.1.8, and 4.1.4 hold.
Then the h-skeleton chain {(X(nh),A(nh)) : n = 0,1,...} is p-irreducible where ¢ =
P(h,(z,k),-).

Proof. Thanks to Theorem 3.2.8 the process (X, A) has strong Feller property and so does
the chain {(X(nh),A(nh)) : n = 0,1,...}. Then P(h,-, A) is lower semicontinuous for
every A € B(R? x S); see, for example, Proposition 6.1.1 of Meyn and Tweedie (2009).
Given a measurable set A € B(R? x S) with P(h, (z,k), A) > 0. Since P(h,-, A) is lower

semicontinuous then there exists a neighborhood U of (z, k) such that P(h,(z,j),A) > 0
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for all (z,7) € U. From Theorem 4.1.10, the semigroup (F;) is open set irreducible and
hence every point in R? x S is reachable. In particular, the (z,k) is reachable. For any

(y,1) € R? x S there exists n > 1 such that P(nh, (y,i),U) > 0. Then we have
P((n+ Db (5,), ) > [, P(nh, (5,1), dz x dj)P(h, (2, ), 4) > 0.

Summing this up gives Y~ P(nh, (y,), A) > 0. This completes the proof. O

As in Meyn and Tweedie (1992, 1993b), a set B € B(R? x S) and a sub-probability
measure  on B(R? x S) are called petite for the h-skeleton chain {(X(nh), A(nh)) : n =

0,1,...} if for some probability a on Z,, we have

o0

Ko((2,k),-) ==Y _a(n)P(nh, (x,k),) > @(-) forall (z,k) € B.

n=1

According to Theorem 2.1.2 (ii), if the semigroup (F;) is ¢-irreducible with Feller property
and if the support supp ¢ has non-empty interior, then all compact subsets of R? x S are

petite. Then we obtain the following result.

Proposition 4.2.2. Suppose that Assumptions 3.1.2, 4.1.1, 4.1.2, 4.1.8, and 4.1./ hold.

Then all compact sets of R x S are petite for any h-skeleton chain of (X, A).

Proof. The h-skeleton chain {(X(nh), A(nh)) : n = 0,1,...} has strong Feller property by
Theorem 3.2.8. Moreover, it is ¢-irreducible where ¢ = P(h, (z, k), -) by Proposition 4.2.1.
Theorem 4.1.10 ensures that this chain is open set irreducible and hence every point in R? xS
is reachable. Then we have supp(p) = R?x S; see Lemma 6.1.4 of Meyn and Tweedie (2009).

Therefore, every compact subset of R? x S is petite by Theorem 2.1.2 (ii). H

67



4.3 Examples

Example 4.3.1. Consider the following SDE

dX (t) = b(X(t),A(t))dt + o (X (t), A(t))dW (t) + / (X (), A(t™), u)N(dt, du),
U (4.20)
X(0) =z € R?

where W is a standard 2-dimensional Brownian motion, N is the associated compensated
Poisson random measure on [0,00) x U with intensity dtv(du) in which U = {u € R? : 0 <

lu| <1} and v(du) = ml% for some § € (0,2). The coefficients of (4.20) are given by

o(z, k) = o b(x k) = —2kz, oz, k,u) = yVE|u|z
0 1

where v is a positive constant so thaty* [, |ul*v(du) = 2. The component A is the continuous-

time stochastic process taking values in S = {1,2,...} generated by Q(z) = (qu(z))

k .
e kR F
qr () =

- Zz;,sk qr(x)  otherwise.

Detailed calculations reveal that (4.20) has a unique non-explosive weak solution. Moreover,
all assumption in Proposition 4.1.12 are satisfied; that is the solution is strong Feller con-
tinuous and irreducible. Next we verify that V(z,k) := 1+ k|z|? satisfies (4.17) and hence a
unique 1mvariant measure exists.

Observe that VV (z,k) = 2kx and V?V (x, k) = 2kI. Then we compute

AV (x, k) = %tr (a(z, k)V?V (2, k) + (b(z, k), VV (z, k) + Z qu () [V (z,1) — V(z, k)]
leS

+ / (V(z+c(z, kyu), k) = V(z, k) — (VV(z, k), c(z, k,u))) v(du)
U

68



< %tr (o] + 1)T) + (—2kz, 2kx) + ) qa(2)V (2, 1)
leS

+ /U ([1 + kz + yVE|u|z?] — [1 + k|z]?] — (ka,'y\/E|u|x>> v(du)

1

TWUJFW\Z]

k
:@ﬂ?+%ﬂ+n—4ﬁmﬁ+§:§m
leS

+ /U (k(l +7\/E|u|)2|x]2 — k:|a:]2 — 2fyk\/E|uH:c|2) v(du)
< (|lz)* + 2|2 + 1) — 4k*|z|* + 1
+ / (K(1+ 29VElu] + 52kl 22 = k2] = 29kElullo?) v(du)
< klJaf + 2] +1) = aklof* + 1+ lo? [ fufv(a)
= k[l + 2|2 — 2|z} + 1
k[l 2l2| - 202 + 1

- 1+ kfz]? Viw, k).

Note that there exists some positive real number ro such that for all |x| > 1o, we have

1+ 2|z| < |z|?. Thus it follows that

Kz N 1
RN

AV (x, k) < ( )V(m,k), V(z, k) € {z € R?: |z| > ro} x S.

2 2 2
Moreover, for all k € S and |x| > ry, we have Mal” > _lzl 0, =: 20 > 0. Also notice

1+k|z]? = 14+]z|? = 1+r2 ~ -

1 < a.

that there exists some ry > 0 such that for all |x| > r1 and k € S, we have 1+k1|m|2 < e

Consequently it follows that for some sufficiently large 5 > 1, we have
AV (x, k) < —aV(x, k) + Bloxn (2, k), V(z,k) € R xS

where C := {z € R? : |z| <roVri} and N := {1}. This implies condition (4.17). Thanks

to Proposition 4.1.12 there exists a unique tnvariant probability measure .
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Chapter 5

Exponential Ergodicity

The existence and uniqueness of an invariant measure 7 for regime-switching diffusion were
established in Propositions 4.1.11 and 4.1.12, respectively. In this chapter we study the
convergence rate of the transition probability P(¢,(x, k), ) to 7(:). Recall that a o-finite

measure 7(-) on the Borel o-algebra B(R? x S) is called invariant for the semigroup (P,) if
w(A) =nwP(A) = /Rde P(t, (z,k), A)r(dz,dk) VA€ BR?xS) and t > 0.
For any function f: R? x S — [1,00) and any signed measure p on B(R? x S), we set
|\l 7 :=sup{|p(g)| : all measurable g(z, k) with |g| < f},

where i(g) = [pa, s 9(x, k)pu(dz,dk). Using the terminology in Meyn and Tweedie (1993c),
we say that the process (X, A) is f-exponentially ergodic if there exist an invariant measure

7(+), a constant ¢ in (0, 1), and a finite-valued function ©(x, k) such that
||P(t7 (IJ{:)?) _ﬂ-(')”f < @(l’, k>8t7 (51)

for all t > 0 and all (z,k) € R x S.
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5.1 Exponential Ergodicity of Regime-Switching Jump
Diffusions

We obtain the following result as a direct consequence of Theorem 2.1.9. Similar results
can be found in Theorem 6.3 of Xi (2009) and Theorem 6.3 of Xi and Zhu (2017) when the

switching state S is finite and infinite, respectively.

Theorem 5.1.1. Suppose that all compact subsets of R? x S are petite for some skeleton
chain of (X (t), A(t)). If there exists a Foster-Lyapunov function U : R x S — [0, 00); that

is, U satisfies
(i) U(z,k) =00 as |z|VEk— oo,
(ii) U (x, k) < —aU(x,k)+ B foral zeRLEkES,

where o, 5 > 0 are constants, then the process (X, A) is f-exponentially ergodic with f(x, k) :=
U(z,k)+ 1 and O(z, k) = B(U(x, k) + 1) where B is a finite constant.

In order to obtain the exponential ergodicity, we still need to determine the existence
of a Foster-Lyapunov function. And this will be investigated in the next section under
Assumptions 5.2.1 and 5.2.2. However, to keep the flow of the paper let us now state and

prove our main result in this section as follows.

Theorem 5.1.2. Suppose that Assumptions 3.1.2, 4.1.1, 4.1.2, 4.1.8, 4.1.4, 5.2.1, and 5.2.2

hold, then the process (X, A) is f-exponentially ergodic.

Proof. Thanks to Proposition 4.2.2, under Assumptions 3.1.2, 4.1.1, 4.1.2, 4.1.3, and 4.1.4,
all compact sets of R? x S are petite for some h-skeleton chain. Under Assumptions 5.2.1 and
5.2.2 a Foster-Lyapunov function U exists by Theorem 5.2.4. Then the desired f-exponential

ergodicity follows from Theorem 5.1.1 where f(z,k) := U(z, k) + 1. O
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5.2 Existence of Foster-Lyapunov Functions

Having established sufficient conditions for petite compact subsets of R? x S, it remains
to find an appropriate Foster-Lyapunov function. In practice, it is not easy to find the
right Foster-Lyapunov function for an underlying regime-switching jump diffusion especially
when dealing with countably many regimes. Motivated by the recent paper Nguyen and Yin
(2018¢) in which the stability of regime-switching diffusion was investigated, we develop a
novel approach to construct a Foster-Lyapunov function for regime-switching jump diffusions.
Let us briefly sketch the idea here. Suppose that there exists a common “nice” function

V :R?— R, so that
LV (z) < iV (x) + By, for all (z,k) € R? x S,

where ay and [ are real numbers. Suppose also that the generator Q(z) of the discrete
component is “close” to a strongly exponentially ergodic (see Definition 7.2.3) constant g-
matrix in the neighborhood of co. Then, under some additional assumptions, we construct
a Foster-Lyapunov function for the process (X, A).

To proceed, we make the following assumptions.
Assumption 5.2.1. (a) There exists an increasing function ¢ : S — [0,00) such that

limy_o0 ¢(k) = 00 and

D (@) [8(7) — d(k)] < Cy — Cad(k)  for all k€S xR, (5.2)

jes
where C1 > 0 and Cy > 0 are constants.

(b) There exists a bounded and x-independent q-matriz Q = (Gij)ijes which is strongly
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exponentially ergodic with invariant measure v = (vq, s, ...) such that
supz gk () — Grjl = 0 as x — oc. (5.3)
keS =g

Assumption 5.2.2. There exists a twice continuously differentiable and norm-like function

V :R? — [1,00) such that for each k € S
LV(x) <apVi(z)+ e for all z € RY, (5.4)

where {ay b res and { Bk tres are bounded sequences of real numbers such that B, > 0 and

Zakuk < 0. (55)

keS

Remark 5.2.3. It is worth noticing that if ax < 0 in (5.4) then V(z) is a Foster-Lyapunov
function for the corresponding subsystem X defined in (4.1). However, to obtain the
existence of a Foster-Lyapunov function for the process (X, A) we only require (5.5) to be
satisfied. In other words, we can still obtain exponential ergodicity of the process (X, \) as
long as “most”of the subsystems X®) are nice in some sense; for example, in this case, the

“average”in (5.5) is satisfied.

Theorem 5.2.4. Suppose that Assumptions 5.2.1 and 5.2.2 hold. Then there exists a Foster-

Lyapunov function U : R x S +— R, satisfying the following properties
(i) U(z, k) — o0 as |z| V k — oo,
(ii) ZU(z, k) < —aU(z,k)+ B for allz € Rk €S,

where a,, B > 0 are constants.

Proof. Let v := — >, s axv > 0. Since {ay }res is bounded and ), s v = 1 then the series
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> pe (o 4+ 7)vy is absolutely convergent and hence
Z(Oék + Vv = Zakvk + ZW/k = 0.
k= k=1 k=1

1

Since Q = (Gij)ijes is strongly exponentially ergodic, it follows from Lemma 7.2.6 that there

exits a bounded sequence of real numbers {~; : k € S} such that

S Gy =an+y forall kes. (5.6)
jes
Next we choose p € (0,1) so that
pl| < 0.5 (5.7)

and
plykar] < 0.57. (5.8)
Define a function U : R? x S — [0, 00) by
Uz, k) = (1 —=puw)V(x)+ (k). (5.9)

From (5.7), we see that U(x, k) is nonnegative and satisfies lim,vx—oc U(2, k) = 00.
The rest of the proof is to verify that condition (ii) holds. To proceed, we compute and

estimate each term of the generator

AU (zx, k) = AU (x, k) + AU (x, k) + Q(x)U(x, k).

74



First, observe that

VU(x,k) = p(1 — py) VP~ (2)VV (2)

and

VAU(2,k) = p(1 = py) VP~ (@) VAV (2) = p(1 = p)(1 = py) VP2 (2) VV (2) VV (2)".

Then

AU (z,k) = p(1 —pu)V? ' (z)

%tr (a(z, k)V?V (2))

~p(1 = )1 = VP ()t (ale, )TV () TV (2)7)

+p(1 = py) VP () {b(z, k), VV (2))

= p(1—pw)V?" ' (z)

%tr (a(z, k)V?V (2)) + (b(z, k), VV(I)>_

~p(1 = )1~ pr)V? () TV (@) o, )

< p(1—py)VP H(z)

%tr (a(z, k)V?V (2)) + (b(z, k), VV(x)>_ :

(5.10)

To estimate the second term we note that the function f(r) = r? for r > 0 is concave since

0 < p < 1. Hence b? — a? < paP~! [b — a] for all a,b > 0. By taking b = V(z + c(z, k,u)) and

a = V(x), we have

Uz + c(z, k,u), k) — Uz, k) — (VU (x, k), c(x, k,u))

= (L= py)V(z + c(z, k) = (1= py) V(@) — p(1 — py) VP (@)(VV (2), c(x, k, u))

< p(L=pu)VP (@) [V(z + clo, kyu)) = V() = (VV(2), o, k,u))]-
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Hence

”(Z{JU(:L‘7 k) < p(l _p'yk)vp_l(l‘) /U [V(ZL‘ + C(:E7 kvu)) - V(ZL‘) - <VV(£E),C(ZE, kau»] V(du)

(5.11)

Finally, we estimate the last term Q(x)U(x, k). Note that g;(x) > 0 for all k£ # j. Since ¢

is increasing and satisfies ¢(k) — oo as k — oo, then (5.2) asserts that

Z ij | - Z Qk] ‘ + Z QRJ (k>]

jeSs i<k >k
<= ay(@) [6() — d(k)] + Cr = Cag(k) =Y ai;() [6(4) — &(k)]
i<k i<k
= Cy = Cog(k) =2 quj(x) [6(7) — ¢(k)]
i<k
< Q.

Then g qrj(z) [#(j) — (k)] is absolutely convergent for each k € S. Since {7t }res is a

bounded sequence, we have

> la(z ) =) = pVP(2) Y i (@)l — il < 20V () sup{ |y haw () < oo
Jjes j#k Jjes

Hence ¢ qr;j(%) [pV?(2) (& — ;)] is also absolutely convergent. Then we can compute

> ki (@) [PV (@) (e — )] = PVP (@) > aki(x) — pVP(2) Y arga)y

JjEeS JeSs JjeS

=0—pVP(2) ) aii(x)y

jeS

= —pV*(x) Z k(%)

jes
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The absolute convergences allow us to rearrange the summands of Q(z)U(z, k) as follows

k)= ai(@) Uz, 5) = U, k)]

jes
_ 2% (1= py )V (2) + 6(5) — (1 — py)VP(x) — p(K)]
= %qm ) =) + 6(j) — ¢(k)]

- % Gy () [PVP (@) (3 — 7)) + % 0 (@) [8(7) — o(k)]

= —pVP(2) % i () + % () [¢(5) — o(K)]

< —pVP(x %qm )7; + Cr = Cag(k),

where we use (5.2) to obtain the inequality. Furthermore, since ;¢ qx;()7; and 3 g i

are also absolutely convergent, we have

Q@)U (x, k) < —pVP(x) > qrj(2)v; + C1 — Cagp(k)

jEs
= —pV?(2) Y (aii () = Guj) v — PVP(2) D Gy + Cr — Catp(k)
JES JES
< pV(@)sup | > lawi (@) = dugl — VP () Y iy + Co — Cag(k)
JES JES
=pVP(z Sup 1) laki (2) = Gugl = pVP () (e +7) + C1 = Cag(k),  (5.12)
JES

where we use (5.6) to obtain the last equality. It follows from (5.10)—(5.12) that

AU (z, k)
< (1= )V (o) o e T (0) + (0, TV ()

4+ p(1 — py) VP () /U V(z+c(x, ku) —V(e) = (VV(x),c(x, k,u))] v(du)
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+pV¥(z) sup | > lawi(x) = digl = VP () (an + ) + C1 = Cad(k)

= p(1 = pr) VP (2) [LkV ()] + pVP (2 supl%lZlqm — il

JES
—pVP(x)(ar +7) + C1 — Cag(k)

< p(1 —pye) VP (@) [0V (@) + Bi] + pVP(x SUPIVJIZI% ) — G

JjEeS

—pVP(x)(ax + ) + Cr — Cag(k)

B powye ;. SPjes %1 22 ses lawj () — G

=p(l— VP(x

— Cao(k),

(5.13)

where the last inequality follows from (5.4). Thanks to (5.7), we have 1 — py, > 0 and it

is bounded. Let § := 1 A 1021 A 202. Note that 0 < § < 22, From (5.8), we see that

—(pyrau +v) < —0.5v. Hence

ety o =05y =0 —pw) _
I—pw “1—=pw = 1—pn

(5.14)

On the other hand, since V' is norm-like and {f }res is bounded, there exists an M; > 0

such that

B

Similarly, we can use (5.3) and (5.7) to find an M, > 0 such that

sup. ; . (x)—4q
Pjes [ ;] Z]GS gk () — Grj < 25up || Z gy (2) — | < 0.256 (5.16)
I —pwe jes jes

for all |z| > My and k € S. Now plugging (5.14)—(5.16) into (5.13) yields

Uz, k) < p(1 —py)VP(2)[0.256 — 6 + 0.256] + C1 — Coi(k)
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= —0.50p(1 — py)VP(2) + C1 — Caop(k)
= —0.50p [(1 — pyw)VP(z) + (k)] + 0.56pg (k) + C1 — Cag(k)

< —0.56pU (z, k) + C4,

for all |x| > M; v M, and k € S. Note that we used the fact that 0.56p < Cj to derive the

last inequality. To complete the proof, we choose «, § > 0 so that
SU(x, k) < —aU(z,k)+

holds for all z € R? and k € S. This completes the proof. O

Corollary 5.2.4.1. Suppose that the g-matriz Q(x) = (qi) is constant, irreducible, and
strongly exponentially ergodic with invariant measure m = (mwy,Ta,...). Then under As-

sumptions 5.2.1 (a) and 5.2.2, a Foster-Lyapunov function ezists.

5.3 Examples

The strongly exponentially ergodic g-matrix Q in Assumption 5.2.1 (b) plays a very crucial
role in the proof of Theorem 5.2.4 as it allows us, by Lemma 7.2.6, to find a bounded
sequence {7 : k € S} satisfying equality (5.6). To demonstrate our results, let us first give
some examples of such matrices.

Given a positive constant # > 0. Consider the ¢g-matrix Q = (g;j) given by

(

—30 it j=11=1
) 30 if j=1i%#j
qij ‘=

70 if j>1,94#j

Y i > 1,0 =,
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that is

-1 1 L
2 3 32
o _2 1
A 2 3 32
Q =90
1 1 _ 8
2 3 32

1

33, --.) solves the equation 1/@ = 0 and v1 = 1. Then v is an

It is clear that v = (%,%,

invariant probability measure. Solving the Kolmogorov backward equation P’ (t) = Qp(t)

gives
(
s+ e ? if j=1i=1
1 1 79t . - . .
. 3 3¢ if j=11#]
P;(t) =
1 16t : S
31— 3-1€ if j>1i#]
1 3711 ot ; RN
3Tt g e if j>Li=y,
\
that is
11,60 1 _ 1,6t 1 _ 16t
3 T3¢ 3 3¢ 32 — 32€
L_ 1ot 14 2,60 1 _ 1,6
A 27 2 37173 323
P(t) =
1_ 1,6t 1 _ 16t 1 , 8 —6t
2 — 2€ 3 3€ 3 ;€

For each i € S and t > 0, we see that

| 1 1 31— 1 1 > 1
D 1Pt — vl = 567% + ) Fefet + !Tfm’ < 56’“ +) ge’at +e 0 =270,
Jj=1 -

J>15# J=1

Then, for arbitrary but fixed # > 0, any Markov chain generated by @) is strongly exponen-

tially ergodic.
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Example 5.3.1. Consider the following SDE

dX(t) = b(X(t), A(t))dt + o(X(t), A(t))dW (t) + / (X (), A(t7), u)N(dt,du), (5.17)

U
where W is a standard 2-dimensional Brownian motion, N is the compensated Poisson ran-
dom measure on [0,00) x U with intensity dtv(du) in which U = {u € R? : 0 < |u| < 1} and

v(du) = WTITUH for some 6 € (0,2). The coefficients of (5.17) are given by

10 —x if k=1
o(z, k)= . bz k) =

01 Lo if k>2

. and  c(z, k,u)

1
= vy——|ulz,
’y\/ﬂ‘|

where 7y is a positie constant so that v* [, |ul*v(du) = 1. The A component takes value in

S:={1,2,...} and is generated by Q(x) = (qij(x)) given by

(

%ﬁ if J=1k#j,

Qj(x) = q Lk if j>1k+#j

37-1 k+e_‘x|2

\_Zj;ék arj() iof k=

Apparently, (5.17) possesses a unique strong solution (X, A) = {(X(t), A(t)),0 <t < oo}
(see Theorem 2.5 of Xi et al. (2019)). Assumptions 4.1.1, 4.1.2, and 4.1.4 are trivially
satisfied. Next we verify Assumptions 5.2.1 and 5.2.2. To this end, we show that the function
o(k) = k satisfies (5.2). Indeed, we have

< . 1k 1 .
quj(@W(J)—@b(k)] = §m[1—k]+ZFm[J—k]
]:1 ]>1
111, 1k j 1
< Z_ .z oL 4 il
- 2 2 2k+3 k+ ez [ 3 kZ?)j]
i>1 i>1
1 1 1 k 3 1 1 1
S AT A A S N
SR LREE A = [(4 3) M3 3)]
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1 1k+1 k 5 1k
2 4 3 k+ell? 12 6
<1 1k+1 5 1 1 1
- 2 4 3 12 3 2 6

5
< 2— —o(k
< 2 o(k)

To show (5.3) we consider the following. Let A be a continuous-time Markov chain with

state space S and generated by Q = {qkj}, where

—3 if j=1i=1
B if j=1i#]
dij ‘=
= if J>Li#]
| -%=t i > Li=]
As shown above, with = 1, A is strongly exponentially ergodic with invariant measure

v="_3 3% 3,-..). We see that

Z (@) — G| = Z |k (@) = Qs | + | (2) — Gur|

jes j#k
= X|wt) -] + | - S + Tt
ik ik ik
< D aw(@) = G|+ ) (@) — i
J#k J7k
= 2 |awi(®) = dy
ik
1 k 1 1 k 1
- 2‘§k+e—xl2 B 5‘ 2 Z 31k 4 elal? 31
J>1,5#k
k 1 k
< | —0 S o
- ‘k+e—lx2 '+ ZSJ k+ el ‘
j>1
k
= 201 ——
{ k+ e|z|2}
< 2¢e~17*,
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This implies that
sup g lgk; () — @il = 0 as z — oo
keS ‘o

and thus establishing (5.3). As a result, Assumption 5.2.1 is verified.
To verify Assumption 5.2.2 we consider function V(x) := |z|* and observe that VV (x) =

2z and V*V (x) = 2I. We compute

LV (z) = %tr (a(x, V2V (@) + (b, k), VV (x, k)
+ /U (V(x+ c(z, k,u) — V(z) — (VV(x), c(z, k,u)) v(du)

= 2+ 2(b(x, k), x) + /U (|2 + c(z, k,u) | — |2 — 2(z, c(z, k,u)) v(du)
|z

= 2+42(b(z, k), x) + ok

2= 3z if k=1,

2428 i k>2

Then B, =2 for all k € S and

-3 4f k=1
ap =
T if k>2
We also see that
= 31 11 3 3
= —— .= ——— = —— +3|log(=) — =] <0
;Oékyk 5 2+;k3k_1 4+ [Og(2> ]

Then Theorem 5.2.4 ensures the ezistence of a Foster-Lyapunov function U(z, k). Moreover,

the process (X, A) is exponential ergodic by Theorem 5.1.2.



Chapter 6

Application to Feedback Controls

6.1 Problem Formulation

In this section we illustrate an application of Theorem 5.1.2. To proceed, we start with the

following system of SDEs

dX () = b(X(£), A(t))dt + o (X (&), AR))AW () + [, e(X (), A(t™), u)N(dt, du) o

A(t) = A0) + [§ fo, (X (s7), A(s7),7)Ni(ds, dr)

where b, o and ¢ are appropriate measurable functions.

Recall that feedback control is any control that depends on the current state of the
underlying process. Motivated by the study of feedback controls for weak stabilization
studied in Zhu and Yin (2009), we raise and try to answer the following question: If a regime-
switching jump diffusion is not exponentially ergodic or even not ergodic, can we find a
suitable control so that the controlled regime-switching jump diffusion becomes exponentially

ergodic? To this end, we consider the following SDE

dX (1) = b(X(t), A(t))dt + E(X (L), A(t))dt + (X (t), A(t))dW (t)

) (6.2)
+/ (X (t7), A(t™),u)N(dt, du),
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where ¢ : R x S — R? denotes the feedback control which will be determined later on. We

denote by (X, A) the solution to the following system of SDEs

(

dX (t) = b(X (1), A(t))dt + E(X (), A(t))dt + (X (t), A(t))dW (1)

+ [, (X (), A(t7), w)N(dt, du), (6.3)

\/I(t) = A(0) + [y fo, (X (s7), A(s™), 7) N (ds, dr)

where h can be defined in a similar way to (2.13). In other words, if A is determined by the
probability rate matrix Q(z) then A will be determined by the matrix Q(%).

In practice, we usually decompose the switching state space S into the union of two
disjoint subsets, namely S = S;,;; U Sy5. To be more precise, Sy, consists of states with an
absence of intervention while S;,; consists of those states when any intervention can take

place. It is reasonable and easy to consider the feedback controls of the form

E(X(1), A1) = ~L(A@) X (1), (6.4)

where L(k) € R™ is a constant matrix for k € S;,,;. Of course, we take L(k) = 0 for each

k € Sq. For simplicity, we set b(y, k) := b(y, k) — L(k)y. Then (6.3) becomes
(6.5)
We denote by X®) g non-explosive solution of the subsystem

X®(t) =2+ / t b(X W (s), k)ds + / ta(X(k)(s),k)dW(s)
0 0 (6.6)

+/Ot/Uc(5(<k>(s_),k,u)Mds,du).

85



6.2 Exponential Ergodicity of the Controlled Process

In this section we show how to apply Theorem 5.1.2 to the feedback control problems. Before
we proceed one may ask whether the control process ¢ in (6.4) is admissible or not. That is,
whether the system (6.3) or equivalently (6.5) has a unique non-explosive strong solution.

To tackle this issue we need Assumption 3.1.1.

Theorem 6.2.1. Suppose that Assumptions 3.1.1, 3.1.2, 4.1.2, 4.1.3, 4.1.4, and 5.2.1 hold.
Given a constant matriz L(k) for each k € Syy. If there ezists a bounded sequence of real

numbers {ay} such that

Zaka <0 (67)

and
(k — a)|z|? < (o, L(k)z) for all z € Rk € Sint U Sa, (6.8)

where k is the positive constant given in (4.2), then the controlled process (X, A) is exponen-

tially ergodic.

Proof. In view of Theorem 5.1.2, we proceed as follows. Since the control process & defined
in (6.4) is linear in the x variable, it is clear that if (6.1) satisfies Assumptions 3.1.1-5.2.1
then so does (6.5). Thanks to Lemma 2.4, Xi et al. (2019), under Assumption 3.1.1 and
(4.2), there exists a unique non-explosive strong solution X*) to the SDE (6.6).

We observe that (4.2), (3.9), (4.6), and (5.2) constitute Assumption 2.1 of Xi et al. (2019)
with relaxed condition (3.9). Moreover, Theorem 2.5 of Xi et al. (2019) is still valid under
this relaxation. This ensures the existence and uniqueness of a non-explosive strong solution
(X,A) to (6.5).

Next, we only need to verify (5.4) for X. Consider function V(z) := |z|?>. Thanks to
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(4.2) and (6.8), we verify that

LV () = %tr (a(x, V2V (@) + (b(z, k), V'V (x))
—0—/U(V(:c +c(z, kyu)) = V(e) = (VV (), c(x, k,u)) v(du)

= Jo(z, k)| 4+ 2(x, b(x, k) + /U le(z, k, uw)|*v(du) — 2{x, L(k)x)

IN

26(|z* + 1) — 2(x, L(k)x)

IN

20|z |* + 2K

= 204V (x) + 2k.

This, together with (6.7), implies that (X, A) satisfies Assumption 5.2.2. It follows directly

from Theorem 5.1.2 that the controlled process (X , /I) is exponentially ergodic. H

As in Zhu and Yin (2009), one of the simplest example of feedback controls is of the

following form

&(a,k) = —O(k)I,

where (k) is a non-negative constant and I is the d x d identity matrix. That is L(k) takes

the form

Since k is a fixed constant and {a4} is bounded, then (6.8) is immediate if we choose (k)
large enough; that is, 0(k) > k — aj. To summarize this discussion, we state the following

corollary.

Corollary 6.2.1.1. Suppose that Assumptions 3.1.1, 3.1.2, }.1.2, 4.1.8, 4.1.4, and 5.2.1
hold. Assume further that ), .o vy > 0. Then there exists a feedback control § so that the

controlled process (X, A) is exponentially ergodic.
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Proof. We take oy, = k for all k € Sy, and oy, = —2k/ ZkeSW v, for all k € S;,;. Then
> res k< 0. Choose 0(k) big enough so that 0(k) > x — «ay, for k € S;;,; and (k) = 0 for
k € Sy So &(x, k) := —0(k)Ix is the desired feedback control. O

6.3 Examples

Example 6.3.1. Consider the following SDE
dX(t) = o(X (1), At))dW (1), (6.9)

where W is the standard 1-dimensional Brownian motion and o(x,k) = 1 for all (x,k) €
R xS. Suppose that A takes value in' S = {1,2,...} and is generated by Q(x) = (qx;(x)) given
by

e if j=1k#j

@%i(7) = gt if 3>1LE#]

k_Zj;ék arj () if k=7

The solution to (6.9) is trivially given by X (t) = W (t). It is well known that the Brownian
motion is not ergodic. So, the process (X, A) is not exponential ergodic. However, all of the
Assumptions 3.1.1, 3.1.2, 4.1.2, }.1.3, 4.1.4, and 5.2.1 are trivially satisfied. By Corollary
6.2.1.1, there exists a feedback control & so that the controlled process (X, /I) 15 exponentially
ergodic. Indeed, the feed back control & is given by {(z, k) = —0(k)x where 0(k) is a constant

large enough. Then the controlled process is given by
dX(t) = —0(A(t) X (t)dt + dW (t).

This is an Ornstein—Uhlenbeck process which is Gaussian. Moreover, one can show that this

process is exponentially ergodic.
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Example 6.3.2. Consider the following SDE

dX () = b(X (1), A(t))dt + o (X (t), At))dW (¢), (6.10)

where W is the standard 2-dimensional Brownian motion. Suppose that A takes values in

the set S := {1,2} and is generated by the constant rate matrix

_3 3
Quy=| * 7
3 _3
2 2
Define the coefficients in (6.10) as follows:
10 2 -1 2 2
o(x, k) = , bz, 1) = x, b(x,2)= .
0 1 1 1 -2 3

For any matriz A, we denote by Apnin(A) the minimal of the eigenvalues of A. We verify

that
T
2 -1 2 -1
)\min + =2>0
1 1 1 1
and
T
2 2 2 2
-2 3 -2 3

In view of Theorem 4.13 of Zhu and Yin (2009), we conclude that the process (X,A) is
transient and hence it is not ergodic. One can show that Assumptions 3.1.1, 3.1.2, 4.1.2,

4.1.8, 4.1.4, and 5.2.1 are satisfied. In particular, the matrix Q) itself is strongly exponentially
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ergodic with invariant measure v = (1/2,1/2) and transition matrix

4Bt Bt
P(t) =

-3t

—e +e3

N[—= N
N = N[

It follows from Corollary 6.2.1.1 that there exists a feedback control & for which the controlled

process (X, A) is exponentially ergodic.
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Chapter 7

Appendix

7.1 Elementary Properties of Coupling Operators

In this section we give the detailed proof of Lemma 3.2.1.

Proof of Lemma 8.2.1. i) Tt is clear that a(z,i) = a(z,i)” and a(y,j) = a(y,j)". Then we

have
T
a(z,i,y,7) = et gt tnd)
9z, iy, )" aly,))
a(x, )" (g(z,i,9,5)")"

a(z,i) gz, 1,y,])

9z, iy, )" aly.j)

- a('rJ 7:7 y?j)

So a(z,i,y,j) is symmetric. To show a(z,i,y,j) is uniformly positive definite, we observe
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that (I — 2u(z,y)u(z,y)T)? = 1. Let (f

1
T
§ §
a(x7 i? y’-])
U 7

T
() e s (¢
IRV (g@:,i,y,j)T aly.J) )(n)
= a(z, )6+ & g(a,i,y,)n +n'aly, ))n+n" 4(x,i,y,5)" €
= e, i)+ E (T — 2u(z, y)ulw, )" + orn (0, )or (b, 5)

+n"aly, ))n+n" (Ar(I = 2u(z, y)u(z,y)") + or, (Y, §)oag (2, 0)7)E

= gTO-)\R (17, 2)25 + )\Rng + )\R€T<I - QU(QS', y)U(ZIZ', ?/)T)U + gTO-)\R (17, i)UAR (y7j)T77

) = (S?ﬁ)T = (617 "'7€d7771a "-777d)T € R2d. Then

0" o (Y, )0 + A" 0+ Arn” (1= 2u(z, y)u(z, )" )€+ 1" oxg (y, J)oag (2,1)7€
= o (@)% + 0" oxg (4, )"0 + € o (@, )00, (Y, ) 0 + 0" on (Y, G)ons (1) €
HAr (€7 + 0"+ (1 = 2u(z, y)ule,y) n +n" (I = 2u(z, y)u(z, y)")E)
= Joan(2.0)%€ + oxn (y,3)* 0 + Arl€" (I = 2u(z, y)ule, y) )T — 2u(z, y)u(z, y)" )¢
(1 = 2u(w, y)ule,y)")n + 0" (1 = 2uz, y)u(z, y)")E +n")
= |oag(2,9)%€ + aa,(y, 5)*nl” +
Ar{(I = 2u(z, y)u(z,y)" )& +n, (I — 2u(z, y)u(z,y)")E +n)
= |ong (2,06 + oxg (. 3)*0[* + A|(I = 2u(z, y)ule, y)")E +nf?

0.

v

ii) Note that for any matrices A and B we have tr(AB) = tr(BA). Then tr(u(z,y)u(z,y)?) =

tr(u(z,y)Tu(x,y)) = 1. We obtain

trA(z,i,y,5) = tr(a(z,1)) +tr(aly, 7)) = 2tr(g(z, iy, 5)
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= tr(oag(2,9)* + Apl) + tr(oag(y,5)* + Arl)
—2tr(ArI — 2Apu(z, y)u(@, )" + ox, (2, 8)on, (4, 5)")
= 2\pd + tr(on, (2,1)%) + tr(oag (,5)%)
—2Apd + dXgtr(u(z, y)u(z, y)") + 2tr(ox, (@, i)ox, (v, 5)7)
= tr(oag(2,0)? + 0rn(y,4)° = 200, (2, 0)00n(y,5)") + 4AR
= tr((oag(2,1) — 0ag(y,4))?) + 4AR

= ‘UAR(m,i) - O'AR<y7j)’2 + 4)\R

iii) Note that a d x d-matrix M is symmetric if and only if (Mz,y) = (x, My) for all

z,y € R%. Since oy, is symmetric, we observe that

<$ - y,U)\R(JT,Z‘)O'AR(y,j)(l' - y)> = <0-)\R(:L‘7Z.)(x - ?/)aUAR(?/aj)@ - y))
= (oap (¥ 9)(x — y), o0 (2, 9) (2 — y))

= (T =Y. 00 (¥, J)ong (2, 1) (T — ¥)).
Note that oy, (z,7) — oa,(y, ) is also symmetric. This implies

‘(O-)\R(x7i) - U)\R(y,j))(l’ - y)‘Z

= ((oag(@,9) = onp(, ) (@ = v), (02 (2, 1) — Oxg (4, 5)) (2 — y))
= <x — Y, (UAR@:.? 7’) - O',\R(y,j))(O')\R(ZE,’i) - UAR(yaj))@j - y)>
= <5L’ - Y, (UAR<I7 i)2 + O-)\R<y7j>2 - UAR(xv Z.)O-/\R(yv.ﬁ - U)\R(y,j)O')\R<x,Z'))($ - y>>

= <l’ - Y, (U)\R(x7 i)2 + O-)\R(yvj>2 - 20)\R($,i)0)\R(y,j))($ - y)>

We then obtain

A(ZE’, i7 yaj)|x - y|2
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= ((@—y (alz,i) + aly, j) — 29(x, iy, 7)) (x — y))
= ((z—y, (alz,1) +aly, j) = 2(\r(I = 2u(z, y)u(z, y)") + oy (2,9)0rg (y,5)") (@ = 9))
= <I - Y (U)\R(x7i)2 + O-AR(yvj)Q - QO-AR(‘Tvi>U)\R(y7j)))($ - y))) +

ANp(z — y, u(z, y)u(z, y)" (x —y))
(z—y) (x—y)"
|z =yl |z -yl

= |(oan(@,7) — 0xp(y,5)) (@ — y)|* + 4Ar(z — v,

= |(orp(2,3) — orp(y, ) (@ — y)| +’K;iéfL_

mE (x—y, (xz—y)(z—y) ' (z—y))
- \<%<x,z‘>—aAR<y,j>><x—y>r2+%raz—yr%—y?x—w

= |(oap (1) = onp(y,9)) (@ — y)|? + 4Xg|z — y|?

v

4Dglr —y|*.

Hence

7.2 Strong Exponential Ergodicity of A

Definition 7.2.1. Suppose that a Markov process A is generated by a bounded generator

Q(0) = {gij}ijes (0 < qi; < 00, @ # j) which is totally stable and conservative, that is,
gi = —@qi <00 and ZQij =q (7.1)
J#
If the matriz Q(0) is totally stable and conservative, it is sometimes called reqular as in Chen
(2004).

Let us state the following classical result for continuous-time Markov processes with

countable state spaces.
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Lemma 7.2.2 (Lemma 4.36, Chen (2004)). Let Q(0) = {qij}ijes be a regular irreducible
Q-matriz. Then the limit

lim P;(t) =: 7, (7.2)

t—00

exists for alli,j € S and the limit is independent of i. Moreover, we have either Zjeg =1

or Y g™ = 0.

In Nguyen and Yin (2018c), the stability of regime-switching diffusion processes (X (t), «(t))
was investigated where the second component «(t) takes values in a countable state space.
The argument used to obtain the result is based on the existence of a continuous-time Markov

chain & which posses a certain property called strongly exponential ergodicity.

Definition 7.2.3 (Definition 2.5, Nguyen and Yin (2018c)). Let &(t) be a Markov chain
generated by a bounded generator Q(0) = {dij}ijes and transition function p;;(t). Then
a(t) is said to be strongly exponentially ergodic if it has an invariant probability measure

7w = (my, 7, ...) such that for some constants C, A > 0, we have

Dii(t) — m; < Ce ™M foralli €S and all t> 0. 7.3
J J

JjeS

Then we obtain the following lemma as a direct consequence of Theorem 6.1 of Meyn
and Tweedie (1993b). Also, a similar result was given in Theorem 7.1 of Meyn and Tweedie

(1993b).

Lemma 7.2.4. Suppose that the Markov process A is irreducible. Assume there exists a

function ¢ : S — [0, 00) with ¢p(k) — o0 as k — oo such that

Qo(k) == aqij[0(j) — (k)] < C — ¢(k)  for all k€S,

jes
where C' is a constant and Q) is the infinitesimal generator of A. Then there exist § < 1 and
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B < oo such that
|P'(k,-) —7lly < Bf(k)p, t>0,keS

where f= ¢+ 1.

Remark 7.2.5. We note that ¢ is a Foster-Lyapunov function for the discrete component
A. Also, this lemma says that A is f-exponential ergodic where f = ¢ + 1. For measurable
functions f,g > 1, if f > g then it is clear from the definition that || - ||; > || - ||g- In
particular, this lemma implies ||P'(k,-) —7||y < Bf(k)B'. However, this result may not give

the strong exponential ergodicity of A.

The following lemma plays an important role in the proof of Theorem 5.2.4. It was
introduced in Nguyen and Yin (2018¢) and was the main tool used to obtain the stability
result in Theorem 3.1 of Nguyen and Yin (2018c). For the sake of completeness, let us state

and give the detailed proof of this lemma.

Lemma 7.2.6 (Lemma A.1, Nguyen and Yin (2018c)). Suppose that the Markov chain
a(t) is strongly exponentially ergodic which is generated by a bounded and regular generator
Q(0) = {Gij}ijes and invariant probability measure m = (w1, T2, ...). If b = (by, by, ...)7" is
bounded satisfying b = ZjeS m;b; = 0, then there exists a bounded vector ¢ = (cy,ca,...)"

such that b =3 s Gijc; for alli € S.

Proof. Denote P(t) := [p;;(t)];,; the transition matrix. First, let us state the following

properties of P(t). We know that

0<p;(t) <1 forall t>0 andalli,j €S (7.4)
Zﬁij(t) =1 forall t>0 andall i€S. (7.5)
7=1
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From Kolmogorov backward equations, we have QP(t) = P'(t), that is,
P =Y dispiw(t) forall ik €S. (7.6)

To prove this lemma, we will need to apply the Bounded Convergence Theorem. So, for any
0 < T < oo, we consider the finite measure space ([0, 7], B([0,7]),d) where d denotes the

Lebesgue measure. Define ¢(T') := — fo t)bdt, that is,

/ szk bkdt 1 €S.
0

keS

First, we show that ¢(7) is bounded for all 0 < T" < co. We observe

Zlﬂjb\<sup\b \Z]WJ\<Sup\b\<oo

jeS jeS

and from (7.3) we have

Z\ Pij(t ;) bj| < sup |b; ]Z Di;(t) — ;| < su;s) |b;]Ce™™ < o0.
JjE

jeSs JEs j€es

These imply that

S b = D [(Bi(t) — m5) by + mby]

JjES JES
= 2 (Bt = m) b+ 3 _mib,
JES JES
= > (i) — ) b
JES

Then

(1) = |—/ S by (Dbt

JES
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IN

IN

IN

IA

y/ > (Bi(t) — m5) byt

JES
[ S 1s0 - mb e
jES
Sup\b\/ Z\pm — m;|dt
jeS

sup |b;| C’e’)‘tdt
Jjes 0

sup |b; |—[1 —eM]
jEes

sup b»—
s ‘ j| A

(7.7)

Next, we determine the matrix Qc(T') for each 0 < T' < co. We will do this componentwise.

Let ¢ € S be arbitrary but fixed. Define f,(¢) := > §;; (Z ﬁjk(t)bk). From (7.4) and (7.5),
j=1

we see that

|/ (D)

> e (T)
=1

IN

IN

IN

IN

@% (iﬁjku)bk) |

Z |G (Z |91 (8) [ 0% >
sup |y Z |G (Z |]5jk(t)|>
keS j=1 k=1

sup |0 | ]z: |G

sup i s

8
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00 T 00
- _Z[/O (jijZﬁjk(t)bkdt]
SRS [/ B bkdt]

= —/OT [.oo jij iﬁjk(t)bk>] dt. (7.8)

o0

We claim that we can interchange the summation ) > ¢i;pj(t)be = D> > GijDjk(t)by.
j=1k=1 k=1j=1
From (7.4) and (7.5), we observe that

IN

SN i ()bl sup || Z Z 1Gi51Djk (1)

j=1 k=1 j=1 k=1

< SUp|bk|Z|@ij|Zﬁjk(t)
keS o k=1

< sup el i
hes i

< sup |bg[(24:)
keS

< 0Q.

[e.e]

Therefore, Z Z 7iiDjk ()i, is absolutely convergence and then
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In view of (7.8), we have from (7.6) that

Z Gijci (T

- -
_/ ZZQZ]pjk dt
0 Lj=1 k=1
- -
_/ ZZQZ]pjk‘ dt
0 Lk=1j=1

- /OT Z o (Z %ﬁjk(t)ﬂ dt

- /0 Zbkplk ] : (7.9)

Now, let ¢,,(t) :== > bppi,(t). Observe that
k=1

|9 (1))

IN

IN

IN

IA

IN

| Z bii (1)
Z |br Dy (1)
sup |bx| Z [P (1)

keS

o z | (z Ciijﬁjk(t)> |
keS .

Sup |bk| Z Z |qu]k

kl]l

Sup ‘bk‘ Z Z ’qu]k

Jj=1 k=1
sup [by| Z (m! > \ﬁjk<t>|)
keS o k=1
o0
sup [b Gij
keg\ kI;! il

sup |bg|(24;).
keS
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Then, in (7.9), the Bounded Convergence Theorem implies that

o) T
D e (T) = —/
j=1 0

Z bi i, (t)] dt
k=1

= Y b [oi — par(T)] - (7.10)

Note that

> [brdik| = [bi| < o0
k=1

and
> bpa(T)] < suplbel Y ()] < sup|be|[1] < oo
=1 RS T kes

Hence Z bk [(Szk - ﬁzk<T)] = Z bk&k - Z bkﬁzk(T) Then, in (710), we have
k=1 k=1 k=1

Z Gijc;(T) = > by [0u — pin(T))]
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= b, — i by, [ﬁzk(T)] . (7.11)

[e.e] [ee]
We claim that the functions ) §;;c;(t) and ) by [pik(t)] are continuous on [0, 7. It is done
j=1 k=1
if one of them is continuous. Since p;x(t) is continuous, then so is the function

We want so show that h,(t) — > bg [pi(t)] as n — oo uniformly on [0, 7]. Note that
k=1

D |bupis(t)] < sup [b] Y [pix(t)] < sup [by| < oo.
— kes kes

This implies that h,(t) converges to > by [pi(t)] on [0,T7]. Since [0,77] is compact, then the
k=1

convergence is uniform. Therefor, > by [pix(t)] is continuous on [0, T] for all T' > 0.
k=1
In view of (7.7), the limit Tlim ¢;(T) exists (see, for example, Theorem 10.33 Apostol
—00
(1974)). Let ¢j :== lim ¢;(T). It follows from (7.7) that ¢; is bounded.

T—00

In view of (7.11), we have from (7.2) that

o0 [ oo
> ey = A > Gie;(T)
j=1

Lj=1

T—>00

= lim b= > by [pin(T)]
L k=1

= b — lim [Zbk i (T')]

T—>00
= bi— Z bi
k=1
= b
This completes the proof. O
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