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ABSTRACT

Robust Estimation of Ornstein-Uhlenbeck

Parameters

by

Timon Kramer

The University of Wisconsin-Milwaukee, 2022
Under the Supervision of Professor Daniel Gervini

The standard estimators of the parameter of the Ornstein-Uhlenbeck process are vul-

nerable to contamination in the data sets. In this thesis more robust estimators for the

parameter of the Ornstein-Uhlenbeck process are proposed which use medians instead of

means. The scaling for these estimators is more complex and numerical methods must be

used. A possible numerical implementation is described. The performance of the standard

estimators and the proposed robust estimators are compared on data sets with different lev-

els of contamination and different kind of errors. This thesis shows that the proposed robust

estimators can be considerably better than the standard estimators on contaminated data

sets.
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Introduction

Contamination in data sets can easily happen and it can be hard to reverse it. Sample

means are very sensitive to contamination in data sets, whereas sample medians can be

more resistant to them.

The standard estimators of the parameters of an Ornstein-Uhlenbeck process are vul-

nerable to contamination of the data sets as these are based on sample means. To make

these estimators more resistant to contamination in data sets, the means can be replaced by

medians. This yields a more robust set of estimators for the Ornstein-Uhlenbeck process.

In this master thesis, robust estimators of the parameters of an Ornstein-Uhlenbeck

process are introduced based on [Falk, 1997] and a possible implementation of these is de-

scribed. The performance of the robust estimators is then compared to the performance of

the standard estimators on data sets with different contaminations.

The computation of the robust estimators is more complex than the computation of

standard estimator. The medians have to be scaled for consistency. Especially the scaling

of the robust estimators for the autocorrelation is complicated as it has no closed form and

numerical methods must be used. In this thesis, the Monte Carlo method and a root-finding

algorithm is used to compute an approximation of the robust autocorrelation estimator.

For the comparison of the performance of the robust estimators and the standard estima-

tors, a data model is created using an Ornstein-Uhlenbeck process with one set of parameters.

From this data model contaminated data sets are created and a comparison is conducted on

each of them. The thesis shows that the robust estimators can be considerably better than

the standard estimators on contaminated data sets.
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The structure of the thesis is as follows: In Chapter 2, the theoretical basics of an

Ornstein-Uhlenbeck process are provided and the standard and the robust estimators for

the Ornstein-Uhlenbeck parameters are introduced. Chapter 3 provides a description of the

implementation of the estimators. Especially, the implementation of the robust autocorre-

lation estimator which is needed for the robust estimation of λ and σ is described in more

detail. In Chapter 4, the performance of the standard and robust estimators is analyzed on

data sets with different contaminations. Chapter 5 concludes the thesis with a summary of

the findings and an outlook for further research.
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Theoretical Basics

This chapter states the theoretical basics of an Ornstein-Uhlenbeck process and introduces

the estimation of its parameters based on a sample of observations using the standard and

a robust approaches.

I.1 Ornstein-Uhlenbeck Process

This section introduces the Ornstein-Uhlenbeck process. It is based on [Rieder, 2012].

An Ornstein-Uhlenbeck process X = (Xt)t≥0 is a stochastic process which evolves ac-

cording to the following stochastic differential equation (SDE)

dXt = λ(µ−Xt)dt+ σdBt

with parameters λ, σ ∈ R+, µ ∈ R and (Bt)t≥0 denoting the standard Brownian motion. The

solution of this SDE is given by

Xt = e−λtX0 + µ(1− e−λt) + σ

∫ t

0

eλ(s−t)dBs

where
∫ t
0
eλ(s−t)dBs ∼ N (0, 1−e

−2λt

2λ
). In the following it is assumed that the initial distribu-

tion is the limiting distribution for t → ∞, i.e. X0 ∼ N (µ, σ
2

2λ
). In addition, it is assumed

that X0 is independent of (Fk)k≥0 with Fk = σ(
∫ t
0
eλ(s−t)dBs|t ≤ k). Then, the process is

Gaussian with Xt ∼ N (µ, σ
2

2λ
) and the covariance is given by Cov(Xt, Xu) = σ2

2λ
e−λ|t−u| for

t, u ≥ 0.
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I.2 Estimating the Parameters

Assume an Ornstein-Uhlenbeck process as described above is observed on a regular time grid

with 0 ≤ t1 < ... < tn where ti−ti−1 = d with i ∈ {2, ..., n} and d ∈ R+. The observed values

of the Ornstein-Uhlenbeck process Xt at t ∈ {t1, ..., tn} are denoted by (Xt1 , ..., Xtn). The

goal is to estimate the parameters µ, σ2 and λ of the observed Ornstein-Uhlenbeck process

using the observations. From above it is known that the observations Xt1 , ..., Xtn satisfy

E(Xti) = µ, Cov(Xti , Xti−1
) =

σ2

2λ
e−λd, V ar(Xti) =

σ2

2λ

I.2.1 Standard Estimators

The standard estimators for µ, λ, σ2 are based on estimations of the mean, variance, and

correlation. These are given by

µ̂ = X̄, λ̂ = − ln(ρ̂)

d
, σ̂2 = 2λ̂ŝ2 (I.2.1)

where X̄ is the sample mean, ρ̂ is the autocorrelation at lag 1 and ŝ2 is the sample

variance, i.e.,

X̄ =
1

n

n∑
i=1

Xti , ρ̂ =

∑n
i=2(Xti − X̄)(Xti−1

− X̄)∑n
i=1(Xti − X̄)2

, ŝ2 =
1

n− 1

n∑
i=1

(Xti − X̄)2

A disadvantage of these estimators is that they are not resistant to contaminations in the

data.

I.2.2 Robust Estimators

To gain more outlier resistant estimators for Ornstein-Uhlenbeck parameters, we replace the

standard mean, variance and correlation estimators by robust alternatives. We propose the

4



following more robust estimators for the Ornstein-Uhlenbeck parameters. There, instead of

using the mean in the formulas of the estimators, we use medians.

The sample mean X̄ of the observations is replaced by the sample median, i.e.,

X̃ = medi∈{1,...,n}(Xti)

Instead of using the sample standard deviation ŝ, the scaled median absolute deviation

s̃ is used, which is given by

s̃ =
medi∈{1,...,n}(Xti − X̃)

Φ−1(3/4)

where Φ−1 is the quantile function of the standard normal distribution. This scaling factor

is needed for consistency under the normal distribution (cf. [Falk, 1997][p. 616]).

In a similar way, a robust autocorrelation estimator ρ̃ can be obtained. However, the

scaling for consistency is more complicated.

First, replacing mean with median in the standard autocorrelation formula yields the

coefficient

δ̂ =
medi={2,...,n}((Xti − X̃)(Xti−1

− X̃))

medi={1,...,n}(|Xti − X̃|)2
(I.2.2)

For scaling, we will use the same procedure as in [Falk, 1997] where it is used in a

robust estimation of the correlation coefficient of a bivariate normal distribution. The robust

estimator for the autocorrelation has then the form

ρ̃ = g−1(g(1)δ̂) (I.2.3)

where the function g(ρ) is defined as the median of XY with (X, Y ) being a bivariate normal

distribution with mean 0, unit variance and correlation ρ.
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As shown in [Falk, 1997], g(ρ) is such that it holds

P (XY ≤ g(ρ)) =
1

2

The function g(ρ) defined on ρ ∈ [−1, 1] is a strictly monotone increasing, symmetric and

continuous function. It holds that

g(ρ1) < g(ρ2), −1 ≤ ρ1 < ρ2 ≤ 1

g(−ρ) = −g(ρ), −1 ≤ ρ ≤ 1

g(1) = Φ−1(3/4)2

However, g(p) has no closed form and must therefore be evaluated by Monte Carlo simula-

tions.

After obtaining ρ̃ the formulas for the robust estimators of µ, λ and σ2 are then given by

µ̃ = X̃, λ̃ = − ln(p̃)

d
, σ̃2 = 2λ̃s̃2 (I.2.4)

6



Implementation of the Estimators

The standard estimators µ̂, λ̂ and σ̂2 and the robust estimator µ̃ can be easily implemented

by using built-in functions in the statistics software R [R Core Team, 2020]. To compute

the robust estimators λ̃ and σ̃2, the robust autocorrelation estimator ρ̃ must be calculated.

This is more complex as a closed formula for the functions g and g−1 does not exist.

To compute ρ̃ as given in Formula (I.2.3), g−1 must be evaluated at g(1)δ̂. This value

can be calculated from the observations of the Ornstein-Uhlenbeck process using Formula

(I.2.2) and the fact that g(1) = Φ−1(3/4)2.

Evaluating g−1(g(1)δ̂) is equivalent to finding ρ̃ such that g(ρ̃) = g(1)δ̂. Therefore, this

can be reformulated as a root-finding problem. Define the function f(ρ̃) := g(1)δ̂ − g(ρ̃).

The function has exactly one root for δ̂ ∈ [−1, 1] as g(ρ) is strictly increasing, continuous

and g(ρ) ∈ [−Φ−1(3/4)2,Φ−1(3/4)2].

Therefore, evaluating g−1(g(1)δ̂) includes two tasks. A root-finding algorithm must be

applied on the function f(ρ) to find ρ such that for a given tolerance ε > 0, it holds |f(ρ)| =

|g(1)δ̂ − g(ρ̃)| < ε. To be able to calculate f(ρ), g(ρ) must be computed for different values

of ρ. For this Monte Carlo method is used.

7



I.3 Evaluation of the Function g

To be able to calculate g(ρ) in the root-finding algorithm, m ∈ N independent bivariate

standard normal distributed random variables are created, i.e.,

Xi

Yi

 ∼ N

0

0

 ,

1 0

0 1


 , for i ∈ {1, ...,m}

For this the R function ”rmvnorm” is used from the package ”Rfast” [Manos Papadakis and

Chatzipantsiou, 2021]. During the whole root-finding algorithm and for the computations of

g for different ρ, the same set of Xi, Yi with i ∈ {1, ...,m} is used.

For a given ρ ∈ [−1, 1], the covariance matrix is defined as

Σρ =

1 ρ

ρ 1



Using Cholesky decomposition Σ
1
2
ρ is calculated from the covariance matrix. This is done by

the build in function ”chol” in R.

Bivariate normal random variables with covariance ρ can be created using Σ
1
2
ρ and the

bivariate standard normal random variables Xi, Yi, i.e.,

Xi,ρ

Yi,ρ

 := Σ
1
2
ρ

Xi

Yi

 ∼ N

0

0

 ,Σρ

 , for i ∈ {1, ...,m}

Therefore, (Xi,ρ, Yi,ρ)1,...,m is a set of observations of a bivariate Normal distributed ran-

dom variable with mean 0, unit variance and correlation ρ.

From this, g(ρ) can be estimated as

g(ρ) = medi∈{1,...,m}(Xi,ρYi,ρ)

8



In this application, the number of bivariate normal variables was set to m = 10, 000. This

yields an appropriate trade-off between accuracy and computational effort concerning the

application of this thesis.

I.4 Implementation of the Root-Finding algorithm

As described above, finding g−1(g(1)δ̂) can be formulated as a root-finding problem for the

function f(ρ̃) = g(1)δ̂ − g(ρ̃). The function f is continuous, strictly decreasing and has

exactly one root on the interval [−1, 1].

To find the root of f , a numerical method is used. Applying the regula-falsi method on a

continuous function has the advantage that it will converge to a root and it does not need the

derivative of the function which can be costly to evaluate. However, it converges slowly on an

interval where the function is convex or concave. There, one of the end-points is always kept

which leads to a first order asymptotic convergence (cf. [Dowell and Jarratt, 1971]). This

problem is faced by the Illinois method which is a modification of the Regula-Falsi method.

The Illinois method still has a guaranteed convergence. It is used in the implementation of

this thesis. The following description of the Illinois method is based on [Dowell and Jarratt,

1971].

To find a root of the function f , the Illinois method needs two starting points α1, β1 ∈

[−1, 1] with f(α1)f(β1) < 0. This makes sure that there is a root between α1 and β1. Set

fα1 := f(α1) and fβ1 := f(β1). The next point is calculated by the rule

γl = βl − fβl
βl − αl
fβl − fαl

, l ∈ N (I.4.1)

If the stop condition is triggered by γl, i.e., |f(γl)| < ε, then an approximation of the root is

found and ρ̃ = γl is set. Otherwise, there are two cases. If f(γl)fβl < 0 set

βl+1 := γl, fβl+1
:= f(γl), αl+1 := βl, fαl+1

:= fβl

9



and compute γl+1 by Formula (I.4.1). If f(γl)fαl < 0 set

βl+1 := γl, fβl+1
:= f(γl), αl+1 := αl, fαl+1

:=
1

2
fαl

and compute γl+1 according to Formula (I.4.1).

The function g satisfies g(−ρ) = −g(ρ). This implies, g(0) = 0. Since, g is also strictly

increasing, it holds that g|[0,1] : [0, 1]→ [0,Φ−1(3/4)2] and g|[−1,0] : [−1, 0]→ [−Φ−1(3/4)2, 0].

Therefore, if g(1)δ̂ > 0 set as starting values for the Illinois method α1 := 0 and β1 = 1. If

g(1)δ̂ < 0 set as starting values α1 := 0 and β1 = −1. This will skip several steps in the

beginning. As a root of f is found by the Illinois method, an approximation ρ̃ of ρ = g−1(g(1)δ̂

is found which satisfies the condition |g(1)δ̂−g(ρ̃)| < ε. In the implementation of this thesis,

the tolerance is set to ε = 10−6.

10



Performance of the Estimators

In this chapter, the robust estimators for the Ornstein-Uhlenbeck parameters are compared

to the standard estimators. This comparison is done on a numerical example. First, the

data sets on which the comparison is performed are described. Data sets are created from an

Ornstein-Uhlenbeck process. Those data sets are then contaminated in different ways. The

standard and robust estimators are then applied on the data sets without any contaminations,

the so-called clean data sets, and the contaminated data sets. The performance of the

standard and the robust estimators on the clean data sets and the contaminated data sets

is then analyzed.

I.5 Description of the Data Sets

First, 5000 independent replications of 1000 observations of an Ornstein-Uhlenbeck process

as described in Section (I.1) to the parameters µ = 0, σ = 1, and λ = 0.5 and distance of

d = 1 are created. Those data sets are referred to as the clean data sets in the following.

From those data sets, nine different sets of data sets with contaminations were created

by looking at three different error types to three different levels of contaminated data each.

The three levels were 1%, 10% and 20%.

The first types of contaminated data sets were created by randomly picking 1%, 10% and

20% of data points of each trial and assign them a value created by a Cauchy distribution

with parameters location = 0 and scale = 0.5. This type of error is in the following called

Cauchy error.

11



The second types of contaminated data sets were created by picking randomly 1%, 10%,

20% of consecutive data points of each trial and add to their value five times the standard

deviation of Xi, i.e., 5
√

σ2

2λ
. This type of error is in the following referred to as consecutive

gross error.

The third types of contaminated data sets were created by picking randomly 1%, 10%,

20% of non-consecutive data points of each trial and add to their value five times the standard

deviation of Xi. This type of error is in the following referred to as non-consecutive gross

error.

For each trial in the contaminated data sets, the parameters of the underlying Ornstein-

Uhlenbeck process, i.e., µ, σ, λ, were estimated using the robust estimators and the standard

estimators.

In the following, the results of the standard estimators and the robust estimators for the

different data sets are compared. First, the performance on the clean data sets is analyzed.

Then the performance on the different contaminated data sets is compared.

I.6 Performance of the Estimators on Clean Data

The mean squared error (MSE) between the estimated value and the true value over all 5000

trials for the robust and the standard estimators on the clean data sets to each parameter

are listed in the table below.

Parameter µ λ σ

MSE Robust Estimator 0.004715332 0.007078571 0.00631273

MSE Standard Estimator 0.004036685 0.00189052 0.0008186828

Table I.1: MSE of robust estimators and standard estimators on the clean data sets

The MSE from the standard estimators is lower for each parameter compared to the ro-

bust estimators. Larger differences can be seen for estimating λ and σ. There, the MSE of the

robust estimators is around 4 times respectively around 8 times larger than the MSE of the

12



standard estimators. Suggesting that the standard estimators are performing considerably

better for clean data sets than the robust estimators.

In Figure I.1, the estimated values for the parameters µ, λ and σ using the robust

and standard estimators of each trial of the clean data sets are compared in boxplots. In

all following boxplots, the red line represents the true value from the simulated Ornstein-

Uhlenbeck process.
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Figure I.1: Boxplots for estimating parameters using robust estimators and standard esti-
mators on the clean data sets

The median of the estimated values to each parameter and estimation method are very

close to the true value. The boxplots for the estimated µ values are very similar for the

robust and standard estimation. For estimations of λ and σ the boxplots from the robust

and standard estimation are more different. There, the interquartile range of the standard

estimation is considerably smaller compared to the robust estimation and the minimum and

maximum values are also closer to the true value. This shows, that the estimations using

the standard estimatorsare closer to the real value compared to the robust estimators.

From the MSE and the boxplots, it can be seen that the robust and standard estimators

are good estimators for the parameters of the Ornstein-Uhlenbeck process in this setting as

the MSE is low and the median is near the true parameter values. Especially for estimating

λ and σ the standard estimators is considerably better than the robust estimators. For µ
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the standard estimator is also better but the differences are smaller.

I.7 Performance of the Estimators on Contaminated

Data

I.7.1 Cauchy Error

In the following, the three contaminated data sets using the Cauchy error on the different

contamination levels are analyzed.

The MSE over all 5000 trials between the estimated value and the true value using

the robust and standard estimators on the Cauchy Error data sets to each parameter and

contamination level is shown in the Figure I.2. The values are listed in Table I.2.

0
50

10
0

15
0

20
0

Level

M
S

E

1% 10% 20%

Robust
Standard

(a) MSE Estimation of µ

0
2

4
6

8
10

Level

M
S

E

1% 10% 20%

Robust
Standard

(b) MSE Estimation of λ

0
50

0
10

00
15

00
20

00

Level

M
S

E

1% 10% 20%

Robust
Standard

(c) MSE Estimation of σ

Figure I.2: MSE of robust estimators and standard estimators on the Cauchy error data sets
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Parameter µ λ σ

MSE Level 1 - RE 0.004682336 0.008237459 0.007009895

MSE Level 1 - SE 0.09105189 0.6275789 43.77125

MSE Level 2 - RE 0.003776902 0.06036973 0.0365415

MSE Level 2 - SE 6.01104 5.780263 475.7216

MSE Level 3 - RE 0.002928552 0.2390789 0.1130848

MSE Level 3 - SE 408.4647 10.39043 1234.749

Table I.2: MSE of robust estimators (RE) and standard estimators (SE) on the Cauchy error
data sets

The difference in the MSEs are very considerably between the robust and the standard

estimators for each parameter and contamination level. The MSE of the standard estimators

is between around 19 and 139476 times higher than the MSE of the robust estimators. The

highest difference can be seen in σ and µ. The MSE of the robust estimators is the lowest for

parameter µ. The MSE increases over the contamination levels except for estimating µ with

the robust estimator. The robust µ estimator is especially robust as between the different

level almost no difference can be seen. Where as the MSE for λ and σ increases however

considerably less than for the standard estimators. The MSE of the standard estimators is

already in the first contamination level way higher than for the robust estimators.

The extreme difference is caused by the extreme values of the Cauchy distribution. The

standard estimator uses means for estimation. The means however can explode due to the

extreme values of the distribution.

In Figure I.3, the estimated values of µ using the robust and the standard estimators

over the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.3: Boxplots for estimating parameter µ using robust estimator and standard esti-
mator on the Cauchy error data sets

For the 1% level, the boxes of the robust and the standard estimator are very similar.

The median of both lies on the real µ value, the 25%- and 75%-quantile and the whiskers are

on a very similar level, too. However, the number of outliers differs. The standard estimator

has considerably more outliers beyond the whiskers.

For the 10%, 20% levels, the boxes of the standard estimator are larger than the boxes

of the robust estimator. More striking is, however, the number of outliers. The robust has a

few outliers near its whiskers. The standard estimator has a high number of outliers starting

at the whiskers and up to multiple interquantile ranges away from the whiskers. The median

for the robust and standard estimator still lies near the real µ value.

By contaminating the data using the Cauchy distribution, the mean of each trial can

increase or decrease significantly as the Cauchy distribution can yield extremely large positive

or negative values.

Figure I.4 shows the estimated values of λ using the robust and the standard estimator

over the 5000 trials for each of the three contamination levels in boxplots.
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Figure I.4: Boxplots for estimating parameter λ using robust estimators and standard esti-
mators on the Cauchy error data sets

For the 1% level, the real value of λ is at the robust estimator between the 25%-quantile

and the median. For the standard estimator, it is between the lower whisker and the 25%-

quantile, meaning that in most of the cases the standard estimator overestimates λ. The

box of the standard estimator is larger than the box of the robust estimator. Again the

number of outliers differs considerably. Whereas the robust estimator has a few outliers near

the lower whiskers and the higher whiskers, the standard estimator only has outliers above

the higher whiskers. These range from at the higher whisker up to several multiples of the

interquartile range away.

For the 10% and 20% level, robust and standard estimators are both overestimating λ,

however, the standard estimator does far worse. For the robust estimator, the real λ value is

between the lower whisker and the 25%-quantile or slightly below the lower whisker. For the

standard estimator the real value is way below the lower whisker. In addition, the boxplots

of the standard estimator is multiple times larger than the boxplots of the robust estimator.

As before, the standard estimator has a high number of outliers above the upper whisker

which can be multiple interquartile ranges away from the upper whisker.

By contaminating the data by randomly selecting data points in the trials and replace

them with a value from the Cauchy distribution, the covariance between data points de-
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creases. A lower covariance is represented by a higher λ. This can explain the overestimation

of λ.

In Figure I.5, the estimated values of σ using the robust and the standard estimator over

the 5000 trials for each of the three contamination levels are shown in boxplots.
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Figure I.5: Boxplots for estimating parameter σ using robust estimators and standard esti-
mators on the Cauchy error data sets

For the 1% level, the real value of σ is for the robust estimator very close to the median.

Whereas, for the standard estimator the real value is between the lower whisker and the

25%-quantile. Meaning that the standard estimator overestimates σ. For the 10%, 20%

levels, both estimators overestimate σ. For the robust estimator, the real σ value is between

the lower whisker and the 25%-quantile or slightly below the lower whisker. For the standard

estimator the real value is way below the lower whisker. In addition, the boxplots of the

standard estimator is multiple times larger than the boxplots of the robust estimator. The

standard estimator has a high number of outliers above the upper whisker which can be

multiple interquartile ranges away from the upper whisker.

The contamination of the data using the Cauchy distribution increases the sample vari-

ance as the Cauchy distribution can lead the extreme large values. An increased variance

leads to a higher σ. This can explain the overestimation of σ.

For the Cauchy error, the robust estimators are performing considerably better than
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the standard estimators. For estimating µ using the robust and standard estimator, the

median of the trials is near the real value. The boxes are also quite similar, however, the

robust estimator has considerably less outliers. For λ and σ, both the standard and robust

estimators overestimate the true value. However, the standard estimators perform way worse

with values several times larger than the values of the robust estimators. The boxplots of

the robust estimators are still near the true value of λ and σ.

I.7.2 Consecutive Gross Error

The MSE over all 5000 trials for the robust and standard estimators on the consecutive gross

error data sets to each parameter and contamination level is shown in the Figure I.6. The

values are listed in Table I.3.
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Figure I.6: MSE of robust estimators and standard estimators on the consecutive gross error
data sets

19



Parameter µ λ σ

Consecutive Gross Error Level 1 - RE 0.00487433 0.006781321 0.006488062

Consecutive Gross Error Level 1 - SE 0.006545356 0.008580982 0.0009002971

Consecutive Gross Error Level 2 - RE 0.02477688 0.01291377 0.008568548

Consecutive Gross Error Level 2 - SE 0.2542559 0.1304651 0.003281597

Consecutive Gross Error Level 3 - RE 0.1065416 0.04188863 0.01436949

Consecutive Gross Error Level 3 - SE 1.001763 0.169762 0.004510387

Table I.3: MSE of robust estimators (RE) and standard estimators (SE) on the consecutive
error data sets

The MSE for estimating µ and λ is for the robust estimators smaller than for the standard

estimators across all contamination levels. For σ, the standard estimator lead to a smaller

MSE over all contamination levels. The MSE increases with a higher contamination level

for all parameters and both types of estimators.

The MSE of the standard estimators and robust estimators for estimating µ and λ at

the 1% level are quite similar. The MSE of the robust estimators is only slightly lower. For

the 10%, 20% levels, the MSE of the standard estimators for estimating µ and λ is around

4 to 10 times higher than the MSE of the robust estimators. For σ the MSE of the robust

estimator is around 2.5 to 7 times larger than the MSE of the standard estimator.

In Figure I.7, the estimated values of µ using the robust and the standard estimator over

the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.7: Boxplots for estimating parameter µ using robust estimator and standard esti-
mator on the consecutive gross error data sets

For the 1% level, the median of the robust estimator is slightly above the true value

of µ. For the standard estimator, the true value of µ lies slightly below the 25%-quantile.

Meaning that in most cases, the standard estimator overestimates µ. The boxplot of the

robust estimator are quite similar, except that the boxplot for the standard estimator is

slightly shifted up.

For the 10% and 20% levels, the robust and standard estimators are overestimating

µ. However, the standard estimator does far worse. The boxplots of the robust estimator

are slightly wider than the boxplots of the standard estimator. The boxplot of the robust

estimator is with its lower whisker near the true value of µ, the boxplot of the standard

estimator is shifted way up and is not near the true value.

By contaminating the data in that way, the mean and median of each trial increases as

to 1%, 10%, 20% of the data points a fixed value is added. Therefore, µ is overestimated.

The estimators for µ yield similar results as for the non-consecutive gross error data sets as

for this estimator the order of the contaminated data does not matter.

In Figure I.8, the estimated values of λ using the robust and the standard estimator over

the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.8: Boxplots for estimating parameter λ using robust estimator and standard esti-
mator on the consecutive gross error data sets

At the 1% level, the median of the robust estimator lies on the true λ value. The standard

estimator underestimates the true λ value in most cases as its upper whisker is close to the

true λ value. The range of the boxplot of the robust estimator is larger than the range of

the standard estimator. Most of the values of the robust estimator, however, still lie closer

to the true value.

For the 10% level, the standard estimator underestimates λ in all cases. For the robust

estimator, the true value lies between the upper whisker and the 75%-quantile. For the 20%

level, the robust and standard estimators are both underestimating λ. For the 10%, 20%

levels, the robust estimator has a far larger range of values than the standard estimator.

However, almost all values of the robust estimator are closer to the true λ value.

The underestimating of λ can be explained by the way of how the data is contaminated.

By choosing 1%, 10%, or 20% of consecutive data points and adding five times the standard

deviation to them, the covariance between the data points increase. A higher covariance is

represented by a lower λ.

In Figure I.9, the estimated values of σ using the robust and the standard estimator over

the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.9: Boxplots for estimating parameter σ using robust estimator and standard esti-
mator on the consecutive gross error data sets

For the 1% level, the median of the robust estimator is close to the true σ value. For the

standard estimator, the true σ value lies between the 25%- quantile and the median. The

value range of the robust estimator is far larger than the range of the standard estimator.

Most of the values from the standard estimator lie closer to the true value than the values

from the robust estimator. For the 10% level, the true value lies between the 25% quantile

and the median for the robust estimator. The true value lies near the upper whisker for the

standard estimator. For the 20% level, the true value lies on the 25%-quantile of the robust

estimator and lies on the upper whisker for the standard estimator. The standard estimator

underestimates σ in most cases whereas the robust estimator tends to overestimate σ. In

both cases, the range of the values of the robust estimator is far greater than the range of

values for the standard estimator. Most of the values of the standard estimator lie closer to

the true value of σ than the values of the robust estimator.

These observations are in line with the larger mean squared error of the robust estimator

compared to the standard estimator. To analyze the reason for the better performance of

the standard estimator, the formula for σ must be investigated. By Formulas I.2.1 and I.2.4

the estimator of σ is the product of λ and s2 which is the sample variance for the standard

estimator respectively the squared scaled median absolute deviation for the robust estimator.
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In Figure I.10, the estimated values of s2 using the robust and the standard estimator

over the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.10: Boxplots for estimating s2 using robust estimator and standard estimator on
the consecutive gross error data sets

The true s2 value of the original data sets is equal to 1. The standard estimator overes-

timates s2 over all three contamination levels considerably. In the 1% level for the robust

estimator the true value is between the 25%-quantile and the median. For the 10% and

20% levels, the robust estimator also overestimates the true level considerably. However, the

robust estimator does far better than the standard estimator.

The standard estimator is a worse estimator for λ than the robust estimator. Here it

underestimate the true value. For s2 the standard estimator does also worse than the robust

estimator. Here it overestimates the true value. However, judging by the MSE, the standard

estimator performs better for estimating σ than the robust estimator. The errors of the

standard estimator in estimating λ and s2 seem to cancel each other out to some extend by

multiplying these two values for estimating σ. The robust estimator also underestimates λ

and overestimates s2 for 10% and 20% cases and is in both cases a better estimator than the

standard estimator. These two errors also cancel each other out to some extend but not as

much as for the standard estimator.

For the consecutive gross error, the robust estimators are performing considerably better
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for estimating λ and µ than the standard estimator. For σ, the standard estimator performs

better than the robust estimator. σ is estimated by multiplying λ and s2. The robust

estimators perform better in estimating each of those. However, the standard estimators

underestimate λ and overestimate s2. These error cancel then each other out to some extend

which then lead to a better performance in estimating σ.

I.7.3 Non-Consecutive Gross Error

The MSE over all 5000 trials for the robust and standard estimators on the non-consecutive

gross error data sets to each parameter and contamination level is shown in the Figure I.11.

The values are listed in Table I.4.
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Figure I.11: MSE of robust estimators and standard estimators on the non-consecutive gross
error data sets

The MSE for estimating µ, σ and λ is for the robust estimators smaller than for the

standard estimators across all contamination levels. The MSE increases with a higher con-

tamination level for all parameters and both types of estimators. The values of the MSE for

µ are very similar to the MSE for µ on the continuous gross error data sets as for estimating

µ, the order of the added error does not matter.

The smallest relative difference in the MSE between the robust and the standard esti-

mators is for µ at the 1%-level. There the MSE of the standard estimator is around 30%
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higher. For the rest, the MSE of the standard estimators is around 7 to 35 times larger than

the MSE of the robust estimators.

Parameter µ λ σ

Non-Consecutive Gross Error Level 1 - RE 0.004886138 0.008052146 0.007692788

Non-Consecutive Gross Error Level 1 - SE 0.006470841 0.05692788 0.1210731

Non-Consecutive Gross Error Level 2 - RE 0.02466052 0.06631387 0.1536988

Non-Consecutive Gross Error Level 2 - SE 0.2551777 1.503825 5.441474

Non-Consecutive Gross Error Level 3 - RE 0.1059201 0.3430731 1.037767

Non-Consecutive Gross Error Level 3 - SE 1.002822 2.900362 13.39157

Table I.4: MSE of robust estimators (RE) and standard estimators (SE) on the non-
consecutive error data sets

In Figure I.12, the estimated values of µ using the robust and the standard estimator

over the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.12: Boxplots for estimating parameter µ using robust estimator and standard esti-
mator on the non-consecutive gross error data sets

The results of estimating µ with the standard and robust estimators for the non-consecutive

error are very similar to the results of the consecutive error. The reason here is, that the

estimator for µ do not depend on the order of the contaminated data points, i.e., here it does

not matter if the error are in consecutive data points or at randomly selected data points.
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For the 1% level, the median of the robust estimator is slightly above the true value of

µ. For the standard estimator, the true value of µ lies slightly below the 25%-quantile. For

the 10% and 20% levels, the robust and standard estimators are overestimating µ. However,

the standard estimator does far worse. The boxplot of the robust estimator is with its lower

whisker near the true value of µ, the boxplot of the standard estimator is shifted way up

and is not near the true value.

By contaminating the data in that way, the mean and median of each trial increases as

to 1%, 10%, respectively 20%, of the data points a fixed value is added. Therefore, µ is

overestimated.

In Figure I.13, the estimated values of λ using the robust and the standard estimator

over the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.13: Boxplots for estimating parameter λ using robust estimator and standard esti-
mator on the non-consecutive gross error data sets

For the 1% level, the true value of λ lies between the 25%-quantile and the median. The

standard estimator overestimates λ as the true value lies below the lower whisker. For the

10% and 20% level, the robust and the standard estimator overestimate λ. The standard

estimator does worse than the robust estimator. For the robust estimator, the lower whisker

is near the true value. The standard estimator is far above the true value. The standard

estimator also has a larger number of outliers above the upper whisker. The outliers above
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the upper whisker can be several interquartile ranges away from the upper whisker. Whereas

the outliers of the robust estimator are closer to the whiskers.

By contaminating the data by non-consecutive gross errors, the covariance between data

points decreases. A lower covariance is represented by a higher λ. This explains the overes-

timating of λ of both estimators.

In Figure I.14, the estimated values of σ using the robust and the standard estimator

over the 5000 trials for each of the three contamination levels are plotted in boxplots.
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Figure I.14: Boxplots for estimating parameter σ using robust estimator and standard esti-
mator on the non-consecutive gross error data sets

For the 1% level, the true value is between the 25%-quantile and the median for the

robust estimator. Whereas the boxplot of the standard estimator is way above the true

value. For the 10% and 20% levels, the robust estimator and the standard estimator both

overestimate σ. The standard estimator performs worse and is far above the true value of

σ. The standard estimator also has more outliers, mostly above the upper whisker. The

outliers are up to several interquatile ranges away from the upper whisker for the standard

estimator. Whereas the outliers of the robust estimator are close to the whiskers.

The overestimation of σ can be explained. By contaminating the data by non-consecutive

gross errors, the variance between data points of the data sets increases. A higher variance

in the data sets leads to a higher estimated s2. As described before, the non-consecutive
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contamination also leads to a higher λ. Both effects combined lead to a higher σ.

I.8 Summary of Results

The robust estimators perform considerably better than the standard estimators when ap-

plied on the contaminated data sets to estimate µ, λ and σ. Only in the case of consecutive

errors and estimating σ, the standard estimator performed better. This was because the

errors in estimating λ and s2 canceled each other out. The robust estimator, however, per-

formed better to estimate λ and s2 separately. But the errors did not cancel out as much as

for the standard estimator and therefore performed worse in estimating σ.

For the 1% level the robust estimators worked still very well as the median over all trials

was near the true value. Whereas the standard estimators already had problems and mostly

over- or underestimated the parameters considerably. For the 10% and 20% level both

the robust estimators or standard estimators mostly over- or underestimate the true value.

However, the robust estimators performed in most cases clearly better than the standard

estimators with the exception for σ for the consecutive error.

For the clean data sets the standard estimators performed better than the robust esti-

mators for estimating µ, λ and σ. The robust estimators still performed satisfactory.
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Conclusions

This thesis shows how robust estimators for the parameters of an Ornstein-Uhlenbeck process

can be implemented. In addition, it examines the performance of the robust estimators

compared to the standard estimators by considering data sets created from an Ornstein-

Uhlenbeck process with different levels of contamination and different contamination types.

The robust estimators performs better than the standard estimators when the data sets were

contaminated, except for the estimation of one parameter for one type of contamination.

The standard estimators performed better on the clean data sets. The performance of the

standard estimators on contaminated data was in most cases considerably worse than the

performance of the robust estimators. The difference on the clean data sets was not that

striking.

On the lowest level of contamination, the robust estimators still performed very well. Its

median was near the true value of the parameter. Whereas the standard estimators often

already over- or underestimated the parameter. For the higher contamination levels, the

robust and the standard estimators over- or underestimated the true value of the parameter

in most cases. However, the robust estimators performed in most cases considerably better

than the standard estimators.

The comparison between the standard and robust estimators was conducted on data sets

obtained from one specific set of parameters µ, σ, λ of the Ornstein-Uhlenbeck process on a

regular time grid and settings of d, n to obtain samples of data points of the process. It shows

that the robust estimators can be implemented and it can be more robust to contamination

than the standard estimators.
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Appendix

I.8.1 R Code

1 library(Rfast)

2

3 g <- function(p,n){

4 Sigma <- matrix(c(1,p,p,1) ,2,2)

5 X_Y <- mvrnorm(n=n, rep(0,2),Sigma)

6 g_value <- median(X_Y[,1]*X_Y[,2])

7 return(g_value)

8 }

9 g_Cholesky <- function(p,n){

10 Sigma <- matrix(c(1,p,p,1) ,2,2)

11 X_Y <- mvrnorm(n=n, rep(0,2),matrix(c(1,0,0,1) ,2,2))

12 X_Y <- X_Y%*%chol(Sigma)

13 g_value <- median(X_Y[,1]*X_Y[,2])

14 return(g_value)

15 }

16

17

18

19 g_inv <- function(value ,m,tol=1e-06){

20 iteration <- 0

21 X_Y <- rmvnorm(n=m, rep(0,2), matrix(c(1,0,0,1) ,2,2))

22 if(value >=-qnorm(3/4)^2 && value <= qnorm(3/4)^2){

23 if(value >0){

24 beta <-1

25 alpha <-0

26 h_alpha <- value

27 h_beta <- value -qnorm (3/4)^2

28 gamma <- 1 - h_beta/(h_beta - h_alpha)

29 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

30 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

31 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])

32 while(abs(h_gamma)>tol){

33 iteration <- iteration +1

34 if(h_gamma*h_alpha <0){

35 beta <- gamma

36 h_beta <- h_gamma

37 gamma <- beta - h_beta*(beta -alpha)/(h_beta - h_alpha)

38 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

39 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

40 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])
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41 }else{

42 alpha <- gamma

43 h_alpha <- h_gamma

44 gamma <- beta - h_beta*(beta -alpha)/(h_beta - h_alpha)

45 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

46 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

47 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])

48 }

49 if(iteration > 1000){

50 print("Max Int")

51 return (0)

52 }

53 }

54 }else if(value <0){

55 value <- -value

56 beta <-1

57 alpha <-0

58 h_alpha <- value

59 h_beta <- value -qnorm (3/4)^2

60 gamma <- 1 - h_beta/(h_beta - h_alpha)

61 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

62 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

63 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])

64 while(abs(h_gamma)>tol){

65 iteration <- iteration +1

66 if(h_gamma*h_alpha <0){

67 beta <- gamma

68 h_beta <- h_gamma

69 gamma <- beta - h_beta*(beta -alpha)/(h_beta - h_alpha)

70 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

71 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

72 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])

73 }else{

74 alpha <- gamma

75 h_alpha <- h_gamma

76 gamma <- beta - h_beta*(beta -alpha)/(h_beta - h_alpha)

77 Sigma <- matrix(c(1,gamma ,gamma ,1) ,2,2)

78 X_Y_gamma <- mat.mult(X_Y,chol(Sigma))

79 h_gamma <- value - median(X_Y_gamma [,1]*X_Y_gamma [,2])

80 }

81 if(iteration > 1000){

82 print("Max Int")

83 return (0)

84 }

85 }

86 gamma <- - gamma

87 }else{

88 gamma <- 0

89 }

90 return(gamma)

91 }else{

92 return("Value is out of range")

93 }

94 }
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95

96 RV_for_g_inv <- function(m){

97 X_Y <- mvrnorm(n=m, rep(0,2),matrix(c(1,0,0,1) ,2,2))

98 return(X_Y)

99 }

100

101

102

103 Simulate_X <- function(mu,sigma ,lambda ,d,n){

104 X0 <- rnorm(1,mu ,sd=sigma)

105 X<-c(X0,rep(0,(n-1)))

106 for(i in 2:n){

107 Y <- rnorm(1,mean=0,sd=sqrt((1-exp(-2*lambda*d))/(2*lambda)))

108 X[i]<-X[i-1]*exp(-lambda*d)+mu*(1-exp(-lambda*d))+sigma*Y

109 }

110 return(X)

111 }

112 Calc_delta <- function(X){

113 X_hat <- median(X)

114 estimate <- median ((X[-1]-X_hat)*(X[-length(X)]-X_hat))

115 /median(abs(X-X_hat))^2

116 return(estimate)

117 }

118

119

120 Calc_rho <- function(X,m,tol=1e-06){

121 delta <- Calc_delta(X)

122 rho <- g_inv(delta*qnorm(3/4)^2,m=m,tol=tol)

123 return(rho)

124 }

125

126 Robust_estimators <- function(X,d,m,tol=1e-06){

127 mu <- median(X)

128 s <- median(abs(X-mu))/qnorm (3/4)

129 rho <- Calc_rho(X,m,tol)

130 lambda <- -log(rho)/d

131 sigma_2 <- 2*lambda*s^2

132 return(c(mu,sqrt(sigma_2),lambda))

133 }

134

135

136

137

138

139

140 Standard_estimators <- function(X,d){

141 mu <- mean(X)

142 s <- sd(X)

143 rho <- acf(X,lag.max=1,plot=FALSE)

144 lambda <- -log(rho [[1]][2])/d

145 sigma_2 <- 2*lambda*s^2

146 return(c(mu,sqrt(sigma_2),lambda))

147 }

148
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149

150 mu_1 <- 0

151 sigma_1 <- 1

152 lambda_1 <- 0.5

153

154 #Test for 5000 different Trails - Clean Data

155 k<-5000

156 Result <- matrix(data=1,k,6)

157 for(i in 1:k){

158 cat("Simulation ",i," of ",k,"\n")

159 X_1 <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,d=1,n=1000)

160 RE1 <- Robust_estimators(X_1,1,m=10000)

161 SE1 <- Standard_estimators(X_1,1)

162 Result[i,c(1,2,3)]<-RE1

163 Result[i,c(4,5,6)]<-SE1

164 }

165

166

167 #Test for 5000 different Trails - Contaminated Data - Cauchy

168 #_ Level 1 (1%)

169

170 k<-5000

171 Result_Cont_Cauchy_Level_1 <- matrix(data=1,k,6)

172 for(i in 1:k){

173 cat("Simulation ",i," of ",k,"\n")

174 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,

175 d=1,n=1000)

176 random_cont_1 <- sample (1:1000 , 1000*0.01)

177 X_1_cont[random_cont_1] <- rcauchy(length(random_cont_1),

178 loc=0,scale =0.5)

179 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

180 SE1 <- Standard_estimators(X_1_cont ,1)

181 Result_Cont_Cauchy_Level_1[i,c(1,2,3)]<-RE1

182 Result_Cont_Cauchy_Level_1[i,c(4,5,6)]<-SE1

183 }

184

185

186 #Test for 5000 different Trails - Contaminated Data - Cauchy _

187 #Level 2 (10%)

188

189 k<-5000

190 Result_Cont_Cauchy_Level_2 <- matrix(data=1,k,6)

191 for(i in 1:k){

192 cat("Simulation ",i," of ",k,"\n")

193 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,d=1,

194 n=1000)

195 random_cont_1 <- sample (1:1000 , 1000*0.1)

196 X_1_cont[random_cont_1] <- rcauchy(length(random_cont_1),loc=0,

197 scale =0.5)

198 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

199 SE1 <- Standard_estimators(X_1_cont ,1)

200 Result_Cont_Cauchy_Level_2[i,c(1,2,3)]<-RE1

201 Result_Cont_Cauchy_Level_2[i,c(4,5,6)]<-SE1

202 }
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203

204 #Test for 5000 different Trails - Contaminated Data - Cauchy _

205 #Level 3 (20%)

206

207 k<-5000

208 Result_Cont_Cauchy_Level_3 <- matrix(data=1,k,6)

209 for(i in 1:k){

210 cat("Simulation ",i," of ",k,"\n")

211 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,d=1,

212 n=1000)

213 random_cont_1 <- sample (1:1000 , 1000*0.2)

214 X_1_cont[random_cont_1] <- rcauchy(length(random_cont_1),loc=0,

215 scale =0.5)

216 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

217 SE1 <- Standard_estimators(X_1_cont ,1)

218 Result_Cont_Cauchy_Level_3[i,c(1,2,3)]<-RE1

219 Result_Cont_Cauchy_Level_3[i,c(4,5,6)]<-SE1

220 }

221 #############

222 #Test for 5000 different Trails - Contaminated Data -

223 #Consecutive Gross Error -

224 #Level 1 (1%) - 5 Sigma

225

226 k<-5000

227 Result_Cont_Cons_Gross_Level_1 <- matrix(data=1,k,6)

228 for(i in 1:k){

229 cat("Simulation ",i," of ",k,"\n")

230 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,d=1

231 ,n=1000)

232 cont <- 1000*0.01

233 random_cont_1 <- sample (1:(1000 - cont), 1)

234 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] <-

235 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] +

236 5*sigma_1

237 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

238 SE1 <- Standard_estimators(X_1_cont ,1)

239 Result_Cont_Cons_Gross_Level_1[i,c(1,2,3)]<-RE1

240 Result_Cont_Cons_Gross_Level_1[i,c(4,5,6)]<-SE1

241 }

242 #Test for 5000 different Trails - Contaminated Data -

243 #Consecutive Gross Error

244 #Level 2 (10%)

245

246 k<-5000

247 Result_Cont_Cons_Gross_Level_2 <- matrix(data=1,k,6)

248 for(i in 1:k){

249 cat("Simulation ",i," of ",k,"\n")

250 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,

251 d=1,n=1000)

252 cont <- 1000*0.1

253 random_cont_1 <- sample (1:(1000 - cont), 1)

254 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] <-

255 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] +

256 5*sigma_1
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257 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

258 SE1 <- Standard_estimators(X_1_cont ,1)

259 Result_Cont_Cons_Gross_Level_2[i,c(1,2,3)]<-RE1

260 Result_Cont_Cons_Gross_Level_2[i,c(4,5,6)]<-SE1

261 }

262 #Test for 5000 different Trails - Contaminated Data -

263 #Consecutive Gross Error

264 #_ Level 3 (20%)

265

266 k<-5000

267 Result_Cont_Cons_Gross_Level_3 <- matrix(data=1,k,6)

268 for(i in 1:k){

269 cat("Simulation ",i," of ",k,"\n")

270 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1,

271 d=1,n=1000)

272 cont <- 1000*0.2

273 random_cont_1 <- sample (1:(1000 - cont), 1)

274 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] <-

275 X_1_cont[seq(random_cont_1,random_cont_1+(cont -1),by=1)] +

276 5*sigma_1

277 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

278 SE1 <- Standard_estimators(X_1_cont ,1)

279 Result_Cont_Cons_Gross_Level_3[i,c(1,2,3)]<-RE1

280 Result_Cont_Cons_Gross_Level_3[i,c(4,5,6)]<-SE1

281 }

282 ##########

283 #Test for 5000 different Trails - Contaminated Data -

284 #Gross Error _ Level 1 (1%)

285

286 k<-5000

287 Result_Cont_Gross_Level_1 <- matrix(data=1,k,6)

288 for(i in 1:k){

289 cat("Simulation ",i," of ",k,"\n")

290 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,

291 lambda=lambda_1,d=1,n=1000)

292 random_cont_1 <- sample (1:1000 , 1000*0.01)

293 X_1_cont[random_cont_1] <- X_1_cont[random_cont_1] +

294 5*sigma_1

295 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

296 SE1 <- Standard_estimators(X_1_cont ,1)

297 Result_Cont_Gross_Level_1[i,c(1,2,3)]<-RE1

298 Result_Cont_Gross_Level_1[i,c(4,5,6)]<-SE1

299 }

300

301 #Test for 5000 different Trails - Contaminated Data - Gross Error _

302 #Level 2 (10%)

303

304 k<-5000

305 Result_Cont_Gross_Level_2 <- matrix(data=1,k,6)

306 for(i in 1:k){

307 cat("Simulation ",i," of ",k,"\n")

308 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=

309 lambda_1,d=1,n=1000)

310 random_cont_1 <- sample (1:1000 , 1000*0.1)
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311 X_1_cont[random_cont_1] <- X_1_cont[random_cont_1] + 5*sigma_1

312 RE1 <- Robust_estimators(X_1_cont ,1,m=10000)

313 SE1 <- Standard_estimators(X_1_cont ,1)

314 Result_Cont_Gross_Level_2[i,c(1,2,3)]<-RE1

315 Result_Cont_Gross_Level_2[i,c(4,5,6)]<-SE1

316 }

317 #Test for 5000 different Trails - Contaminated Data - Gross Error _

318 #Level 3 (20%)

319

320 k<-5000

321 Result_Cont_Gross_Level_3 <- matrix(data=1,k,6)

322 for(i in 1:k){

323 cat("Simulation ",i," of ",k,"\n")

324 X_1_cont <- Simulate_X(mu=mu_1,sigma=sigma_1,lambda=lambda_1

325 ,d=1,n=1000)

326 random_cont_1 <- sample (1:1000 , 1000*0.2)

327 X_1_cont[random_cont_1] <- X_1_cont[random_cont_1] + 5*sigma_1

328 RE1 <- Robust_estimators(X_1_cont ,1,m=100000)

329 SE1 <- Standard_estimators(X_1_cont ,1)

330 Result_Cont_Gross_Level_3[i,c(1,2,3)]<-RE1

331 Result_Cont_Gross_Level_3[i,c(4,5,6)]<-SE1

332 }
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