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ABSTRACT

COARSE COHOMOLOGY OF THE COMPLEMENT AND APPLICATIONS

by

Arka Banerjee

The University of Wisconsin—Milwaukee, 2022
Under the Supervision of Professor Boris Okun

John Roe [15] introduced the notion of coarse cohomology of a metric space to study
large scale geometry of the space. Coarse cohomology of a metric space roughly measures
the way in which uniformly large bounded set in that space fit together. In the first part of
this dissertation, we describe a joint work with Boris Okun that generalizes Roe’s theory to
define coarse (co)homology of complement of any given subspace in a metric space. Inspired
by the work of Kapovich and Kleiner [12]|, we introduce a notion of a manifold like object in
the coarse category (called coarse PD(n) space) and prove a coarse version of the Alexander
duality for these spaces. In the second part of this dissertation, we generalize a Theorem
of Roe [15] to compute coarse cohomology of the complement for many spaces by relating
coarse cohomology of the complement with the Alexander—Spanier cohomology. In the final
part of this dissertation, we introduce an equivariant version of coarse cohomology of the
complement. We then use this theory to find obstruction to coarse embedding of a given

space into any uniformly contractible n-manifold.
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Chapter 1

Introduction

1.1 Overview

Coarse geometry is often thought of as the study of the “geometry at infinity” of a space, i.e.
the study of structures that survive as one zooms infinitely far away from the space. John
Roe defined the notion of coarse cohomology of a metric space that encodes information
about the coarse geometry of that space. We now recall the definition of coarse cohomology
from [15]. Let X be a metric space and X™*! be the cartesian product of (n + 1)-copies of X
equipped with the sup metric. Let A be the diagonal {(x,...,z) |z € X} C X"™'. Let R
be a ring and |f| be the support of the function f : X" — R. The coarse cohomology of X
with coefficients in R, denoted by HX*(X; R), is the cohomology of the following cochain

complex where d is the coboundary map.

CX"(X;R):={f: X""" = R||f| N N,(A) is bounded for all 7}

df (zo, ..., x,) = Z(—l)if(xo, ey Ly ooy )
=0

Roe proved that the coarse cohomology is an invariant of the coarse geometry. In
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particular, any two quasi-isometric metric spaces have isomorphic coarse cohomology. Part

of this dissertation is motivated by the following question.

Question. Let X be a metric space and A C X. What should be the coarse cohomology
of the complement of A7 Or more generally, what large scale structure should the ‘coarse

complement’ of A have?

Our primary motivation behind studying this question was to get a notion of a coarse
configuration space of X. To get the configuration space of a space K in a topological
setting, one starts with the space K x K — A where A = {(z,z) | x € K}. This space,
known as deleted product of K admits a free Z, action by switching coordinates. The
configuration space of K, denoted by Conf(K), is the space (K x K — A)/Zy. Conf(K)
encodes many interesting properties of K. For instance, van Kampen showed that certain
classes in H"(Con f(K)) obstruct topological embedding of K into R™. One would hope that
an appropriate theory of the coarse configuration space should have analogous applications
in the coarse category. The first step to understand coarse configuration space of X should
be to understand an appropriate coarse analogue of X x X — A. That calls for a notion of
coarse complement.

In the second chapter of this dissertation we describe a joint work with Boris Okun [1]
where we introduce and study the notion of coarse (co)homology of the complement of a
subspace in a metric space. We give a model space which encodes coarse geometric structure
of the complement. Kapovich and Kleiner defined a notion of coarse analogue of n-manifolds,
called coarse PD(n) spaces. We introduce a new approach to coarse PD(n) spaces using
coarse cohomology in Roe’s sense. Inspired by Kapovich and Kleiner’s further work, we prove
a version of coarse Alexander duality for these spaces and give a criterion for a space to be
coarse PD(n) space.

In the third chapter of this dissertation we turn our attention to computation of coarse
cohomology of complement. Roe showed that the coarse cohomology is isomorphic to the

compactly supported Alexander-Spanier cohomology if the space is uniformly contractible



and proper. Unfortunately, this theorem is not enough to compute coarse cohomology of
the complement because model space of the coarse complement almost never satisfies these
hypothesis even though the ambient space does. To deal with such spaces, we introduce a
notion of boundedly supported cohomology and prove that coarse cohomology of many such
spaces are isomorphic to the boundedly supported cohomology. As an application of our
main theorem, we show that coarse cohomology of the complement can be computed in terms
of Alexander-Spanier cohomology for many spaces. This chapter is based on the work in [2].

In the final chapter of this thesis, we introduce an equivariant version of coarse cohomology
of the complement. We use this cohomology to define a notion of coarse cohomology of the
configuration space of a metric space X. Following classical van Kampen obstruction theory,
we identify a class of degree n in the coarse cohomology of configuration space of X that
obstructs coarse embedding of X into any uniformly contractible (n — 1)-manifold. The

material in this chapter is from [3].

1.2 Preliminaries

In this section we fix some notations which we mainly adopt from [14]. Let (X, d) be a metric
space. For A C X denote Ng(A) ={z € X | d(x,A) < R}. We will call such neighborhoods
metric neighborhoods of A. We will say that A is R-contained in B, A g B, if A C Ng(B).
A is coarsely contained in B, A CB Jif A g B for some R. Two subsets are coarsely equal,
AL Bif ACBand BC A

We will use the following observation about the intersection of metric neighborhoods in

later chapters:

R r
Lemma 1.2.1. Let A, B and C' be subsets of metric space X. If C C A and C C B, then
R
C C AN Ng.(B).

Proof. 1If x € C, then there exist y € A such that d(z,y) < R. Therefore y € AN Ngy(B),
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and hence v € Ng(A N N4 (B)) by the triangle inequality. O

Recall from [14] the notion of coarse intersection: A N B<C if for all sufficiently large
R, Nr(A) N Ng(B) = C. The coarse intersection is not always well defined, it may happen
that the coarse type of Ngr(A) N Ng(B) does not stabilize as R goes to infinity. However the
notion “coarse intersection is coarsely contained in” is well defined. A A B € C means that
for any R, Ngr(A) N Ng(B) C C. Tt is immediate from Lemma 1.2.1 that this condition is
equivalent to the condition that for any R, AN Ng(B) c C.

The following Lemma shows that coarse containment and intersection behave as expected.

Lemma 1.2.2. Let A, B, C' and D be subsets of metric space X. If A c B, A c C, and

B(CWC&D, then A C D.

A subset C' is coarsely disjoint from A if A ne < %, in other words if A N Ng(C) is
bounded for all R. Note that coarse disjointness is independent of the ambient space, it
depends only on the metric on AU C.

We will write C C B < A to mean that C' C B and AN C < . One should think of the
coarse difference B — A as a collection of subsets, it rarely has a well defined coarse type in
X. Nevertheless, the notion of coarse containment between differences is well defined. We
will write (D < C) C (B < A) to mean that Y C D = C implies Y C B < A. Unwinding
the definitions, this really means that any subset of any metric neighborhood of D which
has bounded intersection with C' is contained in some metric neighborhood of B and has

bounded intersection with A.
Lemma 1.2.3. BND C A if and only if (D a A) C (D < B).
Proof. The forward direction is obvious. To prove the converse, suppose B AD gCZ A, then

the intersection D and some metric neighborhood of B contains a sequence of points going

away from A. This sequence is in D Z Abut not in D = B. O

Now we introduce some notation for various (co)chain complexes associated to X. Suppose,

R be a ring. The basic complexes is the complex of all cochains with d : C"*(X; R) —
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C"(X; R) being the boundary maps as follows:

C"(X;R)={¢: X" - R}

(dp) (o, an) = Y (—1)'¢(w0, ..., &y, 2)

=0

It is an acyclic complex.

We will refer to points in X" ™! as n-simplices. v(c) will denote the set of vertices in
a simplex 0. We will refer a continuous map f : A™ — X as n-singular stmplex. In what
follows, we will need to measure distances between simplices of different dimensions. A
convenient way to do this is to stabilize simplices by repeating the last coordinate, as follows.
Let i : X" — X°° denote the map (xo, ..., %,) > (To, .., Tn, Tn, Tn, - - ). For a cochain ¢
define its stabilized support |¢| = {i(c) | 0 € X" and ¢(c) # 0} C X*®. Equip X* with
the sup metric.

Let A = i(X) denote the diagonal of X*°. For any subset A C X, let A4 denote
i(A) C i(X). Define the support of ¢ at scale r to be |¢|, = || N N,.(A).

With this notation, coarse cochain complex CX*(X) can be wriitten as follows.
CX'(X3R) ={p € C"(X;R) | Vr |¢], ==}

Let us now recall some other (co)chain complexes which we will use throughout this
article. We will denote the support used by Alexander—Spanier by ||¢] = Cl(|¢]) N A. By
identifying A with X, we think of ||¢|| as a subset of X. The following two definitions below
use this support.

CiX;R)={¢p € C(X;R) | |lo|l is compact} — compactly supported cochains.

Co(X5R) ={¢p € C(X;R) | ||¢]| = 0} — locally zero cochains.

C:.(X;R) = C*(X; R)/Cy(X; R) — the cochain complex for the Alexander—Spanier
cohomology H*(X; R).

Crs(X;R) = Ci(X; R)/ Ci(X; R)—the cochain complex for the compactly supported

cas

5



Alexander—Spanier cohomology H(X; R).
C*(X7 R) = {Z?:O C,0; ’ c; € R and o; € X*+1}
CY(X;R) :={c € C.(X;R) | #{|c| N B} < oo for any bounded set B}—locally finite

chains.



Chapter 2

Coarse cohomology of the complement

2.1 Introduction

In this chapter we introduce and study the coarse cohomology of the complement. We use
this theory to recast the coarse Alexander duality theorems of Kapovich and Kleiner [12]
into the framework of the coarse homology and cohomology theories of Roe [15,16]. Recall
that for A, a subcomplex of S™, the classical Alexander duality is given by the isomorphisms
H*(S" — A) 2 H,_;_.(A) and H,(S" — A) = H* '"*(A). The results of [12] are similar in
spirit in the context of subsets of coarse Poincaré duality spaces, but their actual statements

are quite technical. Our main result is the following theorem (Theorem 2.6.2):

Theorem 2.1.1. If X is a coarse PD(n) space, then for any A C X

HXM(X — A) 2 HX,_(A),

HX,(X — A) = HX"*(A).

Our main innovation is in the definition of the left-hand sides of these formulas, and in
fact in introduction of a notion of the coarse complement.

Naively, since in coarse geometry one is allowed to replace any subset with it’s metric
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neighborhood, the coarse complement X — A should be thought as the complement of (perhaps
bigger and bigger) metric neighborhoods, X — N,(A). If A is bounded, this is indeed the
right picture, as all these complements are coarsely equivalent to each other (and in fact to
X). However for unbounded subsets it is not always the right notion. For example, If X is a
Euclidean plane and A is a line in X, then X — N,.(A) are still all coarsely equivalent to X,
contrary to the idea that a line coarsely separates a plane, and therefore the coarse topology

should change.

Instead we consider complements of ezpanding neighborhoods X — Nf(A), where Ny(A) =
U,ea B(z, f(z)) for proper functions f : A — (0,00). These complements form a directed
system of metric spaces under inclusion (in the direction of slower growth of f), and we
define coarse (co)chain complexes of the complement X — A as appropriate limits of the usual

coarse complexes of these spaces.

Our second observation, inspired by [14], is that almost all relevant information is captured
by the notion of coarse containment. We say A is coarsely contained inside B if A C N,.(B)
for some 7. In some sense coarse geometry is the study of the poset of the equivalence classes
of subsets of X induced by this relation. From this point of view the coarse complement of
A in X is the collection of classes of subsets which are coarsely disjoint from A. i.e. have
bounded intersection with any metric neighborhood of A. This leads us to a very explicit
description of the limiting complexes in terms of support, which are very similar to Roe’s

definition of the coarse cochains. This description is key to our proof the Alexander duality.

Moreover, this description allows us to identify the coarse type of complement of A
in X with the coarse type of the metric space (X/A,d,) whose metric comes from the
pseudometric da(x,y) = min{d(z, A) + d(y, A),d(z,y)} on X. This identification will be

helpful in computations of HX*(X — A) in section 3.5.

Our definition of coarse PD(n) space is a slight generalization of the definition of Kapovich
and Kleiner, in terms of controlled chain homotopy equivalence between coarse chain and

cochain complexes. We do not require any local structure. The classical Poincaré duality



maps on manifolds are given by the cap product with the fundamental class in one directions
and the slant product with the orientation class in the other. We define a coarse version of
these classes (called orientation pair) and prove a similar statement for coarse PD(n) spaces

(Theorem 2.8.2):
Theorem 2.1.2. X is a coarse PD(n) space if and only if it has an orientation pair.

As a corollary, we obtain that uniformly acyclic topological manifolds are coarse PD(n)

spaces, a similar statement is claimed in [12] with only a sketch of the proof.

Remark. This theorem, as well as the Alexander duality, indicate that the term “coarse PD(n)

space” is perhaps a misnomer, a more appropriate name would be “coarse homology manifold”.

Overview. This chapter is organized as follows. In Section 1.2, we introduce coarse language
and state basic results about coarse containment. We also describe several variations of
Alexander—Spanier cochains and the corresponding cohomology theories.

Section 2.2 contains our main definition of the coarse (co)homology of a complement.
The main result there is Lemma 2.2.1, which gives an equivalent description of the cochain
complex.

In Section 2.3, we discuss a more geometric version of our approach. In section 2.4 we
show elements in H X' (X — A;Z,) corresponds to different ways that A can coarsely separate
X into.

In section 2.5, we turn our attention to coarse homology. Unlike the majority of the
literature, which uses anti-Cech covers, we give a direct description of coarse chains. The
same description was used by S. Hair in his PhD thesis [8]. We generalize this to complements.
The main result here is that chains and cochains are dual of each other in the sense of taking
Hom(-,Z).

Finally, in Section 2.6 we introduce the notion of a coarse Poincaré duality space, and
prove the main result of this paper, the Coarse Alexander Duality, Theorem 2.6.2.

In Section 2.7 and Section 2.8, we derive a criterion for a space to be coarse PD(n) that

allows us to prove that any uniformly contractible n-manifold is a coarse PD(n) space.
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2.2 Coarse cohomology of complements

Let A C X. A straightforward approach to define the coarse cohomology of the complement
X — A is to look at cochains on X which restrict to coarse cochains on complements of
expanding neighborhoods of A, as follows. Given a proper function f : A — Rsg, the
corresponding expanding neighborhood of A is obtained by taking the union of balls of radius

f(z) centered at x as z varies through A

Ny (A) = | B(a. f(2)).

z€EA

Note that the balls of radius 0 are empty, so N¢(A) might not be an actual neighborhood of
A.

The complements of expanding neighborhoods X — N;(A) form a directed system under
the inclusion, and we are interested in the limit in the direction of slower growth of f. In

other words, we want the complement to be as big as possible.

Then the coarse chains and cochains on the complements of expanding neighborhoods
X — Ny(A) form a direct and an inverse systems, respectively. Define the coarse chains
and cochains of the complement to be the (co)limits of these systems. Since the system of

complements X — N;(A) is cofinal in the system of sets coarsely disjoint from A, we have

CX (X —A)={ceC¥(X)|3ICC XA ceCX,(C)}

CX" (X —A)={¢peCX)|VCC XA ¢|ceCX(C)}

The usual (co)boundary operators make C X, (X — A) and CX*(X — A) into complexes,
and we call their (co)homology the coarse (co)homology of the complement HX, (X — A) and

HX*(X — A). Note that (X — A) here is a part of notation, not a set-theoretic complement.

The next two Lemmas provide more explicit descriptions of these complexes.

10



Lemma 2.2.1.

CXp(X —A)={ce CY(X) ||| CAZ AL}

CX'(X —A)={pcC"(X)||8| NAC Au}.

Proof. The condition ¢ € CX,,(C) for some C C X < A implies that |c| C Ac. Therefore
|c| C A S Ay Vice versa, if || CAZAy set C= Ui pi(|c|). Then C C X< Aand
lc] € €™ s0 c € CX,(O).

The condition ¢|¢ is coarse means that |¢p| N C™ ! is coarsely disjoint from A¢ for all
C C X < A Since we can replace C' with its metric neighborhood, this is equivalent to
|®] A O™ A A < %, which we can rewrite as & N Ac <+ The condition C € X = A is
equivalent to Ac C A < Ay, so we have (A< AL) C (AZ]¢]). By Lemma 1.2.3 this is

equivalent to |¢| NACA A, as claimed. O

We consider a slight generalization of the previous (co)chain complexes. Let A, B C X.

CX(B-—ACX)={ceCY(X)||dC Ap<AL

CX*(B—ACX)={peC(X)]||¢|NAp C Au}.

We claim that the homology of these complexes does not depend on the ambient space X,

it depends only on the metric on B U A.

Lemma 2.2.2. The maps induced by inclusion i, : CX.(B—A C BUA) - CX, (B—AC X)
and i* : CX*(B—AC X)— CX*(B—AC BUA) are chain homotopy equivalences.

Proof. Choose an approximate projection 7 : X — B U A with the property that 7 restricts
to id on BU A and for all x € X, d(x,n(x)) < d(z, BU A) 4+ 1. This map induces a map on
n-simplices 7 : X" — (B U A)"™ and we claim that it extends linearly to a well-defined

map 7, : CX,(B—ACX)—-CX,(B-—ACBUA,).

11



Indeed, if ¢ € CX,(B — A C X), then there exists R such that || ¢ Ap. Since
T|Np(apua) 18 (R + 1)-close to the identity, it follows that m,(c) is a well defined chain in
CX,(B—ACBUA).

Next define
Dy(0, .. ) = Y _(=1) (2o, .. xs, w(x), ., w(@n)).

A similar argument shows that D,, extends linearly to a well defined map D,, : CX,,(B— A C
X) — CX,11(B— A C X). Finally, we note that m,i, = id and i,7, — id = D,0 + 0D..
The approximate projection 7 induces a map 7* : C*(BUA) — C*(X), 7*(¢) = ¢m. Thus

we have [1%(¢)| N Nr(Aa) C (7|naan) " (10]) and |7(6)| N Nr(Ap) C (7|naam) " (|0])-

Since 7|y ( y is close to identity, it follows that 7* restricts to a map 7* : CX*(B — A C

Apua

BUA) - CX*(B — A C X). Similarly D* defined by D*(¢) = ¢D, gives a chain homotopy

between 7*1* and id. O

It follows that we can write unambiguously HX, (B — A) and HX*(B — A). Note that

when B = X or A = () this agrees with the previous notation.

2.3 Coarse complement as a space

As we already mentioned, X ZA rarely has a coarse type of a subspace of X. However, it is
still possible to compute the coarse cohomology of the complement as the coarse cohomology
of a single space, but this space is not a subspace of X, but rather a quotient space.

We start by defining a pseudometric d4 on X by
da(z,y) = min(d(z, A) + d(y, A), d(z,y)).

Lemma 2.3.1.

12



1. N;Z(AnJrl) — NTdA (An+1)
2. NYA) C Né(A)
3. NiA(A) C NE(A U A™

Proof. (1) and (2) follow from the facts that da(x, A) = d(z, A) and da(z,y) < d(z,y).

To prove (3), let ¢ € N44(A). So we have da(o,z) < r, for some z € A. If d(x, A"1) <
r, then d(o,A) = da(o, A"™) < da(o,z) + da(z, A"™) < 2r and o € NI (A", If
da(x, A"™1) > r then, since da(o,z) < r, it follows from the definition of d that da(x, o) =

d(z,0) and 0 € N&(A). O

Much of the coarse metric theory works the same for pseudometric spaces. In particular,

we have the usual definition of coarse (co)chains.

CXo(X, da) = {c € CH(X,da) | ] “E A}

n n eda\cda
CX"(X,da) ={p € C"(X) | |p| N A =" x}.
Proposition 2.3.2.

CXn(X,dy) = CX,(X — A)

CX™(X,dy) = CX*(X — A).

Proof. Let ¢ € CX"(X,dy). Then |¢| ' A%« Since A" is bounded in (X™*!,d,), this
is equivalent to |¢| A A,

By Lemma 2.3.1 (1) and (2), we have |¢| Cﬁi A Céd A"t Tt follows that (|¢] Cﬁi A) Céd
(A1 FYA) = A, Hence, ¢ € CX™(X — A).

Let ¢ € CX"(X — A). Then |6 B A E Au. Tt follows that |¢| 1) (AU An+1) & An+1,
By Lemma 2.3.1 (1) and (3) this implies |¢| C’ﬁj‘lA A CéA A" Hence ¢ € CX"(X,d4).

Let ¢ € CX™(X,dy). since any bounded set in (X, d) is bounded in (X,d4) we have
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c € CY(X). To prove |c| CCd A% Ay, first note that |c| Céd AU A" by Lemma 2.3.1(3). Now

¢ € CY(X,dy,) implies #{|c| CF’%IA"“} is finite by Lemma 2.3.1 (1). So we have || Céd A.
Let ¢ € CX"(X — A). Since || Céd A, by Lemma 2.3.1(2) we get |c| CéA A. Now,

|c| Cﬁd As s and c € CH(X) implies #{|c| Cﬁi Ay} is finite. By Lemma 2.3.1 (1) we have

c,d
#{|c| N A4} is finite i.e ¢ € CY (X, dy). Hence c € CX*(X,dy). O

Since d(z,y) = 0 if and only if (z,y) € A x A, the pseudometric d4 becomes a metric on
the quotient space X/A. One easily checks that the quotient map ¢ : (X, ds) — (X/A,dy) is
a coarse equivalence, and therefore it induces an isomorphism on the coarse (co)homology.

Using the previous proposition we obtain the following.

Proposition 2.3.3. The quotient map q : X — X/A induces isomorphisms HX,(X/A) =
HX, (X — A) and HX*(X/A) = HX*(X — A).

Remark. Another coarse model for (X = A) can be obtained by the “coning off” construction,
popular in the study of relatively hyperbolic groups. Here instead of taking a quotient by A
one attaches a cone cA on A, and declares d(c,a) =1 for all a € A.

Next we address the following question: What kind of maps between X and Y induce a
map between HX*(Y — B) and HX*(X — A)? We begin with the following definitions.

Definition ([15]). Suppose X and Y are pseudo metric spaces. A map f: X — Y is called

a proper map if f~1(B) is bounded in X whenever B is bounded in Y

Definition ([15]). A map f: X — Y is called a coarse map if f is proper and there exist a
non-decreasing function p : [0,00) — [0, 00) so that for any two points x,y € X the following

holds.
d(f(z), f(y)) < p(d(z,y))

Proposition 2.3.4 ([15]). A coarse map f: X — Y induces a chain map f*: CX*(Y) —
CX*(X) by the usual formula

(f*QS)(an s ’xn) = qb(f(l‘o), SR ,f(fn))
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Proof. We need to check that f*(¢) € CX*(X) if ¢ € CX*(Y). Suppose, f. : X*t1 — y*+!
is the induced map by f. Note that, |f*(¢)| N N.(A) C (f.)"(|¢] N f.(N.(A))). Since f
is proper f, is also proper with respect to the sup metrics. Hence it is enough to prove
that |¢| N f.(N,(A)) is bounded. Since f is a coarse map, there exists an s > 0 such
that f.(N,.(A)) € Ng(A). That implies |¢p| N fu(NV-(A)) = || N Ns(A) is bounded as
» e CX*(Y). O

Proposition 2.3.2 suggests the following notion of coarse map in the coarse complement

category.

Definition (Coarse map between coarse complements). Suppose A C X and B C Y. A map
f: X — Y iscalled a coarse map between the coarse complements of A and B, if the induced

map f: (X,da) — (Y,dp) is a coarse map.
The following Proposition is now immediate from Proposition 2.3.2 and 2.3.4.

Proposition 2.3.5. If f : X — Y is a coarse map between the coarse complements of A and

B, then f induces a chain map f*: CX*(Y — B) - CX*(X — A).

2.4 Separations and HX}(X — A4;7Z/2)

We now consider coarse cohomology with Z/2-coefficients HX*(X — A;Z/2). It is the

cohomology of the cochain complex
CX"(X — A;Z)2) = {¢p € C*(X:Z/2) | |¢| N A C Ayl

We will see that H X! (X — A; Zy) measures the number of coarse components of the complement
of A. To make this precise we need following definitions.
There is a simple interpretation of 1-cocycles with Z/2-coefficients in terms of subsets

of X. The power set 2% is a boolean algebra, with multiplication given by the intersection
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and addition by the symmetric difference. The complementation map C' — X — C'is a free
involution on 2%. Let S be the quotient space, we will think of its elements as unordered
pairs {C, X — C}, and refer to them as separations of X. Alternatively, since X —C' = XAC,
one can think of S as a quotient of abelian groups 2% /{0, X}. As an abelian group 2% is
isomorphic to CO(X ; 7./2), the isomorphism is given by taking supports and the map C' — 1.

Thus we get a commutative diagram, where F' is the induced isomorphism.

0 — {0, X} y 2% > S > 0

| e

0 —— Z/)2 —— CU(X;Z/2) —— ZY(X;Z/2) —— 0

More explicitly, F({C,X — C}) = d(1¢), and he inverse map is given by the following
construction. A cocycle ¢ € ZX;(X;Zy) defines a relation on X: = ~ y if ¢(z,y) = 0.
Since ¢ is a cocycle, it is an equivalence relation with exactly two equivalence classes, i.e. a
separation.

We now introduce coarse supports into the picture. Some of the following definitions
are inspired by [13]. Let A C X. C C X is a coarse complementary component of A if
cn (X-0C) C A. A coarse complementary component C' of A is shallow if C C A, otherwise
it is deep. Let C4 denote the set of all coarse complementary components of A. As before,
each C' € C% determines a separation {C, X — C}, we will refer to it as separations of X with

respect to A.

The coarse r-boundary of C' is
0,C:={reX-C|dzC)<r}
The following Lemma follows easily from Lemma 1.2.1.

Lemma 2.4.1. C is a coarse complementary component of A if and only if 0.(C') CA for

all r.
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Since 0,(C' U B) C 9,(C)U 0,(B), C4 is closed under taking unions, and since it is closed
under the complementation, it follows that C4 is a subalgebra of the boolean algebra 2% and
S5, C Sy are subgroups of S.

Note that 1 € CX%(X — A;Z/2) precisely when C' is shallow, so F' maps isomorphically
S84 onto BX' (X — A;Z/2). Moreover |d(1¢)| NAx = (Cx(X-C)U(X—-C)x X)erAX =
Ac N Ax_c, so F restricts to an isomorphism F : Sy — ZXY(X — A;7/2).

Thus we have:
Proposition 2.4.2. F induces an isomorphism Sa/SSa — HX (X — A;Z/2).

For geodesic spaces we have the following interpretation of coarse complementary compo-

nents:

Proposition 2.4.3. If X is a geodesic space and A C X, then C' is a coarse complementary
component of A if and only if there exist r such that C'— N,.(A) is a union of path components
of X — N,(A).

Proof. (=) Let C be a coarse complementary component of A in X, then there exists r such
that 0,(C) C N,.(A). We claim that C" = C' — N,;1(A) is a union of path components of
X — N1 (A).

Suppose € C" and y € X — N,.;1(A) are connected by a path in X — N,;(A). We need
to show that y € C".

Choose points {x = zq, ..., x, = y} on the path so that d(z;, x;,1) < 1 for all i. Suppose
x; € C') then d(xi1, A) > d(x;, A) — d(zj,xi01) >r+1—1> 71, s0 ;41 ¢ N,.(A), and
therefore x;11 ¢ 0;(C). On the other hand, d(z;y1,C) < d(z;,z;+1) < 1. Combining these
together we get z;,1 € C'. So by induction y € C".

(<) Suppose that for some r, C" = C'— N,.(A) is a union of path components of X — N,.(A).
We will show that C” is a coarse complementary component, and hence so is C. We claim

that for any R, Or(C") A
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Let x € Or(C"). Then there exists y € C’ such that d(z,y) < R. Since x ¢ C’ and
y € C', x and y are in different path components of X — N,.(A), thus a geodesic between
x and y must dip into N, (A): there exists z on the geodesic with d(z, A) < r. Note that
d(z,z) < d(z,y) < R. Then by triangle inequality d(x, A) < d(z,z) +d(z,A) < R+, as

claimed.

2.5 Algebraic duality

We will show that chains and cochains with Z coefficients are dual to each other in the sense
of taking Hom(+, Z). This requires some algebraic preliminaries, most of which can be found
in [7].

Let R be a commutative ring with 1. Consider a countable direct product R". Let e;
denote the image in RY of 1 in the i*" factor. Given an R-module H and homomorphism
¢ : RN — H, the support of ¢ is |¢| = {i € N | ¢(e;) # 0}. H is slender if for every
homomorphism ¢ : RN — H, |¢| is finite. A ring R is slender if it is a slender module over
itself.

The following is a classical result, going back to Specker.
Lemma 2.5.1 (cf. Corollary I11.2.4 in [7]). Z is slender.
For the sake of completeness, we provide a proof.

Proof. Suppose the support of ¢ : ZN — Z is infinite. We will build inductively an element of
ZN of the form v = Y 2"e; with fast growing powers of 2. For each k, let v = hy, + t;, be the
splitting of v into the head of length k£ — 1 and the infinite tail. At each step k we already
have hy (hy = 0), so choose ny, so that 2™ > k + |¢(hy)| and ng > ng_q.

Let k > |p(v)|. Since ¢(v) = ¢(hi) + ¢(tx), we have

[0(tk)| < |o(v)] + |o(hi)| <k + [o(hi)| < 27
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But ¢(tx) is a multiple of 2™, since ) is. So ¢(tx) = 0 and therefore 2™+ ¢(ex1) =

O(tk+1) — ¢(te) = 0, a contradiction. O

Theorem 2.5.2 (cf. Corollary II1.3.4 in [7]). If H is slender and I is not w-measurable

cardinal, then for any ¢ : RT — H, if O @, r =0, then ¢ = 0.

We recall that a cardinal is w-measurable if it supports non-principal ultrafilter which
is closed under countable intersections. The existence of w-measurable cardinals cannot be
proved in ZFC, and it is unknown if the existence is consistent with ZFC. Moreover, if exists,
the first w-measurable cardinal x must be strongly inaccessible, ie if A < &, then 2* < x and
x cannot be obtained as A-union of A cardinals.

Let S be a family of subsets of I which is closed under taking subsets and finite unions.
These conditions ensure that the set of S-supported functions Ms = {a: 1 — R | |a| € S}
is a submodule of R!, so we will call such S a supportive family. The dual of S, given by
S*={T CclI|VSeS #(SNT) < oo} is also supportive. Note that there is a natural

bilinear pairing (,) : Ms x Mg+ — R given by (a,b) = >, a(i)b(i).

Lemma 2.5.3. Suppose R is slender, the cardinality I is less than the first w-measurable
cardinal, and S is a supportive family which covers I. Then the evaluation map e : Mg« —

Hom(Ms, R) given by e(b)(a) = (a,b) is an isomorphism.

Proof. The injectivity of e follows easily from the hypothesis that S covers 1.

To prove surjectivity, let f € Hom(Ms, R). We claim that |f| € S*. Indeed, if the
intersection | f| NS is infinite for some S € S, then it contains an infinite countable subset C,
and thus R® C Mg and | fire| = C, contradicting slenderness of R.

We also claim that | f| = 0 implies f = 0. If f(a) # 0 for some a € Mg, then since Mg
contains Rl% we get a contradiction to Theorem 2.5.2 for f|zal.

The first claim shows that the characteristic function 15 € Mg+, and the second claim

implies that f —e(1) = 0. O
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Let X be a metric space with two subspaces A and B. The families
H={SCX|SCBand¥r #(SNN,(A)) < oo}

C={TcX|TNBC A}
are supportive and cover X.
Lemma 2.5.4. The families H and C are dual to each other: H* =C and C* = H.

Proof. If Y belongs to both families, then Y CB , by the first condition of 4. Then YEYAB ,
oY C A, by definition of C. So Y has to be finite by the second condition of H. This implies
that if S € H and T' € C, then S N T is finite, which means H* D C and C* D H.

Now let Y € C*. Since C contains all subsets which are coarsely disjoint from B, Y cannot
contain an infinite subset which is coarsely disjoint from B. This implies that Y C B. Since
C also contains all metric neighborhoods of A, Y must also satisfy the second condition of H,
soY € H. Thus C* C H.

Finally, if Y ¢ C, then Y contains an infinite locally finite subset which is coarsely disjoint
form A and coarsely contained in B. This subset is in H, so Y ¢ H*. Thus H* C C. O

From now on we will always assume that our space X is not w-measurable.
Lemma 2.5.5. The evaluation map e of cochains on chains induces isomorphisms of (co)chain

complexes:

CX,(B—AC X)=Hom(CX*(B—AC X),Z),

CX*(B—AC X)=Hom(CX,(B—AC X),7Z),

Proof. The chain and cochain groups correspond to the modules My, and M, for the choice

of R=7,X = X" and B=Agand A= A,.
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So, Lemmas 2.5.3 and 2.5.4 give isomorphisms in each degree and it is clear that the

evaluation map commutes with the differentials. O

2.6 Alexander Duality

Definition. A metric space X is a coarse Poincaré duality space of formal dimension n
(coarse PD(n) space for short), if there exist chain maps p : C*(X) — CX,,_.(X) and
q: CX,—«(X) = C*(X), so that pg and ¢p are chain homotopic to identities via chain
homotopies G : CX,(X) = CX,41(X) and F : C*(X) — C* (X)) which are controlled:

Vo e CHX)  [p(d)| C l¢|
Vo € CH(X) |F(9)|NAC ¢l
Vee CX.(X) |qle)| NA C ||

Vee CXu(X)  |G(c)| C ||

The next Lemma shows that the maps in the definition of a coarse PD(n) space restrict

to maps between CX*(X — A) and CX, (A C X),

Lemma 2.6.1.

PCXH(X —A) CCXpu(ACX)  p(CXH(ACX)) COXpolX —4)  (2.6.1)
FICX*(X —A) CCX X —4) FICX(ACX)CCX M ACX) (262
CX(ACX) CCX" (X —4)  q(CX(X—-A)CCX" (ACX) (263)

GICX,(ACX) CCXon(ACX)  GCXiX —A) CCXr(X —A)  (264)

Proof. (2.6.1) By assumption on p, |p(¢)| c |¢|. Since p maps into CX,,_.(X), |p(¢)] C A.
If ¢ € CX*(X — A), then || AA C Ay Combining these using Lemma 1.2.2 we get
()] C Ay and thus p(¢) € CX,_.(A C X).
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If ¢ € CX*(A C X), then |p| N A4 C % So p(#)] € Ax = A, and thus p(¢) €
CX, (X —A).

(2.6.2) By assumption on F, |F(¢)] N A C [¢]. If ¢ € CX*(X — A) then || N A C Ay
Combining these we get |F(¢)] N A C Ay So F(¢) € CX*~1(X — A).

If p € CX*(A C X), then |¢| N A, C % Tt follows that |F'(¢)] NAy C + and F(¢) €
CX* (X — A).

(2.6.3) Let c € CX,(A C X), so || C A4. By assumption on g, lg(c)| AAC lc|. Thus
lq(c)] € Au. Hence g(c) € CX"*(X — A).

Let ¢ € CX*(X — A) then |c| A A, C * Hence by the property of g, |¢(c) NALC lc|. By
Lemma 1.2.2, we have ¢(c) € CX" (A C X).

(2.6.4) Let ¢ € CX,(A C X), so || ¢ Ay4. By assumption on G, |G(c)] C lc|. Thus
IG(c)| € A4 Hence G(c) € CX,y1(Ax).

Let ¢ € CX*(X — A), so || A Ay C . By assumption on G, |G(c)| C |c|. Combining

C

this we get |G(c)| NAL C . O

Theorem 2.6.2. If X is a coarse PD(n) space, then for any A C X

HXM(X — A) 2 HX,_4(A),

HX, (X — A) 2 HX"*(A).

Proof. By Lemmas 2.6.1 and 2.2.2, p and ¢ induce maps between H X*(X — A) and HX,,_.(A),
and HX*(A) and HX,,_,(X — A), which are inverses of each other. O

2.7 Products

Let § denote the diagonal map from X to X x X, i.e 0(x) = (x,z) for all z € X.
We follow closely [18, Chapter 6].

To have control over homotopies we need to fix a particular choice of chain homotopy
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equivalence between C,(X x X) and C,(X) ® C.(X).

Denote C,(X)®C,(X) by C.(X®X) and Hom(C,(X)®C,(X),Z) by C*(X ® X). Define
the support of 0¥ ® 7! to be |0 x 7| C (X x Y)k+DU+1),

For a simplex o = (zg,...,2;,..., %) let ;o0 = (zo,...,x;) and op_; = (x4, ..., x)) denote

its front and back faces. The Alexander—Whitney map is given by:

A:CU(X xY) = Cu(X) @ Cu(Y),

o* ZipX<U) ® py (0)p—i-

Let 0 = (zo,...,2;) and 7 = (yo, . .., y;) be simplices. Arrange pairs (z;, y;) as the vertices
of an k x [ rectangular grid in R?. To a path ~ in this grid starting at (z¢, o) and ending
at (zx,yr), always moving either north or east, associate a simplex p, in X x Y, obtained
by reading the labels along the path. The collection of all such simplices is a simplicial

subdivision of ¢ x 7. Define a simplicial cross product

S CAX DY) = Cu(X X Y),

ottt o xT = Z(—l)"y‘ Pry-
B!

where || is the number of squares in the grid lying below the path 7.

Lemma 2.7.1. The maps A and S are coarsely support preserving chain homotopy equiva-

lences between CX, (X X Y) and CX, (X ®Y).

Proof. Note that [S(c @ 7)| C |o x 7] and |A(0)| C |px(0) X py(0)|. The acyclic models

produce chain homotopies H : C,(X®Y) — C,11(X®Y ) and H' : C,(X xY) = Cp1 (X xY)

between their compositions and identities, which satisfy the same support conditions. (The
diam o

point is that the acyclic models use the same vertices.) Since |px (o) X py(o)] C |o]| all

these maps extend to coarsely support preserving maps between coarse chain complexes. [J

Remark. A similar statement, in a slightly different language, is proved by Hair in [8], where
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an explicit formulas for the homotopies are given.

The cohomological cross product C*(X)®C*(Y) — C(X®Y) is defined by (¢px¢)(c®T) =
¢(a) X P(7).

We now consider the case X =Y. The Alexander-Whitney diagonal approximation is

the composition:

Co(X) 25 C(X x X) D CuX ® X).

Its tensor product with itself is used for the cap and cup products in X ® X:

A C(X®2X) = CX X0 X ®X)

oF @7t Z(_l)j(k—z’) (ic ® jT) ® (op_i ® Tz—j)-
i,j

Lemma 2.7.2. The map &% satisfies |0%(¢)] C 672|¢].

Let T: X x X — X x X be the involution map switching factors. It induces the chain
involutions T, on C X, (X x X) and C X, (X ® X), the latter one is given by o*®@7! s e 7' @0*.

Define a chain homotopy D, between T, and id in C,(X x X) by

D, (xg,...,2m) = Z(—l)k(:co, vy Ty T(xg), .o T(xy,))

Since metric neighborhoods of §(X) in X x X are invariant under 7', D extend to coarsely
support preserving maps between coarse chain complexes C X, (§(X) C X x X).

Note that S commutes with T,: ST, = T,S. So we can concatenate the homotopies from
Lemma 2.7.1 with D to obtain a chain homotopy DT between T, and id in CX,(6(X) C
X®X):

U

T " AST, = AT.S *R° AS < id.
In other words, D = H' + ADS — HT, and T, — id = DT + D70.

Lemma 2.7.3.
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1. The homotopy DT : C.(X ® X) — C.(X ® X) satisfies | DI (c)| N Asix) = || 8 As(xy-
2. The homotopy D} : C*(X @ X) — C*(X ® X) satisfies |Di(¢)] 8 Asix) = |9 N Asx)-

3. The map T, : CX,(6(X) C X ® X) = CX,(0(X) C X ® X) is controlled chain

homotopic to the identity.

The slant product is the composition
CHX xY)® Cu(Y) 2284 ¢*(X @ V) ® C.(Y) 2 C*(X; C*(Y) ® Cu(Y)) £ C*(X).

Let ¢/, = (—=1)"™*D/2 and ¢, = (—1)".

Lemma 2.7.4. Let ¢ € CX"(X ® X —0(X)) be a cocycle and let ¢ € CX,,(X) be a cycle.
Then:

1. The slant product map, €/, _, ¢/ : CXp(X) = C"¥(X) is a chain map and |p/a| A
Ax C la| for all a € CX,(X).

2. The cap product map &', _, - —~c : C*(X) — CX,_x(X) is a chain map and |p ~¢| C Y]
for all ¢ € CH(X).

3. The chain maps CX,(X) = CX,(0(X) C X ® X) given by a — e,xd —~ (c ® a) and
a— T"¢ ~ (a® c) are controlled chain homotopic: the chain homotopy D satisfies

[D(a)| € d(|al).

4. The chain maps C*(X) — CX*(X @ X — 0(X)) given by ¢ — e — pi(v) and
v — p5(Y) — ¢ are controlled chain homotopic: the chain homotopy D satisfies
D) A Axx C S(1E]) A Agx)-

Proof. (1) The slant product is defined by (¢/7)(0) = ¢(0c ® 7). Since a € CX,(X) and
p e CXMX ®X —0(X)), it follows that (¢/a)(o) is well-defined and |¢/al NAx C la|. The
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choice of signs together with d¢ = 0 shows that ¢/- is indeed a chain map:

d(eh__10/a) = (—1)"""el_y_10/0a = ,_¢/0a.

(2) The cap product is defined by ¥ ~ o = ¢(0}) n_xo. Since ¢ € CX,(X), ¥ ~cis a
well-defined element of CX,,_x(X) and |¢p ~¢| c |1|. Again the choice of signs together with

dc = 0 shows that €/, _, - —~c is a chain map:
Aen o ~c) = (1)"Fe dp ~c=c_di ~c.

(3) Using the diagonal approximation §%, we arrive to the following definition of the cap

product on X @ X: ¢ ~ (c*@71!) =3 (=) =D (p(0; ® 7j) @ k10 @ ;7). 1t follows as

1+j=n

before that both maps are well-defined chain maps. For a € CX;(X) we have

T"¢p ~(a®c) =euT"¢ ~Ti(c®a)

= e T (T¢ ~ (c®a)) = e Ti(¢p —~ (c ® a)).

By assumptions on ¢ and a we have |c| X |a C Axyxy and lc| x |al A As(x) c d(lal).

Therefore, by assumptions on ¢,
¢~ (c®a)| 8] N (] x |al) C [¢] N Axxx N (Je] X |a]) € d(]a]).

The claim follows, since the homotopy between T, and id coarsely preserves supports by
Lemma 2.7.3.
(4) For ¢ € C*(X) we have

Pa() — & = 04(p3(¥) X @) = 04 Tx  x(enr X TP1(1)).

Since - ® 1 and €,,;¢ X - are chain maps, the concatenation of the homotopies of 7™ and 7%
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to identities gives a chain homotopy between the maps in the claim:

D(@) := 03 Txxx(ex-19 X Dpp1(¥)) + 04 D1y (Enkd X p1(9))

For the support of the first term we have:

‘5AT)*(><X(¢X DTpl ))|OAX><X

C 67 (T wx (& X Dipt(w))] N Asixnxy)

C 5 (1D5p; (1) % ¢l N Asxnx))
C o (1D5pr ()] % (6] N Agixsx))
C D) N[0 N Axux
C | D71 ()] ﬁA(S(X)
C [pi ()] N Ascy

< 5(j¢| N Ax).

Similarly, for the support of the second term we have:

C
N Axxx

DTX X( Xpl )
51

|6 < pi(¥)] N A (XxX))

(1D
o

C 67 (18] % [p}()] N Asixxx))

S
Do

=3

S
D
>
>
X
>
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by Lemma 2.7.1

by assumption on ¢

by Lemma 2.7.3 (2)

by Lemma 2.7.3 (2)

by assumption on ¢



The next three formulas tell how cup product, cap product and slant product interact

with each other on the chain level.

Lemma 2.7.5. [18, 6.1.4-6] Let o and T be simplices in X and let ¢ € C*(X ® X), and
e C(X). Then :

1= (o/7) = (p1(¢) — ¢]/7.
2. ¢/ ~7) = (¢~ p5(¥))/T.

3. (¢/0) ~ 7 =pLl(o~ (T®0)).

2.8 Algebraic Poincaré Duality

In this section we find a criterion for a space to be a coarse PD(n) space in terms of existence

of certain pair of (co)homology classes.

Definition. A pair of classes U € HX"(X x X — (X)) and [X] € HX,,(X) is an orientation
pair if U/[X] =1 € HX(X — X). We will call U a diagonal class and [X] a fundamental

class.

Remark. This condition is stronger than it looks. Since the only representative of 1 €
HX%(X — X) is the constant function, the above equation is satisfied on the (co)chain level,
independent of the choice of representatives for U and [X]. It also follows that the support

of any representative of [X] is coarsely equal to X.

Lemma 2.8.1. Let U € HX"(X x X — 6(X)) and [X] € HX,,(X) be a pair of classes. The

following conditions are equivalent.
1. (U,[X]) is an orientation pair.
2. [X]# 0 and pr.(U ~ ([X] x [X])) = [X].
3. Foranyx € X, U(x x [X]) = 1.
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Proof. (1) < (2). By Lemma 2.7.5(3), p1.(U —~ ([X] x [X])) = (U/[X]) —~ [X] . For nonzero
[X] this equals to [X] if and only if U/[X]| = 1.

(1) & (3) follows immediately from the formula (U/[X])(z) = U(z x [X]). O

Theorem 2.8.2. X is a coarse PD(n) space if and only if it has an orientation pair.

Proof. Let X be a coarse PD(n) space and let p and ¢ be the associated homotopy equivalences.
Set ¢ = p(1) € CX,(X) where 1 € CX%X — X), and define ¢ € C*(X ® X) by the rule
¢(o" @ 7"F) = —¢} . 14(7)(0). Note that, if o ® 7 C Axxx and q(7)(o) # 0 then it follows
from the property of ¢ that o and 7 will be " close to each other where " depends only on r.
Hence we have ¢ N Axxx C Asixyie p € CX"(X ® X —§(X)). Moreover, ¢ is a cocycle,

since

dg(o* @ 7" M) = (00 @ T + er0 ® OT) = —£1q(7)(00) — exely19(9T)(0)

= —(ex + exeirn)dq(r)(0) = 0.

Then for z € X we have ¢(z ® ¢) = —¢lq(c)(x) = ¢gp(1)(z) = 1(z) = 1. Thus by

Lemma 2.8.1(3) ([¢], [c]) is an orientation pair.

Conversely, suppose X has a fundamental class [X] = [¢] and an orientation class U = [¢].
We claim that the chain maps €/,_, ¢/  : CXp(X) — C**(X) and ¢/,&/_, - ~c: C*(X) —

CX,,—k(X) are controlled chain homotopy equivalences as in the definition of a coarse PD(n)

space.

By Lemma 2.7.4(3) ¢,7%U —~ ([X] x [X]) = U —~ ([X] x [X]), thus by Lemma 2.8.1(2),
e,T*U is also a diagonal class for [X]| and T*U/[X] = ¢,.
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Note that /&' e , | = nxen. Let a € CXg(X). Then we have

EnkEn(@/a) ~ ¢ = epry(Enkd ~ (c® a)) by Lemma 2.7.5(3)
~ e,p1«(T"¢p ~ (a ® ¢)) by Lemma 2.7.4(3)
= (T"¢/c) ~a by Lemma 2.7.5(3)
= a.

Note that the only homotopy we used here is the composition of p;, with the homotopy from
Lemma 2.7.4(3), so it has the property |D(a)| - |a].

Similarly, €’ €} &/, = enx, and for ¢ € C¥(X) we have

enk®/ (P~ ¢) = enrl(d — p3(¢)) /¢ by Lemma 2.7.5(2)
~ (pi(¢) — ¢)/c by Lemma 2.7.4(4)
=1p— (¢/c) by Lemma 2.7.5(1)
=
Lemma 2.7.4(4) and (1) imply that the homotopy above satisfies |D(¢)| NAx C o). O

Corollary 2.8.3. If X is a proper, uniformly acyclic n-manifold, then X is a coarse PD(n)

space.

Proof. Since X is an acyclic manifold, it has an orientation class U € H"(X x X, X x X —§(X))
such that Ul,x(x,x—s) is a generator of H"(z x (X, X — x)) for all x € X. It also has a
fundamental class [X] € HY(X) which similarly restricts to generators of H, (X, X — ).
Choosing them in compatible way we obtain U(z x [X]) =1 for all € X. Let ¢/ and ¢’ be
singular (co)cycles representing these classes. We now construct their coarse versions.

By subdividing as necessary we can arrange that the singular simplices in the fundamental
class ¢ have uniformly bounded diameter. Since X is proper and ¢’ is locally finite, any
|

bounded set intersects |¢| in finitely many simplices. Hence taking the vertices of ¢’ determines
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a coarse cycle ¢ € CX,(X).

Using uniform contractibility of X x X we can inductively fill coarse simplices by singular
chains in a controlled manner. Indeed, O-simplices are naturally identified, and if the faces of
a coarse simplex are already filled by singular chains, then their signed sum is a cycle, which
by uniform contractibility bounds a singular chain contained in a controlled neighborhood of
the simplex.

This gives a chain map S : C,(X x X) — C¥(X x X) with the property |S(c%)| pk(diaén(ak))
|o*|, where py, is a suitable sequence of control functions.

Set ¢(0™) = ¢'(S(0™)). Since ¢’ vanishes on singular simplices in X x X —§(X), ¢(c0) =0
if p,(diam(o)) < d(e,0(X)). Thus ¢ € CX"(X x X — §(X)).

By construction, ¢(z x ¢) =1 for all x € X. Therefore, by Lemma 2.8.1 ([¢], [¢]) is an

orientation pair, and the claim follows. n
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Chapter 3

On the computation of coarse cohomology

3.1 Introduction

Coarse cohomology is hard to compute in general. One way to deal with this problem is to
relate coarse cohomology with a more computable cohomology. For nice spaces, Roe [15]

proved the following.

Theorem 3.1.1 (Roe [15]). If X is uniformly contractible and proper, then the coarse
cohomology HX*(X) is isomorphic to the compactly supported Alexander—Spanier cohomology

Examples of uniformly contractible and proper spaces include universal cover of compact
aspherical spaces. For example, Euclidean space of any dimension is uniformly contractible
and proper. By Roe’s Theorem it follows that H X*(R™) = H(R").

In this chapter, our goal is to generalize the above theorem to compute coarse cohomology
of more general spaces. Our main motivation for doing that is to compute coarse cohomology of
the complement H X*(X — A) which we discussed in the previous chapter. By Proposition 2.3.3,
to get the coarse cohomology of the complement of A, we need to understand the coarse
cohomology of (X/A, d,). Unfortunately Theorem 3.1.1 does not apply to the computation of

HX*(X/A) because (X/A,d,) rarely satisfies its hypothesis even if X does. On the positive
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side, if X is uniformly contractible and proper, then in some sense, (X/A, d4) retains those
properties at infinity. More precisely, (X/A, d4) turns out to be uniformly contractible at
infinity and proper at infinity in this case.

A space X is called uniformly contractible at infinity if there exist two non-decreasing
control function p, R : R, — R, and a basepoint b € X such that any set B of diameter r is
contractible inside a set of diameter p(r) if d(b, B) > R(r). X is said to be proper at infinity
if there exist a non decreasing control function p : R, — R, and a base point b € X such
that closure of any set B with diameter r is compact if d(b, B) > p(r). Our main theorem in

this chapter is the following.

Theorem 3.1.2. If X is uniformly contractible at infinity and is proper at infinity, then its

coarse cohomology HX*(X) is isomorphic to its boundedly supported cohomology HB*(X).

HB*(X) will be defined later (Definition 3.2) in the paper. In particular, HB*(X)
coincides with compactly supported Alexander—Spanier cohomology when X is proper and
contractible (Example 3.2.1). Hence, Theorem 3.1.2 generalizes Theorem 3.1.1. In general,
H B*(X) is isomorphic to the reduced Alexander—Spanier cohomology of X at infinity with
degree shifted down by one (Proposition 3.2.2). As a consequence of Theorem 3.1.2, we prove

the following.

Corollary 3.1.3. Suppose X is uniformly contractible at infinity and proper at infinity. Let
A C X so that X # N,(A) for any r. Then HX*(X — A) = ligl:l*_l(X — N,.(A)) for = > 1.

Remark. Let us contrast the hypothesis of Roe’s Theorem 3.1.1 with the hypothesis of
Theorem 3.1.2. Uniform contractibility at infinity is more flexible compared to uniform
contractibility. For example, deleting a bounded set does not affect the property of being
uniformly contractible at infinity. This is not true for uniformly contractible spaces because
such spaces are necessarily contractible and complement of bounded set in a contractible set
might not be contractible anymore. In general, spaces satisfying uniform contractibility at

infinity can be very far from being contractible. Figure 3.1 illustrates an example of a space
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Figure 3.1: A subspace of R? that consists of countable union of circles {C;},.y and the ray
r:=[0,00) x {0} such that the i" circle has radius i and distance between two consecutive
circle grows to infinity. This is an example of a space that is uniformly contractible at infinity.

that is uniformly contractible at infinity but complement of any bounded set has infinitely

generated fundamental group.

Remark. Our approach to prove Theorem 3.1.2 is different from the proof of Roe’s Theo-
rem 3.1.1 in [15]. The proof of Theorem 3.1.1 in [15] relies heavily on tools from homological
algebra. Whereas our approach follows an idea from [16] which is more geometric in the sense
that we explicitly construct (co)chain homotopy to establish the isomorphism between the
concerned cohomology. Another interesting aspect is that Theorem 3.1.2 does not hold if
we replace uniform contractibility by uniform acyclicity (with respect to singular homology).
That means that any proof of this theorem needs to be able to distinguish between uniform

acyclicity and uniform contractibility. This is one of the subtleties involved in the proof.

Overview. In section 3.2, we set some terminologies, define boundedly supported cohomology
H B*(X) and recall coarse cohomology HX*(X). In section 3.3, we define uniformly acyclicity
at infinity and local acyclicity at infinity and establish isomorphism between H X*(X) and

HB*(X) when X is uniformly acyclic at infinity and locally acyclic at infinity. This proof
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contains bulk of the main ideas that will go into the proof of the Theorem 3.1.2. Section 3.4
contains the proof of the Theorem 3.1.2. We will note at the end of the section that
Theorem 3.1.2 does not hold if we replace uniform contractibility at infinity by uniform
acyclicity at infinity. One of the main subtleties in the proof of Theorem 3.1.2 involves finding
and using a feature that uniform contractibility can provide but uniform acyclicity cannot.

Finally in section 3.5, we prove Corollary 3.1.3.

3.2 Boundedly supported cohomology

Definition (Boundedly supported cohomology). Boundedly supported cohomology of a

metric space X, denoted by HB*(X; R), is the cohomology of the following cochain complex
CB*(X;R) :={¢ € C"(X;R) | [|¢]| = *}

Example 3.2.1. If X is proper and contractible, then H B*(X; R) = H:(X; R). Indeed, if X is

contractible, then Cj(X; R) is an acyclic complex. In this case, the sequence

0—-Ci—-C —=C,,—0
gives HZ(X; R) = H*(C.(X; R)). Moreover, if X is proper, then C:(X;R) = CB*(X; R).
Hence we get H;(X; R) = H*(CB*(X; R)) = HB*(X; R). For example,

7Z if*x=n
HB*(R";Z) = H;(R" Z) =

0 otherwise

In general, the boundedly supported cohomology is the same as the (reduced) Alexander—
Spanier cohomology at the infinity with degree shifted down by one. This is the content of

the next proposition.
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Proposition 3.2.2. 1. If X is bounded, then

R ifx=0
HB*(X;R) =

0 otherwise

2. If X is unbounded and b € X then

0 if % =0
HB*(X:R) =

ligﬁ*_l(X — N, (b); R) otherwise

Proof. (1) If X is bounded then CB*(X; R) = C*(X;R). The cohomology of the latter
complex is trivial except in degree 0. Hence, HB*(X;R) = 0 for x > 1. HBY(X;R) =

{constant functions on X} = R.

(2) Elements in HB®(X; R) consists of constant functions defined on X with support contained
in a neighborhood of b. This means, if X is not bounded, then HB®(X; R) is trivial. Hence

in this case HBY(X; R) = 0.

Consider the following maps between the cochain complexes where j is the inclusion map
and ¢ is induced by canonical restriction maps (followed by quotient maps) i, : C*(X; R) —

CHX = Ny (b); R) = Cpo(X = Ny (b); R).
0= CB*(X; R) & C*(X; R) 5 lim C}, (X — N,(b); R) = 0
The above is a short exact sequence because of the following

ker(i) = {¢p € C"(X;R) | ¢ € C5(X — N, (A); R) for some 1}
={¢ € C*(X;R) | ||#]| is bounded}

= I'm(j)
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The above short exact sequence of cochain complexes induces a long exact sequence of the
corresponding reduced cohomology. The reduced cohomology of the middle complex is trivial

in all degrees. Hence, the long exact sequence implies that
HB"(X; R) = lim H' (X — N,(b); R) for * > 1

]

Ezxample 3.2.3. Suppose X is the space appearing in figure 3.1. Since X is unbounded,

HBY(X) is trivial. Suppose b € X. For x > 1, we have the following

HB*(X,Z) = lig H* "' (X — N, (b); Z)
2] @20 Z  x=2

0 x=1,%>2

3.3 Proof of a preliminary theorem

A space is called locally acyclic at infinity if it is locally acyclic outside a bounded set. X is
uniformly acyclic at infinity if there exist two non-decreasing control functions p, R : Rt — R*
and a basepoint b € X such that any set B of diameter r and d(b, B) > R(r), the inclusion
B < N,y(B) induce trivial map between the singular homology.

In this section, our goal is to prove the following Theorem.
Theorem 3.3.1. If X is uniformly acyclic at infinity and locally acyclic at infinity, then the
inclusion CX*(X) — CB*(X) induces an isomorphism on cohomology:

HX*(X) 2 HB*(X).

In a uniformly acyclic at infinity space, we can perform a version of the standard “connect

the dots” construction. Every 1-simplex o of diameter r outside of the ball of radius R(r) is
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fillable, so we can pick a singular 1-chain ¢, such that |¢| C N,(0) and Oc = do. Proceeding
by induction on the dimension, if a simplex is sufficiently far from the base point, its boundary
is already filled by a singular cycle that bounds a singular chain contained in a controlled
neighborhood of the simplex. Moreover, if the space is locally acyclic at infinity, we can fill
small simplices outside a bounded set by chains of small diameter. More precisely, suppose U
is a cover of X and for each x € X fix a set U, € U that contains x. We can choose the filling
so that for any point x outside a bounded set, there is a neighborhood V. of x, such that the
filling of any simplex in V. stays inside U,. Moreover, by subdividing, we can arrange so that
the filling singular chains of all simplices are supported by U.

Note that not every simplex is fillable, and that the diameter of fillings grows with
dimension, as well as the size of the balls that we have to avoid. To formalize the notion of
sufficiently far, we make the following definition. Given an increasing sequence of increasing

control functions R, : [0,00) — [0, 00), denote

CE(X) = (o™ | d(c™,b) > R,(diam ™)) C C,,(X)

Since R, is increasing, this defines a subcomplex of the chain complex of finitely supported
chains.

Let V : C5(X) — C.(X) denote the forgetful map, which maps a singular simplex to its
vertices. Let Ci’(X ) denote the complex of singular chains supported by Y. The discussion

above gives the following lemma.

Lemma 3.3.2. Suppose X is uniformly acyclic at infinity and locally acyclic at infinity. Let
U be an open cover of X. For each x € X, fiz a set U, € U that contains x. Then there exist
two increasing sequences of control functions R, and p, and a chain map S : CF(X) — CY(X)
where

CH(X) = (o™ | d(o™,b) > R, (diamo™)) C Cp(X)

and a chain homotopy G : CE(X) = C,11(X) between V'S and the inclusion map so that
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1. S:CH(X) — C3(X) is the identity.
2. |S(e™)| C N,,(om).
3. |G(a™)| C N,,(c").

4. There ezist a bounded set B such that for any point x & B, there is a neighborhood V,

of x so that |G(c™)| C UM for any o™ € V1.
We now present the proof of Theorem 3.3.1.

Proof of 3.3.1. By the long exact sequence, we need to show H*(CB*(X)/CX*(X)) = 0.
That means for ¢ € CB"(X) with d¢ € CX"™(X), we need to find ¢ € CB" (X)) so that
¢ —dip € CX". Let U be a bounded neighborhood of [|¢|| in X and for each z € X — ||¢]|
choose a neighborhood U, such that U"™ N |¢| = 0. Let U denote the cover of X that consist

of the collection of U, together with U.

Lemma 3.3.2 produces the chain homotopy G : CI(X) — C,,1(X), which we use to

define a linear map D : C,(X) — C,;1(X) by setting

G(o™) if o™ € CE(X),
D(o") =

0 otherwise.

We define

T =id — 8D — D9,

In particular T'(0) = VS(o) by Lemma 3.3.2. Dually we have
T" =1id — D*d — dD".

We claim that T%(¢) is coarse. Let o™ be a simplex with diam(c™) < r for some r > 0. If
d(o™,b) > R,(r) then 0™ € CF'(X) and the standard argument shows that 7'(¢) is supported

by U. If all vertices of ™ are outside of p,(r)-neighborhood of U, then |T'(¢)| does not meet
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U™ and therefore T*(¢)(0) = ¢(T'(0)) = 0, since ¢[ni1 = 0 for all U,. Since U is bounded,
the claim follows.

Next we claim that D*(¢) € CB"1(X). By lemma 3.3.2, we can choose a bounded set
B containing U such that for any point x ¢ B, there is a neighborhood V, of x so that
|G(o™)| C Un*? for any o™ € V"™, Hence for x ¢ B U ||¢||, we have |D,(c)| & |¢| for all
o € VL Therefore, ||D*(¢)|| C ||¢|| U B. The claim follows since ¢ € C B*(X).

Finally we claim that, D*d(¢) € CX*(X). By construction of D, if d(c",b) > R,,(r) then
|Do| C N, (o) where r is the diameter of 0. Since d¢ € CX*(X), the claim follows.

Since ¢ — dD*(¢) = T*(¢) + D*d¢, our desired cochain is 1) = D*(9). O
Combining Theorem 3.1.2 and proposition 3.2.2 we get the following

Corollary 3.3.3. If X s unbounded, uniformly acyclic at infinity and locally acyclic at

infinity, then for any b € X

0 if x =0
HX*(X;R) =

hﬂﬁ*_l(X — N,.(b); R) otherwise

Ezxample 3.3.4. Let X be the space appearing in figure 3.1. X is unbounded, uniformly
acyclic at infinity and locally acyclic. By Theorem 3.3.1, we have HX*(X) = HB*(X). We

computed HB*(X) in the Example 3.2.3. That gives us the following

7z x* =0
HXY(X;Z) = U2 Z) @2 Z =2

0 otherwise

Remark. Theorem 3.3.1 does not hold if we drop the local acyclicity at infinity condition
from the assumption. Consider the space X = | |2, S; of disjoint union of countably

infinite Warsaw circles. We can embed X into R? in a way so that diam(S;) = 1 for
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all i and X is coarsely equivalent to a ray [0,00) with the subspace metric. This space
is uniformly acyclic, since Warsaw circles are acyclic. Suppose A C X is some bounded
subset. HX?*(X;Z) = HX?*(X : Z) = HX?*([0,00);Z) = 0. On the other hand, each
Warsaw circle has nontrivial Alexander—Spanier cohomology in degree 1. It follows that,
ligﬁl(X — N,.(b); Z) # 0. So, the conclusion of the above corollary fails in this case. That

implies that Theorem 3.3.1 fails for this space.

3.4 Proof of the main theorem

In this section we prove the following.

Theorem 3.4.1. If X is uniformly contractible at infinity and is proper at infinity, then the

inclusion CX*(X) < CB*(X) induces an isomorphism on cohomology:
HX*(X) = HB*(X).

The underlying idea of the proof is the same as the proof of Theorem 3.3.1. However
there are two main differences that makes the proof more technical. The first difference is the
absence of local acyclicity of the space. To make up for that, we will embed X into a locally
acyclic space. This can be achieved by Kuratowski embedding theorem which says that any
metric space X admits an isometric embedding into the infinite dimensional Banach space
(>°(X). Perhaps more subtle difference is the fact that the above theorem does not hold if
we drop uniform contractibility at infinity by uniform acyclicity at infinity. This follows from
the example in the remark 3.3. That means, the proof of the Theorem 3.4.1 needs to be able
to distinguish between uniform acyclicity and uniform contractibility.

Our first goal is to prove the following modification of the Lemma 3.3.2 which will be one
of the main ingredients in the proof of Theorem 3.4.1. By abuse of notation, we will denote

(>°(X) by £ throughout the paper.
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Proposition 3.4.2. Suppose X C (*° is uniformly contractible at infinity and proper at
infinity. Let N(X) be an open neighborhood of X in €. Let U be an open cover of N(X).
Then there exists an increasing sequence of control functions R,, : R>g — Rx and a subcomplex

CE(X) of C.(X) of the following form
CE(X) = (o™ | d(o™;b) > R, (diam(c™))) C C,(X),

a chain map S : CE(X) — C¥(N(X)) and a map G : CE(X) = C, ;1 (N(X)) such that the
following hold.

1. S|ar(x) is the inclusion map CH(X) = Co(N(X)).

2. G is a chain homotopy between V'S and the inclusion map i : CI'(X) — C.(N(X)).

0G (o) =VS(o) —i(o) — GI(o)

3. There exists an increasing sequence of function p, : Ry — R, such that |V.S(c™)| C

an(diam(on))(an) and ‘G(O’n)l CN n(diam(gn))(an).

4. For any k € N, there exists a bounded set B C X such that for any v € X — B
and a neighborhood V, of x in £°°, there is a neighborhood W, of x in X such that

|G(o™)| C V"2 and |V .S(o™)| C VI for all o™ € WIH if n < k.

Sketch of the proof: The main idea of the proof of Proposition 3.4.2 is similar to the
Lemma 3.3.2. To get S, we first fill simplices in X by singular chains and then use barycentric
subdivision on these chains until they fall inside C%(X). Most of this filling process can be
done in X with the necessary control on the support as required by property (3) by using
uniform contractibility of X at infinity. For property (4), we need to fill small simplices by
small singular chains and unless X is locally acyclic this cannot be achieved by staying inside

X. However, since N(X) is an open subset of /*°, we can fill small enough simplices of X
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in N(X) by taking the convex hull of its vertices. In summary, we fill some simplices (big
ones) in X and some simplices (small ones) in N(X). The main difficulty is to choose these
fillings in a compatible way so that it gives a chain map C(X) — C5(N(X)). This would
be immediate if we knew N(X) is uniformly contractible but this might not be the case even
if X is uniformly contractible.

This problem is solved in two steps. In the first step, we construct a chain map C%(X) —
C5(X) that sends small simplices to singular chains which can be homotoped to the convex
filling by staying inside N(X) (Lemma 3.4.3). Convex filling of a simplex is the image of

that simplex under the following chain map

c:Cu(X) = CL(£>)

n
(Toy ooy @) > () : (S0, -y Sn) Zsixi
=0

It is in the construction of this chain map CI(X) — C3(X) where we crucially use the fact
that our space is uniformly contractible at infinity not just uniformly acyclic at infinity. In
figure 3.2, we illustrated that this construction cannot be performed when X is the Warsaw
circle which is a uniform acyclic space.

In the second step, we modify the chain map CX'(X) — C5(X) produced in Lemma 3.4.3
to get a chain map CI'(X) — C3(N(X)) that sends small enough simplices to its convex
filling. The idea here is to glue the filling of small simplices obtained in Lemma 3.4.3 with
the associated homotopy of this filling with the convex filling. This is done in Lemma 3.4.5.

Finally, to prove Proposition 3.4.2, we post compose the map CX(X) — C3(N(X)) from
Lemma 3.4.5 with a suitable subdivision operator to get the map S into C¥(X) and the

corresponding subdivision homotopy gives us G.

Lemma 3.4.3. Suppose X C > and X is uniformly contractible at infinity and proper at
infinity. Let N(X) be an open neighborhood of X in €>°. Then there exists an increasing

sequence of control functions R, : Rsg — Rsq and a subcomplex CE(X) of C.(X) of the
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Figure 3.2: In the above figure, the space X C R? C (> is the Warsaw circle and N(X) is a
tubular neighborhood of the grey region in ¢*° that deforms retract to the grey region. Red
line is the convex filling of the simplex (x,y). Any filling of (z,y) in X has to be around
the circular part. Hence, there is no homotopy in N(X) between the red convex filling and
any filling of (z,y) in X. Furthermore, any neighborhood of x contains such a y where this
happens.

following form

CH(X) = (" | d(c™;b) > R, (diam(c™))) C Cp(X),
a chain map f: CI(X) — C3(X) and D : CE(X) — C5_1(£>°) so that the following hold.
1. fis a chain map where f|cr(x) 15 the inclusion map CH(X) — Co(X).

2. D is a chain homotopy between f and the convex filling c¢(o)

0D(0) = f(o) — ¢(o) — D(0)

3. There exist an increasing sequence of control functions p, such that |f(o™)| C N, (dgiam(om)) (™)

and |[D(0")| C N, (dgiam(on))(0™) where the tubular neighborhoods are taken in €.

4. For any k € N, there exists a bounded set Z C X such that for each point v € X — Z,

there is a neighborhood W, of x such that for all o™ € W™ with n < k, D(c") €
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w1 (N (X)) -

Before going into the proof of the above lemma, let us describe certain cone constructions
that will be used to construct f and D in the proof. A standard n-simplex A" is the following
subset A" = {(so,...,5n) | Dorgsi = 1,8 > 0} C R™™! whose vertices are the unit vectors
along the coordinate axes. A singular n-simplex in X is a continuous function a : A" — X
and the image of « is called the support of the singular simplex.

Let H; be a homotopy that contracts some set B C (> to a point in . We call
such homotopy to be a contracting homotopy. To H;, we can associate a cone operator
H : Ci(B) = C;,,1(£*). The construction goes as follows. Let a be a singular n-simplex

supported in B C ¢*°. Consider the following map I x A™ — (> where I = [0, 1].

(t,(S0y---,5n)) — Hi(a(so, ..., S))

Since H; is a constant map, the above map induces a map from (I x A™)/({1} x A") to
2. (I x A™)/({1} x A™) can be identified with a singular (n + 1)-simplex. Hence the above
map gives a singular (n + 1)-simplex and we define H(a) to be this simplex. The i face of
H () corresponds to the above map restricted to the set of points that have zero in their i**
coordinates. When dim(«) > 1, one can check that that 0(H(«)) = o — H(O«).

Now, we will define a different cone operator H associated to H,. The inputs of H will
be generated by convex fillings of simplices whose vertices lie in B (although we will later
extend the domain of H). If o is a O-simplex, we define H (o) := H(c). If o = (g, ..., 7,)

with n > 1, then we consider the following map I x A™ — (°°.

(t, (S0, 5n)) — Zsth(:Ei)

The above map restricted to {1} x A™ is a constant map and hence induces a map from
(I x A™)/({1} x A™). That means we can realize the above map as a singular (n + 1)-simplex

in >, which we define to be H(c(c)) (see figure 3.3). The i** face of this simplex corresponds
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to the above map restricted to the set of points whose " coordinates are zero. In particular,

the 0" face is ¢(0) and hence H(c(o)) can be viewed as a cone on ¢(o).

We can extend the domain of H to simplices of the form G(c(o)) where G is the associated
cone operator to some contracting homotopy G such that the composition H; o G is defined
on the vertices of an o for all [¢,s] € [0,1]% If n = 0, then we define H(G(c(0))) := H(G(0)).

If n > 1, we consider the following map from I% x A" to £*.

(t. 5, (S0, 5n)) Z siHy(Gy(x))

Since H; and (G; are constant maps, the above map induce a map from two fold cone on A"

and hence gives a singular (n + 2)-simplex. We define H(G(c())) to be this simplex.

We can iterate the above process. Suppose 0 = (xy,...,2,) is an n-simplex for some
n € N. Let {Ht"‘;‘c e ,Htll} be a set of k contracting homotopies such that the domain of the

composition Hf o...H} contains the vertices of 0. When n = 0, we define

H*(...(HY0)))...) = H"...(H(0)))...)
For n > 1, we consider the following map I* x A" — (>
(tka st (807 SR sn)) = Z SlHtkk( e (Htll(xl)))
i=0

Since Hj is a constant map for each i € {1,2,...,k}, the above map induces a map from
k-fold cone on A™. So the above map gives a singular (n + k)-simplex and we define this
simplex to be H*(... (H((c¢(0)))...). Again note that, the above map restricted to the set

of points whose first coordinates are zero give the simplex H*=1(... (H'(c(0)))...).

The above discussion tells us that, H can be defined to any singular simplices of the form
H*(...(HY(c(0)))...) where the domain of the composition H; o Hf o---o H} contains the

vertices of o for all (t,t....,t1) € [0,1]'"™*. Suppose 8 = H*(...(H'(c(c)))...) is such a
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singular simplex in the domain of H. Then H(/3) is the simplex defined by the following map

IFHL A — @

(tots -t (S0s s Sn)) Zsth L (HE () ..0)

In what follows, we will blur the distinction between the above map and the corresponding

singular simplex for convenience. We will denote both of them by H ().
Lemma 3.4.4. If dim(B) > 1, then OH(B) = 5 — H(9B).

Proof. Suppose 8 = H*(...(H(c(c)))...). The ' face of H(f) corresponds to H (B)|s(inki1),
where S(i,n,k + 1) C I*! x A" is the set of points that have 0 in their i coordinates.

Case 1 (n > 1): We observe that

T B when 7 =0
H(B)|s(np+1) = )
H(B|sG-1nk) whenl1l<i<n+k+2

We can now check the following boundary formula where 3 is in the domain of H and n > 1.

n+k+2

8[:](5) = Z (_l)iH<6)|S(i,n,k+1)
= n+k+2

= H(B)|s(0mnks1) + Z B)s(ink+1)
nt-k+2 )

=B+ Z 1) H (50— 1))
n—i—k—l—l -

- B Z H 6|S(znk )
) n+k+1

=B —H( Y (=1)'Blsinm)

i=0
= — H(9p)
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Figure 3.3: H; and G, are two contracting homotopy with p and ¢ being their contracting
point respectively. The first two pictures are of H(c(r,y)) and H(c(z,y,2)). The third
picture is of G(H (c(z,y))).

Case 2 (n = 0): In this case, by construction H(3) = H(3). We know that 0H(3) =
B — H(9B) if dim(B) > 1. Hence, H(3) = 3 — H(9) in this case.

Proof of 3.4.3. Since X is uniformly contractible at infinity, there exist two non-decreasing
control functions p, R : RT — R™ and a basepoint b € X such that any set B of diameter r
is contractible inside a set of diameter p(r) if d(b, B) > R(r). For each bounded set B C X
with diameter r and d(b, B) > R(r), we fix a homotopy H/ that contracts B inside N, (B).
Using paracompactness of X, we pick a locally finite open cover U = {U,} so that diameters
of all U, are uniformly bounded. In particular, for each 1-simplex (z,y) € UUZ2, the set
S(z,y) = {a | (x,y) € U?} is finite. This locally finiteness of the cover will be used at the

end of the proof.

Construction of the complex CX(X): We can assume CJ(X) to be Co(X) by letting
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Ry = 0. For each 1-simplex o = (z,y) in UUZ, we fix an « € S(x,y) and we let B(o) := U,.
For other 1-simplices, we let B(o) to be {z,y}. Proceeding inductively, for an n-simplex o,

we let

U p(diam(B(r))) B(T)

T€|Oo]|
We observe that diam(B(¢)) depends only on diam(c) and dim(o). Therefore by uniform
contractibility at infinity, we can choose an increasing sequence of functions R, : [0,00) —
[0, 00) indexed by natural numbers so that R, > R for n > 1 and that B(o) is contractible

inside Nj(giam(B(s))(B(0)) if d(0™,b) > R,(diam(c™)). For n > 1, we let
CH(X) = (6™ | d(6™;b) > R,(diam(c™))) C C,(X)

By construction, we have an associated homotopy Hf @) that contracts B(o) inside Nydiam(B(0)) (B(0))
if o € CL(X).

Construction of the map f: We let f to be the identity map on C& (X) = Cy(X) and in

higher degrees we define f inductively to be the following (see figure 3.4).

flo) = H")(f(00))

Note that, in order for the above definition to make sense, f(Jdo) has to be in the domain of
HPZ©)_ We can show that by induction on dimension of ¢. By induction hypothesis, suppose
f(d0) is well defined and hence |f(0c)| consists of singular simplices of the form HZ()(3)
where 7 is a codimension one subsimplex of . According to the construction of B(o), for
any subsimplex 7 of o, Hf(T)(B(T)) C B(c). That implies any simplex of the form HZ()(p)

is in the domain of H%@ and hence f is well defined.

Construction of the chain homotopy D: We first let Dy to be trivial on CJ(X). We
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Figure 3.4: In the left picture, the straight line between = and y is ¢((x,y)) and the red

singular 1-simplices give the filling f((z,y)) = HP@¥)(d(x,y)) where HZ@Y contracts
the set B((z,y)) to the point p. The striped region is D((z,y)) = HB@Y) (¢((2,y))). The
picture on the right is the support of HZ(@¥2)(D(d((x,y, 2))) which is made of four singular

3-simplices. The one in the center is HB@v2)((x,y, 2)). Other three belong to the support of
HP@w) (D(O((w,y, 2))))-

then define D, (o) inductively to be the following.
D.(0) := —H""(D.(90)) — H*(c(0))

To prove D, is well defined, we need to check that D,(do) does belong to the domain of the
HPB©@)_ The proof of this is same as well definedness of f, so we will skip it. We illustrate f

and D applied to 1 and 2-dimensional simplices in figure 3.4.

Proof of (1): First we notice that f|cr(x) is the inclusion map CH(X) — Co(X) by

construction. Next we show that f is a chain map by induction. For a 1-simplex (z,vy), we
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have

Of ((z,y)) = d(H ) (O(x,y)))

— oH Dy~ 2))

= d(z,y) = f(0((z.9)))

Inducting on the dimension of o, let us assume that f(9(¢)) = 9(f(0)) if dim(o) < n
where n > 2. We know that, d(HP)(a)) = a — HB)(9a) if dim(a) > 1. Suppose

dim(o) =n > 2, then dim(f(do)) > 1. Then we have the following.

0f(o) = 9HP)(f(9(0)))
= f(0(0)) — HE)(9f(d(s))) [by Lemma 3.4.4]

= [(9(0))

Proof of (2): This can be proved by induction on the dimension of o. Since Dy is trivial,

property (3) is true for the base case n = 1. For a 1-simplex (x,y), we have

OD((x,y)) = —0H" ) (c((2,y))) = —c((x,y)) + H D (0(c(z,y)))
= —c((z,y)) + HPCD(O(x,y))

= —c((z,y)) + f((z,y))

Assume that 0D, (0) = f(0) — ¢(0) — D.(90) if dim(o) < n where n > 2. Suppose o is
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an n-simplex with n > 2. Then we have

= HB)(O(D,(d0))) — D,(8(0)) — OHP) (c(0)) [by Lemma 3.4.4]

— D,0(c) + HB(9(c(0))) — c(0) [by induction hypothesis]

HPO(f(0(0))) = e(o) = Du(0(0))

f(o) = (o) = D.0(0)

Proof of (3): By construction, both |f(o)| and |D(o)| are subsets of N,(giam((0))(B(0)).
As observed earlier, diam(B(0)) depends only on dim(c) and diam(o). It follows that
diam(|f(o)| and diam(|D(o)|) depends only on dim(c) and diam(c). That means we can
construct a non decreasing sequence of function p,, : [0, 00) — [0, 00) such that | f(c™)| < p,(r)

and |D(0™)| < pp(r) where diam(c™) = r. The claim follows.

Proof of (4): Our main claim towards proving (4) is the following.

Claim: Suppose ||d|| denotes the union of support of all singular simplices in the support
of a singular chain d. We claim that there exists a bounded set Z C X such that for any ¢ > 0,
k € N and x ¢ Z there is a neighborhood W, of z in X such that ||D(o)|] C N(||f(o)|]) for
all o™ € W with n < k.

We first explain how this claim implies property (4). Since X is proper at infinity, there
exist a bounded set Z’; such that for each x ¢ Z’, there is a bounded neighborhood V. of
x such that U cyni1]f(0)] is contained in a compact set for any n. This is true because
Uyeyntt|f(o)| is bounded as V. is bounded and so closure of U, n+1|f(0)] is compact if z

is chosen outside some bounded sets. Fix k& € N. Hence for each « ¢ Z’, there is an ¢, > 0

such that N (||f(0)|]) € N(X) for all ¢ € W*! and for all n < k. By the claim, for each
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x ¢ ZUZ" and €, we get a neighborhood W,, C V,. of x so that ||D(o)|| C N, (||f(o)]]) for

all o € W with n < k. Since N (||f(0)]]) € N(X) for such o, we get property (4).

So it is now enough to prove the above claim. For that we first take a closer look at | f(o)|

and |D(0)|.

Support of f(o) and D(o): Consider the following set
P(o) :={(c" 0" ",....07) o' Co/ C- 0" Co"=0,1<j<n}

Where o* denotes a k-dimensional subsimplex of o. Let v(7) denotes the set of vertices of a

simplex 7. We claim the following.
1f(0)] = {HPC(HPC (. (HPO) (2)).. ) | (0",....0") € Plo),z e v(c)} (3.4.1)

It can be checked by induction on dimension of o. The claim is true for n = 1. Suppose it is
true for (n — 1) dimensional simplices. Let o be an n-simplex and 7 = f(c" 1) € | f(00)| for
some (n — 1)-dimensional subsimplex 0™~! of o. By induction hypothesis, |7| consists of the

following simplices
{HPCD(EPCET(C(HPO) (@) ) | (0o e P(e" Y,z € v(oh)}

Now the claim follows from the fact that |f(o)| = UTE|f(8U)||FIB(")(T)].

Similarly one can check the following

|D(0)| = {HPC(HPC (. (HPO) (e(6?)..) | (6™, 6", ..., 07) € P(o),1 < j<n}
(3.4.2)

Proof of the claim: Recall that the singular simplices in |D(¢)| can be indexed by the

set P(o) :={(o™ o™ ,...;09) o/ Co/Tt C---Co™ ! Co"=0,1<j<n}, where o' is
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a i-dimensional subsimplex of o. For each s = (¢",...,07) € P(0), let

Dy(0) := HPC(HB D (HP) (c(67)))...))

Then, [D(0)| = Usepry Ds(0) by (3.4.2).

If s =(o",...,07) € P(0) and 07 = (zo, ..., x;), then Dy(o) is supported in the following

set
B n n—1 B J j +1
{Zsz O HP D CHP @)D si= 1 (b, 1) € 10,177
1=0
Suppose
ro)=  max  A{diam BZV(HP D (L(HP w01}

Where v(o”?) denotes the set of vertices of ¢7. We now claim that ||Dy(o)|| C Ny o) (||f(0)]])-

For that, it is enough to show that

(7@ ((H (o))} C U f(o)]] for all (t,....t;) € [0,1]" 7T (%)

tn—1

To show the above, let us take a look at the support of f(o). Recall from (3.4.1) that

| f(0)| consists of the following set of simplices
(AP HPD (L (HPO @) ) | (0" 0h) € Plo),z € v(oh)}

Each singular simplex of the form HB@™)(HBC" (. (HB@)(z)))...)) is supported on the
following set

L (D T @))) | 1) €0,1]7)

Let x € v(a7). Choose (6",...,07,...,0') € P(o) such that s = (6", ...,07) and x € v(a?).
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Then for all (¢,,...,t;) € [0, 1]n—j+1

B(o™ B(on1
g

1

(. (HEO (@))€ [HPCHPC D (L (TP (@))..)|

c £l

This proves (x) and consequently we get ||Ds(0)|| C Ny, (||f(0)]]).

To prove our claim, we need to show that there is a bounded set Z so that for any € > 0
and k € N, we can choose small neighborhood W, of z ¢ Z so that for any simplex ¢ € W+,
n<k,s¢€P(o), we have r,(c) < e.

Recall that we chose the cover U to be locally finite. Hence there are only finitely many
U, € U containing any given z € X. Let V, be the intersection of those finitely many
U,. Then for any 1-simplex o € V2, B(o) is one of B(U,) by construction. In particular
#{B(0) | o € V?} is finite. Note that for any simplex o, B(o) is determined by U, ¢B(7)
and dim(c), where S is the set of 1-subsimplices of ¢. This implies that, for any given
k € N, the set {B(c™) | 0™ € V" n < k} is finite. Since X is proper at infinity, there is a
bounded set Z so that these homotopies are uniformly continuous when restricted to some
neighborhood W/ C V,, of x ¢ Z. This implies that for any € > 0, there exists a neighborhood
W, C W, of every x ¢ Z, such that diam{HtB;(on)(Hi(_‘in_l)..(Hf(Uj)(Wx))..)} < ¢ for all
o € Wit for all (o”,...,07) € P(0), (tn,...,t;) € [0,1]" 7" and n < k. That implies

ri(o) < eforall s € P(o), c € Wil n <k, and z ¢ Z. That finishes the proof. O

Lemma 3.4.5. Let X, N(X) and CE(X) be as in the Lemma 3.4.3 and k € N. Then
there exist a chain map g : CE(X) — C3(N(X)) and a bounded set Z C X such that for
each v € X — Z, there is an open neighborhood W, of x in X such that g(c) = c(o) for all

o€ Wit with n < k.

Proof. Let f, D, Z and W, be as in the Lemma 3.4.3. We define g(o) := ¢(0) if o is supported
in W, for all x € X — Z. If a i-simplex ¢° is not in W™ for any z but there is a (i — 1)-

subsimplex ¢’ of ¢ that lives in W/ for some z, then we define g(o) := f(0) — [0 : 0/]D(0")
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(see figure 3.5), where [a : 5] = 1 tells us whether orientations of o and § agree or not. For
such o, we will now check that g(do) = dg(c). For that we need to use the fact that D is a

chain homotopy between f and c¢. We first note the following

99(c) = 0f (o) — [ : 0'}0D(o")

= f(00) + [0 : o'|D(0c") — [0 : | f(c") + [0 : o']e(o”)

Now we will show that the above is same as gd(o). First we observe that any (i—1)-subsimplex
T # ¢’ of ¢ has a maximal (i — 2)-subsimplex 7" supported in V. Hence for such 7, we have

g(1) = f(1) = [t : 7']D(7"). We use that to have the following

9(@() = Y [ 7lg(r) + [0 : o'lg(0")

o
= Z [ :7]g(T) + [0 : o|c(o”)
TEJT
T#0’
= Z lo:7]f(T) — Z [o:7][T: T'|D(7") + [0 : o']e(c”)
TEJT TEDT
T#0’ T#0!
= f(0o) — [0 : '] f(c") — Z [o:7][r: T'|D(7) + [0 : o']e(c”)
TEIJT
T#0!

To get dg(o) = g(do), it is now enough to show that

l0:0'|D(00") = — Z lo: 7][r: 7| D(7")
TEDT
0!

For that, we need to show that for a common (i —2)-subsimplex 3 of ¢’ and 7/, [0 : o’|[0” : 8] =
—[o : 7][7 : B]. This is true because coefficient of 8 in d(do) is [0 : o'][¢’ : B] + [0 : T][T : ]

and so this has to be zero.
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Figure 3.5: This is a picture of g(c) where 0 = (x,y, z). Here p is the contracting point of
the homotopy HZ(@¥) The grey part is f(c) and striped part is D(o’) where ¢/ = (z,y)

In other cases, an i-simplex ¢ has some maximal subsimplices {0’} in W, for some x with
dimension less than ¢ — 1. In this case, by induction on dimension one can show that g(do)
deforms retract to f(do) = 9(f(c)) by deforming along D(c¢’) for each maximal subsimplex

o’ supported in V. Then we use f(o) to fill this deformed g(do).

Proof of 3.4.2. To define the map S : CE(X) — C5(N(X)), we first take the filling ¢
from the Lemma 3.4.5. We then apply barycentric subdivision on g to get the support
in CY(N(X)). Let G : CE(X) — C,;1(N(X)) be the corresponding subdivision operator.
The only thing that remains to be checked is the property (4) in Proposition 3.4.2. By
Lemma 3.4.5, simplices in W, are filled by convex fillings and consequently, the support of the
subdivision operator stays in the convex hull of that simplex. Since the diameter of convex

hull of a small simplex is small, property (4) is satisfied. O
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Our next goal is to prove Proposition 3.4.7 which shows that H B*(X) is taut in the sense
that any class in HB*(X) is a restriction of a class from HB*(/N(X)) for some neighborhood
N(X) of X inside ¢*°. Let U be a collection of open sets in X and A be a subset of X. The
star of A with respect to U, denoted by st(A,U), is defined to be the union of those elements
of U whose intersection with A is nonempty. An open covering of A in X is a collection U of
open sets of X such that A C st(A,U). We now state the following lemma from [19] which
roughly says that there is a projection map from st(X,V) to V that does not move close

points too far apart.

Lemma 3.4.6 ([19]). If X C (*°, then for every open covering U of X in (>, there is an

open covering V of X in {>° and a function f : st(X,V) — X such that

1. f(x)==x forallz € X

2. For each V €V with VN X # () there is a U € U such that VU f(V) C U.

Definition. A map f : X — Y between metric spaces is called coarse map, if inverse image

of a bounded set is bounded and there exist a non decreasing function p : Ry — R, such that

d(f(x), f(y)) < p(d(z,y))

Proposition 3.4.7. Let X be a subspace of {>°. Then for any ¢ € CB*(X), there exists
a neighborhood N(X) of X in £ and a coarse map f : N(X) — X such that f*(¢) €
CB*(N(X)) and i* f*(¢) = ¢ where i : X — N(X) is the inclusion.

Proof. The proof is similar to the proof of tautness of Alexander-Spanier cohomology [19].
Suppose, ¢ € CB*(X). That means there is a bounded set B such that for any a« € X — B,
we can choose a neighborhood U, so that U *! N |¢| = (. Cover B with a bounded open set
Upin X. Let U = Ug U{U,},cx_p be the open cover of X. We can choose these open sets

so that their diameter is less than r for some » > 0. Then Lemma 3.4.6 yields a refinement
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of Vof U, and a map f : st(X,V) — X such that f(a) = a for all « € X and for each V €V
with V' N X # 0, there is a U € U such that V U f(V) C U.

By the second property of f in Lemma 3.4.6, it follows that d(z, f(z)) < r for all
x € st(X,V). Hence, d(f(z), f(y)) < 2r +d(x,y) by triangle inequality which means f has
an upper control function. Furthermore f sends unbounded set to unbounded set because
d(y, f(x)) > d(y,x) — r by triangle inequality. Hence f is a coarse map.

We let N(X) := st(X,V). To show that f*(¢) € CB*(N (X)), we notice that if an element
V €V is far from Ug, then V' U f(V') does not touch Ug, and hence f*(¢)|y C U, for some

a € X — B. Finally ¢*f*(¢) = ¢ because f|x = idx. O
Now we are ready to present the proof of our main theorem.

Proof of 3.4.1. By the long exact sequence, we need to show H*(CB*(X)/CX*(X)) =0,
in other words for ¢ € CB"(X) with dp € CX""(X) we need to find ¢ € CB" (X)) so
that ¢ — dy € CX". By Kuratowski’s embedding theorem, X can be embedded inside ¢*°.
Proposition 3.4.7 produces a neighborhood of N(X) and a coarse map f: N(X) — X such
that ¢’ = f*(¢) € CB*(IN(X)). Let U be a bounded neighborhood of ||¢’|| in X and for
each z € X — ||¢/|| choose a neighborhood U, such that U™ N |¢| = 0. Let U denote the
collection of U, together with U. Moreover, we have d(¢') = f*(d(¢)) is coarse since d(¢’) is
coarse and f is a coarse map.

Lemma 3.4.2 produces the chain homotopy G : CI'(X) — C,;1(N(X)), which we use to

define a linear map D : C,(X) — C,41(N(X)) by setting

G(o™) if o™ € CE(X)
D(c") =

0 otherwise

Let i : Cu(X) = C,(IN(X)) is the inclusion map. We now define

T=1i—0D— DOo.
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And dually
T =i — D*d —dD*

We claim that T7(¢') is coarse. Let ¢™ be of some fixed diameter r. If d(o”,b) > R, (r),
then 0" € CF(X) and it follows that T'(c) is supported by U. If all vertices of o™ are outside
of p,(r)-neighborhood of U, then |T(c)| does not meet U™ and therefore T*(¢') (o) =
¢'(T(0)) = 0, since ¢[yn+1 = 0 for all U,. Since U is bounded, the claim follows.

We claim that D*d(¢) is coarse. Indeed, by construction if ¢ has diameter r, then
|Do| prér) 0. So, D* preserves coarseness, and the claim follows since d(¢’) is coarse.

Finally, we claim that D*(¢’) € CB**1(X). Because of the property (4) of G in lemma
3.4.2, we can choose a neighborhood V of x for all = ¢ ||¢'|| except points in some bounded set
B, such that D,(V*™!) does not intersect |¢’|. That implies = ¢ ||D*¢'|| for all z ¢ ||¢/|| U B.
Since ¢’ € CB*(X), the claim follows.

Thus ¥ = D*(¢) is the desired cochain. O

3.5 Computation of coarse cohomology of the complement

In this section we will exploit Theorem 3.4.1 to express coarse cohomology of the complement

in terms of Alexander—Spanier cohomology for nice spaces.

— C
Theorem 3.5.1. If X/A is uniformly contractible at infinity, proper at infinity and X # A,
then

0 if =0
HX*(X — A) =

@ﬁ*_l(X — N,(A)) otherwise

Proof. 1f X/ A is uniformly contractible at infinity, then Theorem 3.4.1 yields HX*(X/A) =
HB*(X/A). Combining this with Proposition 2.3.3 gives us HX*(X — A) = HB*(X/A).

Note that X ;é A is equivalent to saying X /A is unbounded. In this case, for any b € X/A,
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Proposition 3.2.2 gives us the following

0 ifx=0

HB*(X/A) =
lim H*' (X = N,(A))  otherwise.

Finally we observe that lim H*(X/A — N, (b)) = limH*(X — N,(A)). That finishes the

proof. ]

Let ¢ : X — X/A be the quotient map. We observe that the ball B,(z) in (X,d) with
center at x is isometric to the ball B,(q(x)) in (X/A,da) if d(z, A) > 2r. That means, if
X is uniformly contractible at infinity and proper at infinity, then so is X/A. Hence, as a

consequence of Theorem 3.5.1, we get the following.

Corollary 3.5.2. If X is uniformly contractible at infinity, proper at infinity and X # A,

then

0 if =0
HX*(X — A) =

ligI:I*_l(X — N,.(A)) otherwise.
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Chapter 4

Obstruction to coarse embedding

4.1 Introduction

Van Kampen [17| developed an obstruction theory for embeddings of n-dimensional simplicial
complexes into R?*". A modern approach to his theory uses (co)homology of the configuration
space. In this final chapter of this thesis we develop an analogous theory for coarse embedding

by using coarse cohomology theory.

Let us first briefly describe the classical van Kampen obstruction for a topological space
X. Let 6(X) be the diagonal set {(z,z) | z € X} C X x X. Consider the following deleted

product

X=XxX-6X)={(z,y) e XxX|z#y}

X has a natural free action by Z, by switching the coordinates. Consider the corresponding
Zy covering map q : X — X /Zy. The space X /Zj is called the (2" ordered) configuration

space of X. There exists a classifying map from the Zy-bundle ¢ : X — X /Zs to the universal
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Zs-bundle S — RP> as follows.

X —2 5 5

! |

X/Z, —2 RP>

If there is an embedding ¢ : X < R™, then we can choose ¢ so that it factors through
S™=1 More precisely, we can choose é to be the following map X — S™~1 ¢ §

g(z) —g
@9) = @) —gw)

In this case, ¢ maps X /Z, to RP™ ' € RP>. So the induced map ¢* : H"(RP>) —
H"™(X /Zsy) is trivial as it factors through H™(RP™ ). In particular, if " € H™(RP>; Z,)
is the nonzero class, then ¢*(n™) will be trivial. Hence the cohomology class ¢*(n™), gives
an obstruction for the embedding of X into R™. The class ¢*(n™) is called the van Kampen

obstruction class of degree m and is denoted by vk™(X).

Let us now turn our attention to the coarse world. A map f : X — Y between two
metric spaces is said to be a coarse embedding if there exist two proper non decreasing maps
p—, p+ : [0,00) = [0,00) such that p_(d(z,y)) < d(f(z), f(y)) < p+(d(z,y)) for all 2,y € X.
Our main goal is to find obstruction for the coarse embedding of a metric space X into a

given space Y.

Roe [15] defined coarse cohomology of a metric space that roughly measures how uniformly
large bounded sets fit together. Building on Roe’s theory, a notion of coarse cohomology of
complement of a subspace A in X was introduced in [1]. In this paper, we use an equivariant
version of that theory to define Zs-equivariant coarse cohomology of the complement of
§(X) in X x X. If X is a separable metric space, we then find a class in the n'* degree of
that cohomology, denoted by cvk™(X), that obstructs coarse embedding of X into R"~!. In

fact, the class cvk™(X) can be used to get obstruction to coarse embedding into any other
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metric space. We define coarse obstruction dimension cobdim(X) of a separable metric space
X which is roughly the largest n such that cvk™(X) is nonzero. Our main theorem is the

following which gives a necessary condition for the existence of coarse embedding maps.
Theorem 4.1.1. If X admits a coarse embedding into Y, then cobdim(X) < cobdim(Y).

Hence, cobdim of a space gives a measure of how large that space is coarsely. In general
cobdim is hard to compute. We give estimates of cobdim for certain spaces.

Below we list some examples and their implications due to Theorem 4.1.1.

e We show that cobdim(R") = n. Hence Theorem 4.1.1 implies that X does not admit

coarse embedding into R™! if cobdim(X) > n.

e Let K be a finite simplicial complex and Cone(K) = K x [0,1]/K x {0} be the finite
cone on K. If vk" ' (Cone(K)) # 0, then any infinite Euclidean cone on K, denoted
by Conel (K), have cobdim > n (Theorem 4.5.2). For example, vk3(Cone(Ks33)) #
0 where K33 is the complete bipartite graph on three points. This implies that
cobdim(Conel (K33)) > 4. Since cobdim(R?) = 3, we obtain that Cone® (K33) does
not admit coarse embedding into R* by Theorem 4.1.1 (Example 4.5.2). This was

observed earlier by Bestvina—Kapovich—Kleiner [4].

e If X is a proper, uniformly contractible n-manifold with uniformly locally contractible
boundary, then cobdim(X) < n (Theorem 4.7.7). Example of such spaces include
universal cover of compact aspherical n-manifolds. Hence Theorem 4.1.1 tells us, if
cobdim(X) > n, then X does not admit coarse embedding into the universal cover of

any compact aspherical (n — 1)-manifold.

e If X is a uniformly contractible, locally contractible space and HX*(X? — (X)) = 0 for
x <n — 1, then cobdim(X) > n (Theorem 4.8.1). In particular, any proper, uniformly
contractible n-manifold has cobdim > n and hence it does not admit coarse embedding
into any uniformly contractible manifold with dimension < n — 1 by Theorem 4.1.1.

This was obtained earlier by Yoon [20].
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e [f a finitely generated group G acts properly on X by isometries, then there exists a
coarse embedding of G, equipped with a word metric, into X by mapping G into an
orbit of the action. That means, from coarse point of view, any space X with a proper
G-action has to be at least as large as (G. Using Theorem 4.1.1, we show that , if G
acts properly, cocompactly on a contractible manifold M (possibly with boundary),

then dim(M) > cobdim(G) (Corollary 4.7.9).

Remark. The study of obstruction to coarse embedding of finitely generated groups into
proper contractible n-manifold in terms of certain homology classes was initiated by Bestvina,
Kapovich and Kleiner [4] and was later generalized by Yoon [20]. One of the main motivations

behind the present work was to formulate their obstruction in terms of coarse cohomology.

Overview. In section 4.2, we define the equivariant coarse cohomology of the complement.
In section 4.3, we produce a computational tool for this cohomology by relating it to
the equivariant Alexander—Spanier cohomology for many spaces. We define the coarse
obstruction dimension of a space and prove Theorem 4.4.8 which is a slightly stronger version
of Theorem 4.1.1. In section 4.5, we give a relation between classical van Kampen obstruction
and coarse van Kampen obstruction. We use this relation to compute coarse van Kampen
obstruction for certain Euclidean cones on simplicial complexes. In section 4.6, we produce a
coarse version of Gysin sequence for Zsy-bundle to compute coarse cohomology of configuration
space. In section 4.7 and 4.8, we use the coarse Gysin sequence to estimate cobdim of certain

spaces.

4.2 Equivariant coarse cohomology of the complement

Let G be a group acting on X by isometries and R be a G-module. Let G acts on X"*! by
the diagonal action, g(xo,...,2,) = (9zo, ..., gx,). G-equivariant coarse cohomology of the
complement of A in X, denoted by H X (X — A; R), is defined to be the cohomology of the

following cochain complex.
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CXL(X — A R) :={p e CX*(X — A;R) | ¢ is G-equivariant}

Suppose X and Y both admit a G-action and A C X and B C Y. Let us now address the
following question: What kind of maps between X and Y induce a map between H X§ (Y — B)
and HXE (X — A).

A map f: X — Y is called a proper map if f~1(B) is bounded in X whenever B is
bounded in Y. A map f: X — Y is said to have an upper control if there exist a proper
function py : Rs>o — Rsg, such that d(f(z), f(y)) < pi(d(z,y)) for all z,y € X. A map

f: X — Y is called a coarse map if f is proper and it has a upper control.

We now recall that the space that models coarse complement of A in X. It is the space

X equipped with the following pseudo-metric.

da(z,y) = min{d(z, A) + d(y, A), d(z,y)}.

Note that the definition of a proper map and coarse map makes sense with respect to pseudo

metric.

Recall that A map f: X — Y is called a coarse map between the coarse complements of

A C X and B C Y, if the induced map f : (X,d4) — (Y,dp) is a coarse map.

We also recall the proposition 2.3.5 that tells us that any coarse map f: X — Y between
the coarse complements of A and B induces a chain map f*: CX*(Y — B) - CX*(X — A).

In the equivariant setting, this immediately implies the following.

Proposition 4.2.1. If f : X — Y is a G-equivariant coarse map between the coarse
complements of A C X and B C Y, then f induces a chain map f* : CXg(Y — B) —
CXE(X — A) and hence induce a map f*: HXE(Y — B) —» HXEL(X — A).
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4.3 Computation of equivariant coarse cohomology

In this section, we will show that H X (X — A) is equal to equivariant boundedly supported
cohomology H B{, (X — A) if X is reasonably nice (Theorem 4.3.1). This section is essentially
an equivariant version of section 3.3 where we related coarse cohomology with boundedly

supported cohomology.

Let us begin by defining boundedly supported cohomology of the complement. It is the

cohomology of the following cochain complex:
CB*(X — A R) == {¢ € C"(X; R) | [|¢]| C Aa}

Suppose R is a G-module. We define equivariant boundedly supported cohomology of the

complement with coefficients in R to be the cohomology of the following cochain complex.
CBL(X — A;R) :={¢ € CB*"(X — A; R) | ¢ is G-equivariant }

We denote the cohomology of the above complex by HBE (X — A; R). For the rest of the
discussion, we will omit R from the notation unless it is crucial.

We will use the notation G ~ (X, A) to mean that G is acting on X by isometries where
the action stabilizes the subset A C X. We now state our main theorem of this section which

is essentially an equivariant version of Theorem 3.3.1.

Theorem 4.3.1. Suppose X is uniformly contractible away from A, locally contractible away
from A and G ~ (X, A). Then the inclusion CXE(X — A) — CB&L(X — A) induces an

1somorphism on the cohomology:
HXEL(X — A) 2 HBL(X — A).

If X is uniformly contractible away from A, then we can perform a version of the standard
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“connect the dots” construction. Every 1-simplex o of diameter 7 outside of N,,)(A) is fillable,
so we can pick a singular 1-chain ¢, such that |c| C N,;)(0) and dc = do. Proceeding by
induction on the dimension, if a simplex is sufficiently far from A, its boundary is already
filled by a singular cycle that bounds a singular chain contained in a controlled neighborhood
of the simplex. If the space is locally contractible away from A, we can fill small simplices
outside a metric neighborhood of A by chains of small diameter. Moreover, by subdividing,

we can arrange so that filling singular chains of all simplices are supported by U.

Note that not every simplex is fillable, and that the diameter of fillings grows with
dimension, as well as the size of the neighborhood of A that we have to avoid. To formalize
the notion of sufficiently far, we make the following definition. Given an increasing sequence

of control functions p,(r), denote

CF(X) = (0" | (0™, A) > jin(diam ™)) C Cn(X)

Since i, is increasing, this defines a subcomplex of the chain complex of finitely supported

chains.

If G ~ (X, A), then 0 € CE(X) implies go € CE(X) for all g € G. In this setting, we
can choose the filling of the simplices in CZ'(X) G-equivariantly. Suppose, U be a G-invariant
open over of X. First, we choose the filling of simplices from a set P that contains one
simplex from each orbit of the action of G on the simplices in CX'(X) as discussed earlier
and then extend this G-equivariantly. If the space is locally contractible away from A, there
exist neighborhoods V. of x for every x ¢ N,.(A) for some r > 0 such that filling of simplices
in V" can be chosen to be supported in some set U € U. We choose these V, so that
gV, = V. and fill simplices in P N V"™ by singular chains supported in some set in U € U.
When we extend these fillings G-equivariantly, every simplex in U_ N ( A)V;c”“ gets filled by
singular simplices in some U € /. Similarly, we can choose the subdivision of the filling to be

G-equivariant. We first subdivide the filling of the simplices in P so that they are supported
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in U and then extend G-equivariantly to all simplices in CZ'(X). Since U is G-invariant,
filling of all simplices in CZ(X) stay inside ¢ in this equivariant extension.

Let V : C5(X) — C.(X) be the forgetful map, which maps a singular simplex to its
vertices. Let CZ;’(X ) be the complex of singular chains supported by . The discussion above

gives the following lemma.

Lemma 4.3.2. Suppose X is uniformly contractible away from A and locally contractible
away from A and G ~ (X, A). Let U be a G-invariant open cover of X. Then there exist

two non-decreasing sequence of control functions pp, p, : [0,00) — [0,00), a G-equivariant

chain map S : CL(X) — CY(X) where

Cp(X) = (0" | (0", A) 2 pn(diama™)) C Cy(X)

and a G-equivariant chain homotopy H : CE(X) — C,y1(X) between VS and the inclusion

map so that
1. S:CH(X) — C(X) is the identity.
2. 1S(a™)| C N,,(c™).
3. |H(o"™)| C N,,(c").

4. There exist r > 0 so that for every x ¢ N,(A), there is a neighborhood V, of x such
that for all o™ € V", H(o™) € CY,,(X).

Proof of Theorem 4.3.1. By the long exact sequence, we need to show that H*(CB§ (X —
A)/ CXE(X — A)) = 0. In other words, for ¢ € CBE(X — A) with dp € CXET (X — A)
we need to find ¢ € CBE (X — A) so that ¢ — dyp € CXE(X — A). Choose a metric
neighborhood U of A such that ||¢|| C U. Since ¢ is G-equivariant, we have g - U = U for
all g € G. For each z € X — ||¢]|, choose a metric neighborhood U, with diameter < 1 such

that U™ N |¢| = 0. Since ¢ is G-equivariant, we can choose the association x — U, so that
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Uge = gU, for all g € G. Let U denote the collection of U, together with U. By construction,
this is a G-invariant cover.

Lemma 4.3.2 produces the G-equivariant chain homotopy H : CI(X) — C,,1(X) corre-
sponding to the cover Y. We now use H to define a linear map D : C,(X) — C.1(X) by

setting

H(o") if o™ € CF(X)
D(co") =

0 otherwise.

We define the following map
T =1d+ 0D + DO

In particular, 7(c) = V.S(c) when o € CE(X). After dualizing we can apply the above on ¢
to get the following
"¢ = ¢+ dD*¢ + D*do

We claim that 7%¢ € CX&(X — A). If diam(o™) < k and d(c", A) > pn(k) for some
k > 0, then 0" € CE(X) and hence 7(¢™) = V.S(¢"). Moreover, if 0" is outside of p,(k)-
neighborhood of U, then |76™| does not touch U™*! because |70"| = |[V.So™| C N, ) (c™).
Since U C A, we obtain (1*¢)(c™) = 0. Hence, |7*¢| N Ni(A) C Ay4. This proves the claim.

Next we claim that D*(¢) € CBY (X — A). By Lemma 4.3.2, there exist r > 0 so that for
every x ¢ N,(A), there is a neighborhood V,, of = with diameter < 1 such that for all ¢ € V",
H(o) € CY (X). Let s =7+ p,_1(1). We will show that ||D*(¢)|| C Ny(U). Let = ¢ N,(U)
and o € V". It is enough to show that ¢(D(c0)) = 0. By construction of D, it is enough
to show that ¢(H (o)) = 0. By property (3) of Lemma 4.3.2, we have H (o) C N, _,1)(0).
This implies H(c) does not touch U™t since s > p,,_1(1). This means |H(c)| C U for some
x’ € X by property (4) of Lemma 4.3.2. This implies ¢(H (¢)) = 0. Hence, ||D*(¢)|| C Ns(U).

Since U C A, the claim follows.

Finally we claim that D*d(¢) € CX%&(X — A). By construction of D, if d(o™, A) > p,(r)
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then |Do"| C N,,)(0") where 7 is the diameter of ¢”. Now the claim follows from the

assumption that d(¢) € CXg(X — A).

Then setting ©» = —D*(¢) we get what we want. O

Honkasalo defined a notion of equivariant Alexander—Spanier cohomology in [11]. To
define this in general, one needs a contravariant coefficient system—a contravariant functor
from the category of G-spaces G/H (H < () and G-maps between them to the category
of R-modules. If R is a G-module, it defines a contravariant coefficient system G/H — R,
each G-map G/H — G/K inducing identity M — M. With this coefficient system, the

equivariant Alexander—Spanier cochain complex takes the following form

CG(X5R):={p e C.(X;R) | ¢ is G-equivariant}

We will denote the cohomology of this complex by Hg, (X; R).

The next proposition relates the equivariant boundedly supported cohomology with the
equivariant Alexander—Spanier cohomology. Roughly we show that under certain condition
HBg(X — A) is the same as the equivariant Alexander—Spanier cohomology of the space far

away from A. In the proof, we need to use the following complex

CL(X5R) :={¢ € C(X;R) | ¢ is G equivariant}

We denote the corresponding homology by H (X R).

Proposition 4.3.3. Suppose G ~ (X, A) and Fizg(X) ={r e X |g-x =z Vge G} #0.

1. If X — A=, then

R if+=0,
HBL(X — A;R) =

0 otherwise.
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2. ]fX—A;é*, then

0 if % = 0,
HBL(X — A:R) =

hﬂﬁgl(X — N,.(A); R) otherwise.

Proof. 1. If X — A= %, then CB5(X — A; R) = C5(X; R). In particular, we observe that
HBY(X — A; R) = {constant functions on X} = R. We claim that 3} (X) = 0 for
« > 1. To see that, choose a € Fizg(X). Now consider the following G-equivariant
cone operator

D :(xg,xq,...,2,) — (a,zq,...,T,)
Since DO — 0D = id, we get H(X) = 0 for x > 1. Hence, HBL(X — A; R) = 0 for
x> 1.
2. Elements in HBY (X — A) are constant functions on X with support contained in a
neighborhood of A. This means, if X — A ;é *, then HBY (X — A) = 0.
To calculate HBE (X — A) for « > 1, consider the following short exact sequence of

G-equivariant cochain complexes,

0= CBG(X — A) L €5(X) 5 lim C5 (X — N,(A)) = 0 (4.3.1)

Indeed

ker(i) = {¢ € CL(X) | » € C{(X — N,(A)) for some r}

= {0 € €5(X)) | 9] is bounded} = I'm(j)

The short exact sequence (4.3.1) induce a long exact sequence of corresponding reduced

cohomologies. The reduced cohomology of the middle cochain complex in 4.3.1 is trivial
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in all degrees. Hence, the long exact sequence implies that

HBY(X — A) 2 lim (X — Ny(A4)  for > 1

The following theorem of Honkasalo relates the G-equivariant Alexander—Spanier coho-

mology with the Alexander—Spanier cohomology of the quotient by the G-action.

Theorem 4.3.4 (cf. Corollary 6.8 [11]). Let R be an abelian group with trivial G action.
There is a natural isomorphism HE,(X; R) = H(X/G; R), where the right hand side is the

ordinary Alexander—Spanier cohomology of X/G.

We can now use the above theorem to get an analogous version in the coarse settings for

certain spaces.

Theorem 4.3.5. Suppose X is uniformly contractible away from A, locally contractible away

from A, X —A;é* and G ~ (X, A). Then

0 if % = 0,
HXL(X — A R) =

lig (X = N,(A))/G; R)  otheruise
where R is an abelian group with trivial G-action.

Proof. By Theorem 4.3.1, we get HXE (X — A; R) = HBE (X — A; R). The rest follows from

the following where the first equality comes from Proposition 4.3.3 and the second equality
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comes from Theorem 4.3.4.

.

0 if x =0,
HBL(X — A R) =

. ~k—1 .
KhﬂHG (X — N, (A); R) otherwise.
)

0 if % = 0,

lig B (X — N,(4))/G; R)  otherwise.
O

Example 4.3.6. Consider the action of Zy on R" by antipodal map. Let R™ be a vector

subspace. Then for any Z,-module R with trivial action and ¢ > 1

HXL(R" —R™; R) =lim A ((R” — N,(R™))/Zx; R) by Theorem 4.3.5]

The second equality holds because R™ — N,.(R™) is Zs-equivariantly homotopic to R™ — R™
and the last equality follows because R® — R™ is Zs-equivariantly homotopic to S»~™~! with

the antipodal Zs-action.

Ezample 4.3.7. Consider R* with Zs-action by antipodal map. For any vector subspace
M of codimension n, R® — N,(M) is Zy-equivariantly homotopic to S"~! with antipodal
action. If R is a Zs-module with trivial Zs-action then, by similar argument as before,

HX7,(R® — M;R) = I:IZ'_I(RP"*; R) for all 4 > 1.

4.4 Coarse van Kampen obstruction

This section develops an obstruction theory for coarse expanding maps which include coarse

embedding maps. We begin by defining the coarse cohomology of the configuration space.
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Coarse cohomology of the configuration space. Let (X, d) be a metric space. Equip
X? with the sup metric. Consider the Zs-action on X? that flips the coordinates. The
fixed point set for this action is the diagonal subspace §(X) = {(x,z) | x € X} C X% In
particular, we have Zy ~ (X?,§(X)). Let R be a Zs-module. We define coarse cohomology
of the configuration space of X with coefficients in R to be the cohomology of the complex

CXz (X2 - §(X); R).

Notation 4.4.1. For the rest of this chapter, the coefficients for ordinary cohomology will
be Zy and the coefficients for equivariant cohomology will be Z, with trivial Zs-action. For

convenience, we will omit the coefficients from the notation.

Proposition 4.4.2. If X s uniformly contractible, locally contractible and unbounded then

0 if % = 0,
HX7,(X? = 6(X)) =

limy H (X2 = N.(6(X)))/Zs) otherwise.

Proof. This follows immediately from Theorem 4.3.5. O]

Ezxample 4.4.3. Euclidean space R" satisfies the hypothesis of Proposition 4.4.2. Hence,
HX; ((R")? —6(R™)) = liglzl*fl(((R")2 — N,(6(R™)))/Zy) for * > 1. For any r, there is a

Zy-equivariant deformation retraction of (R")? — §(R") to (R")? — N,.(§(R")). Hence using
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Proposition 4.4.2, we obtain

0 ifx=0
HXZ,((R")? = §(R")) =

H ((R")? —06(R"™))/Zy) otherwise

0 ifx=0

i (RP™1)  otherwise
\
(

Zo f2<x<n

0 otherwise

Similarly, we have the following

/

0 if % =0
H X, (R)* = 6(R™)) =

T (RP>) otherwise

\

Zo for *x>2

0 otherwise

\

Ezample 4.4.4. Recall that /> = L*(N) is the space of bounded sequences with the sup-norm
metric. (£*°)? — N,(6(¢>)) deformation retracts Zs-equivariantly to (£°°)% — §(£>°). Since
(£>°)2 — §(£°°) is contractible, ((£>°)% — §(£>°))/Zs is a classifying space for Z, and hence is

homotopy equivalent to RP>. Hence arguing as before we obtain the following.

R . Zy for *>2
HXG, (€)= 0(6%)) =

0 otherwise

Definition. A map f : X — Y is said to be a proper map with respect to A C X and
B C Y if for any r there exists an 7’ such that f~1(N,(B)) C N.(A).

Equivalently, f is proper with respect to A and B if the map f : (X,ds) — (Y,dp) is
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proper.

Definition. A map f : X — Y is a coarse expanding map if it has an upper control and

/

1)) — oo whenever

for any sequence of pair of points (z;,2}) in X, we have d(f(z;), f(«}

d(x;, x}) — oo.
Equivalently, f is coarse expanding if it has an upper control and the induced map

(x,y) — (f(z), f(y)) is proper with respect to 6(X) and §(Y).

Remark. Any coarse expanding map is proper and has upper control and hence is a coarse
map. But the converse is not true. For instance, the map f: R — R, x — |z, is a coarse

map but not a coarse expanding map.

Lemma 4.4.5. If f : X — Y s a coarse expanding map, then the induced map (x,y) —
(f(z), f(y)) between X x X and Y XY is a coarse map between the coarse complements of

(X)) and 6(Y).

Proof. We will denote by d the sup metric on X x X and Y X Y induced from the metric of
X and Y respectively. Let g : X x X — Y x Y be the map (z,y) — (f(x), f(y)). Our goal
is to prove that g is a coarse map with respect to the metrics dsx) and dsy

Since f is a coarse expanding map, by definition, ¢ is proper with respect to (X)) and
5(Y). Or equivalently, g is proper with respect to dsx) and dsy). The only thing that
remains to be checked is that g has an upper control with respect to ds x) and dsy). Since f
has an upper control, g has an upper control p with respect to d. Suppose, dsx)(z,y) <7
for some r > 0.

Case 1: If d(z,y) < r, then d(g(x), g(y)) < p(r). This implies dsy(g9(x), 9(y)) < p(r).

Case 2: If d(x,0(X)) + d(y,6(X)) < r, then d(z,6(X)) < r and d(y,d6(X)) < r. This
implies d(g(z),d(Y)) = d(g(z),g(0(X))) < p(r). Similarly, we have d(g(y),0(Y))) < p(r).
These imply d(g(z),0(Y)) + d(g(y),6(Y)) < 2p(r). That means dsy(g(2), 9(y)) < 2p(r).

Combining case 1 and case 2, we get that 2p is an upper control for g with respect to

ds(x) and dsyy. Hence g is a coarse map with respect to the metrics ds(x) and ds(y). O
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The following Lemma now follows from the Proposition 4.2.1 and Lemma 4.4.5.

Lemma 4.4.6. If f : X — Y is a coarse expanding map, then the map (x,y) — (f(z), f(y))
induces a map f*:HX5 (V?—46(Y)) = HX} (X? —6(X)).

The next proposition tells us that for any coarse expanding map f : X — ¢>°, the induced

map f*: HX} ((€>°)* —6(£>)) to HX}, (X* — §(X)) depends only on X, not on f.

Proposition 4.4.7. Any two coarse expanding maps from X to £*° induce the same maps

from HX5 ((0°)? = §(€)) to HX; (X?* —§(X)).

Proof. Suppose f,g:Y = X? — ({°°)? are two maps induced by two coarse expanding maps
from X to ¢*°. We will also denote the induced map between C,(X?) and C,((£>)?) by f
and g respectively. Let f* and g* be the corresponding map from CXj_((£°)* — §(£>)) to
CXj, (X? —0(X)). We will show that there is a chain homotopy CXj,_((£>°)* — §(£*)) —
CX;H(X? — §(X)) between f* and g*.

Let V : C} — C, denotes the map that sends a singular simplex to its vertices. Using
uniform contractibility of (£°°)? one can construct a chain map s : C,((£*)?) — C3((£>°)?)
such that [s(o)| C N, (diam(e)) (o) for some sequence of functions p, : Ry — Ry such that
V os =id. We first construct a chain homotopy D : C.(X?) — C5,;((¢>°)?) between the two
maps so f,s0 g : C,(X?) — C((£*)?) with certain properties.

We define Dy : Co(X?) — C5((£°°)?) as follows: For all y € Y, join f(y) and g(y) by an

arc which stays inside the following cylinder

{z [ min{d(f(y), 6(€%)), d(g(y), 5(€7))} < d(z,0(6)) < max{d(f(y),0(£)),d(g(y),6(£))}

with subdivision of length one. We define Dy(y) to be the singular chain supported by
this subdivided arc. For a singular simplex « define size(a):=diam(|a|) and for a singular
chain ¢ € C}(X), define size(c) := sup, ¢, {size(7)}. For a simplex o € (X?)*, let 1, :=

min{d[s(f(o))],5(¢>)),d(|s(g(v))],(£>))} and Ry := max{d(|s(f(c))|,0(£)), d(]s(g(0))],6(¢>))}.
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Let C, be the following cylinder
{2 ] 0 < d(z,6(%)) < Ry}

Inductively, let us assume that D; : C;(X?) — C; ;((¢>)?) has been defined for all i < n

with the following properties.
1. sof—sog=0D;+ D; 10
2. |Dl(0'>| C Ca’.

3. size(D;(0)) <size(s(f(o)) — s(g(o)) — D;—10(0))

4. D; is Zs-equivariant.

To define D, 41(0), let K = s(f(0)) — s(g(c)) — Dn(9(c)). By induction hypothesis (1),
0K = D,,_1(9*(0)) = 0 and hence K is a cycle. By (2), |K| C C,. Since C, is contractible,
we can get a singular chain ¢ which is supported in C, such that dc = K. After applying
appropriate subdivision, we can make ¢ to satisfy size(c) < size(K) without changing its
boundary. Define D,,;1(0) to be that ¢. By construction, D, ; satisfies condition (1), (2),
and (3). To make D, satisfy (4), we can first define it on an element from each orbit of
(* + 1)-tuples in X under the Zy-action and then extend equivariantly.

Since V o s =id and V9 = 9V, applying V on both side of (1), we have the following
f — g = 8VDZ + VDi_lg

Dualizing the above we get f* and g* are chain homotopic via the chain homotopy (V D)*.
It is now enough to prove that (V D)* maps C X3, ((£°)* — 6(£*)) to CX;(X? — 6(X)).
Let ¢ € CX3, ((£>°)* —6(£°)) and o € [(VD)*(¢)| N N,(A) for some r > 0. Since o € N,(A),
property (3) implies that |V D(o)| C Ns(A) for some s that depends only on r. Since
¢ € CX; ((€=)* = 6(*))and ¢(VD(0)) # 0, it then follows that [V D(o))| C Ny(Aseeey)
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where ¢t depends only on s and hence depends only on r. It now follows from Property (2)
that ¢ € N,(dx) for some p that depends only on ¢ and hence depends only on r. Hence,
we proved that for each r > 0 there exist p > 0 such that [(VD)*(¢)| N N,.(A) C N,(dx).
Finally, (V.D)*(¢) is Zs-equivariant by property (4). Hence, (VD)*(¢) € C X5 (X? — §(X)).
This finishes the proof.

]

Coarse van Kampen obstruction class. Let X be a separable metric space and g : X — ¢*°
be a coarse expanding map. Such embedding exists due to the Kuratowski embedding
theorem. We consider the induced map g* : HX7 ((€*)* —6(¢>°)) - HX3 (X? — 0(X)). In
Example 4.4.4, we saw that HX7}_((£>°)? — 6(¢>)) = Zy if n > 2. Let e" be the nontrivial
element in HX} ((¢*)? —6(£>)) for n > 2. Proposition 4.4.7 implies that g*(e") depends
only on the space X, not on g. We call the class g*(¢") to be the n'* degree coarse van

Kampen obstruction class of X and denote it by cvk™(X) where n > 2.
Assumption. From now on all our spaces will be separable metric spaces.

Definition (Coarse obstruction dimension). Coarse obstruction dimension of a space Y,
denoted by cobdim(Y’), is 0 if Y is bounded. For unbounded Y, we say cobdim(Y') :=

max{n, 1}, where n is the largest such that cvk™(Y") # 0.
Now we present the main theorem of this paper.

Theorem 4.4.8. If there exists a coarse expanding map X — Y, then cobdim(X) <
cobdim(Y").

Proof. If cobdim(X) = 0, then there is nothing to prove. If cobdim(X) = 1, then X is
unbounded by definition. This means Y is also unbounded and hence cobdim(X) > 1.
Suppose cobdim(X) =n > 2. Let g : Y — R*™ be a coarse expanding map. Consider the
following composition.

XxXLyxy e xe
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By Proposition 4.4.6, the above maps induce the following maps between coarse cohomology

of the configuration spaces
HIXE, ((6%) = 8(£)) % HX,(Y* = 8(Y)) = HXE, (X* — §(X))

Let e" € HX7 ((£*)* — 6(£>)) be the generator. Then cvk™(Y) = g*(e") and cvk™(X) =
frg*(e™)) = f*(cvk™(Y)). By assumption cvk™(X) # 0 and hence cvk™(Y) # 0. So, we get
cobdim(Y") > n. O

One immediate corollary of the above theorem is the following.
Corollary 4.4.9. If X and Y are coarsely equivalent, then cobdim(X) = cobdim(Y').

In Example 4.3.6, we saw that HX7_(Conf(R")) = 0 for all x > n. Hence cobdim(R") < n.

Using Theorem 4.4.8, we get the following.

Corollary 4.4.10. If cobdim(X) > n, then X does not admit a coarse expanding map into
R,

4.5 Relation with the classical van Kampen obstruction

Let us recall the classical van Kampen obstruction class. Let X be a topological space.
Any continuous embedding f : X < R* induces a map f : H*((R®)? — §(R>)/Zy) —
H*((X? — §(X))/Zsy). This map depends only on X because the quotient map ((R*)? —
§(R>®)) = ((R>®)? — §(R*>))/Z is a universal Zy-bundle. Let n* € H*((R*)? — 6(R>)/Z,)
be the generator. Then vk*(X) := f(n*) is called the van Kampen obstruction class in degree
. Note that (£>°)? — §(£>°) — ((£°)? — §(£>*))/Zy can also be considered as a universal
Zo-bundle because (£>°)% — §(£>°) is contractible. Hence we can use £*° instead of R> to

define vk*(X). We use this viewpoint in the next Proposition.
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Proposition 4.5.1. Let X be a uniformly contractible, locally contractible and unbounded
space. Suppose i : H (X2 — 6(X))/Zs) — ligljl*(()(2 — N,(6(X)))/Zy) is the map induced
by inclusions X? — N, (6(X)) — X% — 6(X) for each r > 0. Then given n > 2, cvk™(X) is

nontrivial if and only if i(vk™ 1 (X)) is nontrivial.

Proof. Let f: X — (*° be an isometry. We then have the following commutative diagram

where the top vertical isomorphism maps are due to the Proposition 4.4.2.

H X3, ((6%)% — 6(£)) ! » HX;, (X2~ 0(X))

l% lg

limg H™((6%)? = No(3(6)))/Z2) — limg B (X7 = N,(8(X)))/Ze)

] 4

A (%002 = 6(6))/Zy) ——L—— 0 (X2 = 6(X))/Zs)

We note that the image of the generator of 131*71(((600)2 — 0(0>°))/Z3) under the bottom
horizontal map is v&*~1(X) if * > 2. By the commutativity of the above diagram, it follows

that cvk*(X) is nontrivial if and only if i(vk*~*(X)) is nontrivial when * > 2. O

Let K be a finite complex. There is a natural way to put a metric on the open cone
Cones(K) = K x [0,00)/K x {0}. Embed K piecewise linearly into a high-dimensional
sphere SV~1 and identify Coney(K) with the union of all the rays coming from the origin in
RY that meet the embedded copy of K. Equip Cone.,(K) with the subspace metric induced

from RY. We call this space a Euclidean cone on K and denote it by Cone’ (K).

Theorem 4.5.2. Let K be a finite simplicial complex and let Cone(K) = K x [0,1]/K x 0
be the finite cone on K. Then vk* ' (Cone(K)) # 0 iff cvk*(ConeS (K)) # 0, when * > 2.

In particular, vk" ! (Cone(K)) # 0 and n > 2 implies cobdim(Cone’ (K)) > n.

Proof. Since K is a finite complex, Cone_(K) satisfies the hypothesis of Proposition 4.4.2.
In this case, the map i from the Proposition 4.4.2 is in fact isomorphism. Hence we get

cvk*(Cone® (K)) # 0 if and only if vk*~1(Cone® (K)) # 0 when * > 2. One can check that
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the inclusion map Cone(K) — ConeS (K) induces isomorphism between the cohomology of
their configuration spaces. It follows that vk*~'(Cone(K)) # 0 iff vk*~'(ConeS (K)) # 0.
Hence we obtain that vk*~1(Cone(K)) # 0 iff cok*(Cone(K)) # 0, when * > 2. O

4.6 A coarse Gysin sequence

Let p : X? — X?/Z, denotes the quotient map where Z, acts by switching the co-
ordinates. Suppose, By := p(X?) and By := p(6(X)). Equip Bx with the metric
dy(z,y) = min{d(2’,y’) | p(z’) = z,p(y') = y}. For any r > 0, we have the following

Gysin sequence ( cf [9], page 438 ) for Zy-bundles.
— H*"Y(Bx — N,(BY)) = H*(Bx — N,(BY)) = H(X*? — N,(6(X))) —

Since direct limit is an exact functor, letting » — oo in the above sequence, we obtain the

following long exact sequence
— liﬂH*_l(BX — N,(B%)) — @H*(BX — N,(B%)) — @H*(XQ — N,.(6(X))) — (4.6.1)

If X is uniformly contractible, locally contractible and unbounded, then Theorem 4.3.5 implies

that

HXL (X2 6(X)@Zy if =0,
1iAF1H*<BX - NT(BS()) -
HX;H (X% - 6(X)) otherwise.

Similarly, we have

@H*(XQ—N((;(X))): HXY (X2 - 6(X))®Zy if =0,

HX* (X2 - §(X)) otherwise.
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Hence for such X, we can rewrite the long exact sequence (4.6.1) in terms of coarse cohomology.

We record this in the following lemma.

Lemma 4.6.1 (Coarse Gysin sequence). If X is uniformly contractible, locally contractible

and unbounded, then there is a long exact sequence as follows

0— HXj (X?—6§(X)) ®Z —» HX'(X? = §(X)) @ Zo — HX} (X? — §(X)) ® Zy —
o= HXG (X2 = 0(X)) = HXH(X? = §(X)) = HX (X2 — 6(X)) — -+
(4.6.2)

where x > 2.

Observation 4.6.2. Suppose X is uniformly contractible, locally contractible and unbounded.
Additionally assume that HX'(X?—d(X)) = 0. It follows from Lemma 4.6.1 that HXj, (X*—
d(X)) = 0. As a consequence, the second map in (4.6.2) is an isomorphism. That means, in

this case, we can write the beginning part of the coarse Gysin sequence (4.6.2) as follows
0—Zy —HX} (X?—§(X)) » HX*(X? - §(X)) - HX)_(X* —6(X)) = ---  (4.6.3)

This observation will be useful for us in several occasion.

We will use Lemma 4.6.1 to estimate cobdim for certain spaces in the next two sections.

4.7 On the upper bound of cobdim

Our first goal in this section is to prove that cobdim(X) < n where X is a proper, uniformly
contractible n-manifold (corollary 4.7.3). We begin by calculating HX*(X? — §(X)) for such

spaces.

Lemma 4.7.1. If X is a proper, uniformly contractible n-manifold, then
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0 otherwise.

Proof. 1f X is a proper, uniformly contractible n-manifold, then X x X is a proper, uniformly

contractible 2n-manifold. By corollary 2.8.3, we get

0 otherwise.

Theorem 4.7.2. If X is a proper, uniformly contractible n-manifold, then

. 2 B Zg QS*SH,
HX7, (X" —-6(X)) =

0 otherwise.

Proof. Observe that X is unbounded because it is proper and it does not have a boundary.
Elements of HXY_(X? — (X)) are constant functions on X x X with support contained in a
neighborhood of §(X). Since X is unbounded, we have HX) (X? —4§(X)) = 0.

By Lemma 4.7.1, we have

0 otherwise.

Next we will show that HX} (X? — (X)) = 0 if *+ > n. For x > 2, consider the following

part of the coarse Gysin sequence.
= HXH(X? = 6(X)) = HXG, (X7 = 6(X)) = HXGH(X? = 6(X)) — -+ (4.7.1)

Since HX*(X? — §(X)) = 0 for * > n, the middle map is an isomorphism for * > n.
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Hence, HX}, (X? — §(X)) = HX}M(X? — §(X)) if + > n + 1. That means, if H X} (X? —
6(X)) # 0 then HX} (X? — (X)) # 0 for all + > n+ 1. But HX} (X? — (X)) =
liﬂﬁ*_l(BX — N, (B%)) = 0 for x > 2n + 2 since Bx — N,(BY) is a 2n-manifold. That
means, HXJ ™ (X? — §(X)) = 0 and consequently, HX} (X2 —6(X)) =0 for all * >n + 1.

We divide rest of the calculations in three cases.

Case 1 (n = 1). We only have to show that HXj, (X*—§(X)) = 0. Consider the following

part of the coarse Gysin sequence

0— HX} (X?—§(X)) ®Z —» HXN(X? = §(X)) ® Zo — HX} (X? — §(X)) ® Zy

— HX7 (X?—6(X)) > HX*(X? = §(X)) = -+ (4.7.2)

Since n = 1, we have HX!'(X? — §(X)) = Zy. Since the second map in the above
exact sequence is injective, HXj, (X? — §(X)) is either Z, or it is trivial. We claim that
it cannot be Zy. On the contrary, suppose HXj, (X* — 0(X)) = Z,, then the second map
in the above sequence is an isomorphism. This implies that the fourth map is injective.
Hence HX? (X? — §(X)) # 0 which is a contradiction because HX7 (X? — §(X)) = 0 for
* >n+1=2. Hence, HX] (X?—4§(X)=0.

Case 2 (n = 2). Since HX'(X?—4(X)) = 0, we observed in 4.6.2 that HX}, (X?—§(X)) =
0 Furthermore, we have HX?*(X? — §(X)) = Z, by hypothesis and we already showed

HXJ (X? —4(X)) =0. So the sequence (4.6.3) takes the following form.
0—Zy = HXJ (X? = (X)) = Z, - HX}_(X* = 6(X)) = 0

So there is an injective map and a surjective map from Z, into HX?_(X? — §(X)). It follows

that HX? (X? —§(X)) = Z,.

Case 3 (n > 2). In this case, HX!(X? — §(X)) = 0. Hence, observation 4.6.2 tells us
HXL (X? = §(X)) =0,
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Since HX?(X?% — §(X)) = 0, the sequence (4.6.3), in this case, takes the following form.
0—Zy —»HX} (X*—6(X) = 0—...

Hence HX? (X? — (X)) = Zs.
Since HX*(X? —4§(X)) = 0 for * < n—1, it follows from (4.7.1) that HX},_(X?—§(X)) =
HXZl(X2 —0(X)) for 2 < * < n —2. That implies

HX%Q(XQ _5(X)) = HX%Q(XQ - 5(X)) =75 when 2 < x <n-—1.

Finally to compute HX7 (X? — 6(X)), consider the following part of the coarse Gysin

Sequence.
> HXP (X?—6(X)) - HX"(X*—4(X)) — HX} (X*—§(X)) = H ngl(XL&(X)) — e

Since HX"(X?—§(X)) # 0 by assumption, it follows from the above sequence that H X}, (X?—
d(X)) # 0. We already know that the fourth term is trivial in the above sequence. That

means the third map is surjective. Since HX"(X? — §(X)) = Z,, we can conclude that

HX2 (X? - §(X)) = Z,.

As a consequence of the above theorem, we obtain the following.
Corollary 4.7.3. If X is a proper, uniformly contractible n-manifold, then cobdim(X) < n.

Our next goal is to improve Corollary 4.7.3 to include manifolds with boundaries. For
that, we need to impose a condition on the metric of the boundary. The following definition

is inspired by the locally k-connected space defined in [6].

Definition. A metric space (X, d) is uniformly locally contractible if for every e > 0, there is

a 0 > 0 such that any ball of radius ¢ is contractible inside a ball of radius e.
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Lemma 4.7.4. Let (X, d) be a uniformly locally contractible metric space. Then the space
X X [1,00) has a metric that makes the space uniformly contractible away from X x {1} and

the map x w— (x,1) is an isometric embedding of X into X X [1,00).

Proof. The construction of the metric is the same as the one appearing in Lemma 2.2 of [6].
Choose a continuous strictly increasing function ¢ : [1,00) — [1,00) with ¢(1) = 1. Let d be

the original metric on X and define a function p’ by
L. o ((z,t), (2, ) = o(t)d(x, z').
2. p((x,t), (z,t") = [t = t].

We then define p : (X x [1,00))? — [0,00) to be

p((l", Zf), (33/, t/)) = inf Z pl(($ia ti)v (l'i—ly ti—l))

where the sum is over all chains

(ZL’, t) = (ﬂfo,to), (.’ﬂl,tl), ceey (.lel, tl) = (.T/,tl)

and each segment is either horizontal or vertical. It pays to move towards 1 before moving in
the X-direction. Also ¢(1) =1 implies that X x {1} with the subspace metric is isometric
to X via the map (z,1) — z. Now we will describe a ¢, so that corresponding metric p
makes X x [1,00) uniformly contractible away from X x {1}. Since X is uniformly locally
contractible, we have an infinite positive decreasing sequence {r;} with r; = 1 such that for
1

every x € X, the inclusions ... C B (z) C By, (x) C are nullhomotopic maps. Set ¢(t) = ;-

for t € N. For nonintegral values of ¢, we set

¢(t) = o([t]) + (¢ = [t)e([t] + 1)

Suppose, N; = -2 Now we consider the ball BY(z,i) C ¢X. Note that Bf(x,i) C
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B, (z) x [i — k,i+ k] and that BY(z,7) contracts in itself to By (x,7) N (X x [i — k,1i]) C

Ni—k

B, (x) x[i —k,i]. Also, B* , (z)x{i—k—1} C B ,(x,i). So, Bf(x,i) can be

Ni_k Ni_k—1

contracted inside By ,(z,7) by pushing it down to (i — k — 1)-level and contracting it there.

[
The following gluing lemma can be found in [5].

Lemma 4.7.5 (|5], Lemma 1.5.24). Let X; and X5 be two proper metric spaces. Let A; C X;
be closed subset and f : Ay — Ay be an isometry. Let Y be the space obtained by gluing
(X, A;) along A; via the map f. Defined:Y xY — R as follows

dl(‘x:y) 1f.75,y € X;
d(x,y) =
inf,c 4 {di(z,a) +da(f(a),y)} ifreXi,yeX

Then
1. d is a proper metric on Y .
2. The canonical inclusions X; — Y are isometric embedding.

Proposition 4.7.6. Any uniformly contractible, proper n-manifold with uniformly locally
contractible boundary admits an isometric embedding into a uniformly contractible, proper

n-manifold.

Proof. Since OM is uniformly locally contractible, Lemma 4.7.4 allows us to equip OM X [1, 00)
with a metric so that it is uniformly contractible away from OM x {1}. Let p,j: Ry — R,
be two functions such that any ball B(z,r) in OM x [1,00) is contractible inside B(z, p(r))
whenever d(z,0M x {1}) > j(r). We glue OM x [1,00) to M along OM by the attaching
map (x,1) — x. We call this space Y. By Lemma 4.7.5, there is a proper metric on Y such
that the canonical maps M < Y and OM X [1,00) < Y are isometric embedding.

We claim that Y is uniformly contractible. Since M is uniformly contractible, there

exists a function 7 : [0,00) — [0, 00) such that, for any r > 0, any ball of radius r in M is
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contractible inside a concentric ball of radius 7(r). Take a ball B,.(z) of radius 7 in Y. If
x € M and d(z,0M) > r, then B,(x) is contained inside M because points in M X [1,c0)
are at least as far from x as points in M by the construction of the metric on Y. Hence,
B,(x) is contractible inside B.y(x). If x € OM x [1,00) and d(x,0M) > j(r) + r, then
B(xz,r) C OM x [1,00) and hence is contractible in B(x, p(r)). If d(z,0M) < j(r) +r, we
can deformation retract B,(z) N (OM x [1,00)) by sliding it along [1,c0) until it lands on
OM x {1}. This homotopy takes place in a set of diameter at most 2j(r) 4+ 2r because the
diameter shrinks as we approach towards X x {1}. So the deformed ball is now contained in
M and has diameter at most 2r. This set is contractible inside a set of diameter at most
7(2r) by uniform contractibility of M. Hence B, (z) is contractible inside a set of diameter at

most 2j(r) 4+ 2r + 7(2r). Hence Y is uniformly contractible. O
As a consequence of the above proposition, we get the following.

Theorem 4.7.7. If X is a proper, uniformly contractible n-manifold with uniformly locally

contractible boundary, then cobdim(X) < n.

Proof. By Proposition 4.7.6, we have a uniformly contractible proper n-manifold Y such that
X embeds isometrically in Y. By Theorem 4.4.8, it follows that cobdim(X) < cobdim(Y").

By Corollary 4.7.3, we know cobdim(Y’) < n and hence cobdim(X) < n. O

Now we can prove the following improvement of Corollary 4.4.10. The proof is immediate

from Theorem 4.4.8 and Theorem 4.7.7.

Corollary 4.7.8. If cobdim(X) > n, then X cannot be coarsely embedded into a proper,

uniformly contractible (n — 1)-manifold with uniformly locally contractible boundary.

Definition (Cocompact action dimension). The cocompact action dimension cadim(G) of
a group G is the least dimension of a contractible manifold (possibly with boundary) that

admits a proper cocompact G-action.

Corollary 4.7.9. cadim(G) > cobdim(G).
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Proof. Suppose cadim(G) = n. Then G admits a proper, cocompact action on a contractible
n-manifold M. By Milnor-Schwarz Lemma, there exists a coarse equivalence f : G — M.
Since M is contractible and it admits a cocompact action, M is uniformly contractible.
Similarly, since M is locally contractible and it admits a cocompact action, it is uniformly
locally contractible. Since M is proper, by Theorem 4.7.8, we get cobdim(G) < n = cadim(G).

O

4.8 On the lower bound of cobdim

In this section our main theorem is the following.

Theorem 4.8.1. If X is uniformly contractible, locally contractible and HX*(X? —§(X)) =0

for x <n —1, then cobdim(X) > n.

Proof. For n = 0, the claim is trivial. If n = 1, the assumption says HX°(X? — §(X)) = 0.
This means X is unbounded, otherwise non zero constant functions from X?2 to the Z, give
nontrivial elements in HX%(X? — §(X)). Hence, cobdim(X) > 1 in this case.

Suppose n > 2 and f : X — (> is an isometry. We first show that f* : HX%2 (=) —
s(e=)) L1 X7,(X? — (X)) is a nontrivial map. To see that, consider the following part of
the maps between the concerned coarse Gysin sequences. Our goal is to show the second

vertical map is nontrivial.

S HXY((£2)2 = §(6%)) © Ty —— HXZ ((£2)? — 6(£%)) — ...

Ir r

o HXY (X2 = 6(X)) ® Zy —L—s HXE, (X% — (X)) — ...

By commutativity of the diagram, Our claim follows if we can show that j is injective and
the first vertical map is non trivial. Since HX!'(X? — §(X)) = 0, it follows from (4.6.3) that

J is injective. Next we show that the first vertical map in the above commutative diagram is
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non trivial. It is equivalent to showing that the following map is not trivial.
frEm HO((09)? = No(8(£%)))/Zz) — lig HY((X* — N,(8(X)))/Zo)

This follows from the fact that the domain of those maps are isomorphic to Z, where the
nontrivial elements are coming from the nontrivial constant maps (¢°)? — Z, and X2 — Z.
Hence we can conclude that the map f*: HXF (£*)* —4(¢>)) - HXZ (X? — 0(X)) is non
trivial.

Let us now consider the maps between the following parts of the coarse Gysin sequences

where x > 2.

— HX*((0)% = 0(0)) — HXG,(£%)% = 6(£)) — HXZH((£)* = 6(6)) —

| J I

— HX*(X2 = §(X)) — HX3, (X2 - §(X)) — HXG (X2 - 6(X)) —

Note that the first terms of both sequences above are trivial for x < n — 1. That implies
that the third horizontal maps in the above diagram are injective. Hence by commutativity
of the diagram, if the second vertical map is nontrivial then so is the third vertical map
whenever x* < n — 1. We saw previously that, when x = 2 the second vertical map is injective.
It now follows by induction that the third vertical map is injective when * < n — 1. In
particular, when * = n — 1, injectivity of the third vertical map means cvk™(X) # 0. Hence,

cobdim(X) > n.

As a consequence of the above theorem we get the following.

Corollary 4.8.2. If X is a proper, uniformly contractible and locally contractible coarse
PD(n) space, then X cannot be coarsely embedded into a proper, uniformly contractible

(n — 1)-manifold with uniformly locally contractible boundary.

Proof. If X is a proper, uniformly contractible and locally contractible coarse PD(n) space,
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then it satisfies the hypothesis of Theorem 4.8.1. Hence, cobdim(X) > n. The claim now

follows from Corollary 4.7.8. O

Example 4.8.3. If X is a proper, uniformly contractible n-manifold, then it satisfies all the
hypothesis of the above corollary. Hence cobdim(X) > n. Theorem 4.7.7 implies that
cobdim(X) < n. Hence cobdim(X) = n whenever X is a proper, uniformly contractible

n-manifold.
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