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ABSTRACT

AN OPTIMAL DECAY ESTIMATION OF THE SOLUTION TO THE AIRY
EQUATION

by
Ashley Scherf

The University of Wisconsin-Milwaukee, 2023

Under the Supervision of Dr. Lijing Sun of Mathematics

In this thesis, we investigate the initial value problem to the Airy equation

dwu+ du=0 (0.1)

u(0,z) = f(x). (0.2)

We found the optimal decay estimate of the solution to the initial value problem (1) — (2). The

main tool we used is Fourier analysis and oscillatory integrals.
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1 Introduction

Dispersive partial differential equations have been the topic of intensive studies for centuries, start-
ing from the classical physics and going widely beyond. These equations serve to model various
vibrating media such as waves on string, in liquids or in air. The most familiar problems in which
dispersive effects appear are the classical problems of water wave descriptions. One of the most
famous equations is the Korteweg—de Vries (KdV) equation derived to model the propagation of
low amplitude long water waves in a shallow canal. Nowadays many versions and higher order
generalizations of the KdV equation are of use in different areas including hydrodynamics, plasma
physics, electrodynamics, in studies of electromagnetic and acoustic waves, waves in elastic media,
turbulence, traffic flows, mass transport and others. Another common dispersive partial differen-
tial equation (PDE) is the Airy equation. The Airy equation is the solution to the time-dependent
Schrodinger’s equation and has applications in many fields such as physics, quantum mechanics and
probability. In the field of probability the Airy equation is connected to Chernoff’s distribution.
Some everyday applications of the Airy equation are electromagnetism, the propagation of light,
and calculating the amplitude of polarized rainbows. One of the most common applications is in
fluid dynamics but more specifically the study of waves or the movement of water. The behavior
of waves and the amplitude of rainbows both require finding the asymptotic approximation of the
Airy equation. [1] An approximation is needed because the function cannot be evaluated using
traditional techniques. We wish to find the optimal approximation solution of the Airy equation.
In the present paper we consider the Airy equation

du+0u=0 (t,x) € (0,00) xR (1.1)
u(0,z) = f(z) x€R.

Initial value problem (1.1)-(1.2) was treated in [2], namely, the asymptotic behavior was
analyzed for the rescaled solutions under weakly dependent stationary initial data.

The purpose of the thesis is to find the best decay rate of the solution to the initial value
problem (1) — (2). Our result is

Theorem 1.1. Assume that u(t,z) is a solution to

Ou+Bu=0 (t,z) € (0,00) xR (1.3)
u(0,2) = f(z) = €R,

and f € LP(R) where 1 < p < co we have

lu(t, Vs S PN f(@)lle,

1_ 2 1,1
where a(p) = |3 — 5| and ; + ; = 1.

Notation: We will use A < B or A = O(B) to denote the estimate A < CB where C > 0 is some
absolute constant. If the constant C' depends on a list of parameters L we will write A <y B or
A =0L(B).

We will also define the differential operator D by Df(t) = W%, such that DV f(t) = i¢,1(t) %.




The thesis is organized as follows. In section 2, we provide some preliminaries. In section 3 we give
the proof of the main results. In section 4, we give my future research plan.

2 Preliminaries

Definition 2.1. Let f(x) € L'. The Fourier Transform of a function f(z) is defined by
F{f(w) / f(x)ewdr.

The result is a function of w or a frequency. f (w) gives how much power f(z) contains at a
frequency w.[4]

Definition 2.2. Tl%g Inverse Fourier Transform is as follows.

FOf@) =3 [ Fwendo = o)

— 00
The properties of the Fourier transform.

L F L ()] = (w)"f(w).

2. A convolution of two functions is defined by

/ F(r)hie - 7)dr

Then, the Fourier Transform of the convolution is F{f(z) * h(x)} = f(w)h(w).

3. Plancherel Theorem. If f € L' N L2; then f € L?; and F| (L1 N LQ) extends uniquely to
a unitary isomorphism on L?. [3]

We also need the properties of the oscillatory integral defined by

b
I\ = / M@y (w)dw

Theorem 2.3. Principle of non-stationary phase. Let ) € C*®°(R) have compact support in (a,b)
(so that in particular ¢ (a) = 1 (b) = 0) and suppose that the phase ¢ € C> satisfies ¢'(t) # 0 for
all't € [a,b]. We claim that in this case the integral I,(\) decreases very fast in A, in particular

Proposition 2.4. (Principle of non-stationary phase). Let 1y, ¢ be as above, that isp € C((a, b))
and ¢ € C* is such that ¢’ = 0 on all of [a,b]. Then for every, N > 0 we have |L,(\)| Snp,o [NV

Corollary 2.5. Let 1) € C' and let the phase ¢ satisfy |¢*)| > 1 in (a,b) for some k > 1 (ifk =1,
assume additionally that (;5’ 1$ monotomc) Then the inequality

I < C||Y(b)| + 1/1 )|dt| |A|7% holds, with C}, > 0 an absolute constant depending only
w(A k
on k.



Theorem 2.6. The Riesz - Thorin Interpolation Theorem. Suppose that (X, M, u) and (Y, N,v)
are measure spaces and po,p1, o, q1 € [1,00]. If g0 = q1 = 00, suppose also that v is semifinite. For
0 <n <1, define p, and qy byp%zllj—en—i—pﬂl andizlg—on—i—qﬂl.

If T is a linear map from LPo(u) + LP* () into LT (v) + LT (v) such that ||Tf|lqe < Mollf|lpo
for | € LP(u) and [|Tflly < Mil|fllp, Jor f € LP*(n), then ||Tfllq, < My~ "Mp||flp, for

ferr(u),0<n<l. [3]

3 Proof of Main Theorem
The Airy equation is the dispersive partial differential equation,

Ou+2u=0 (t,x) € (0,00) x R (3.1)
u(0,2) = f(z) zeR.

Solving the initial value problem we have the following,

flue) = _f(umcz) (3.3)
%ﬂ =iwda (3.4)
%ﬁ(t,w) = iwda(t,w) (3.5)

da(t,w 3

= qw"dt
at.w) iw (3.6)
t o q o,

—du(t,w) = / iwdt 3.7
i i | 6
(it w))lh = iwts (3.8)
In(a(t,w)) — in(a(0,w)) = iwt (3.9)
eln(a(tw)) _ eln(ﬁ(O,w))eiw3t (3.10)
at,w) = "1 (4(0,w)) (3.11)
alt,w) = e’ f(w) (3.12)
Now apply the inverse Fourier transform,u(t,z) = et (w)e™?* dw (3.13)

/
- / TR () du (3.14)
/ !« £(0) du (3.15)

By taking a Fourier transform in the spatial variable z, it is not hard to see that the solution to
the Airy equation can be written formally as the convolution

u(t,@) = 3 [ Fly) 1 Ai (42) dy,

where Ai(z) denotes the Airy function



Ai(zx) == [, ei(“’s"'w)dw,

which is clearly an oscillatory integral (provided the integral exists!). Hence, integration by parts
will not be sufficient to estimate the solution.

Proposition 3.1. For x > 1 we have superpolynomial decay, that is for every N > 0 we have
|[Ai(2)] S ||~V

Proof. We wish to evaluate Ai(z) := [, ei(‘“3+x“)dw, since we are unable to evaluate this integral
on its own, we will make a substitution to help.

Let
w)+ Y () =
jEN

Where ¢ is a C°° bump function supported in [-2,2], with ¢ =1 on [-1,1].
Define 9(w) = p(%) — ¢(w) and 1;(w) = (27 7w). Now to evaluate the integral we will take the

limit as n — oo of
/ ’L(UJ +:1:w dw—i—Z/ zw +a:w)w )

f‘irst, we will focus on [ €<’ ) (w)dw. Let A = 2% and ¢p(w) = w? + w.
/ei(‘“3+“’“’)<p(w)dw = /x%ei(””%‘b(“))go(w)dw (3.16)
_ % 77’67‘/\(;5(“))%0(0‘}) z)\¢(w) (W)
[P e (GG res] e
_a (L o) P (W) )
x (xg)/ e 7@ + Cdw (3.18)
= %/ eiw(w)m + de‘ (3.19)
1 ¢ (w) —jeire(w) (W) 1 o' (w)
=156 G ) - [ [pen (cb(w))wd”(] |
3.20
— 1 i 1 iAp(w) Ml < /(W)> ’
: () / ‘A P\ o)™ 3:21)
: (3.22)
WLOG, apply this N times (3.23)
_ 11 Mo ixp(w) N(@(@)
=2 (G) [ e () e 320
<g73N (3.25)




is continuous on a compact domain we know thgat it is bounded.
Next we will look at the second part, > 7_ [ € T7)p; (w)dw. First let’s take a look at the domains
of 1p(w) and 11 (w) so that we can extend it to 9;(w) .

0 lw] < 27
Pjw) =1 elzr) —e(sr) 2 < |w| <2742
0 lw| > 2712

We will start by evaluating from y(w) and extend to 1;(w).

4 e
/1 z2eMow )po(w)dw = x5/1 e o (w)dw (3.26)
_ .1 —ieim(w)T/JO(w) 4 .y iAp(w) Yo (w)
= | T i [ e (B ] e
— 1 i iAp(w) w ( )
x (mg>/1 ie (o )dw (3.28)
4
_ % / pir(w) Yol :’ ‘ (3.29)
1
_ 1 ! 1 ixp(w) Ml wO(w)
_1 L iA0(@) pl Yo(w)
=- (xi) D (¢, 5 (3.31)
: (3.32)
WLOG, apply this N times (3.33)
_ 1 1\ ixp(w) HN Yo(w)
= (ﬁ) /1 e D (gb’(w) ) dw' (3.34)
<agaN (3.35)
1 8
/ 22y (w)dw = xE/ ey (w)dw (3.36)
2 2



WLOG, apply this N times

WLOG, apply this N times

S

1
Tz
1
Tz
1
Tz

,Zezw(w)d,l
)\QS’ b

o [

()
/28
/2

1
xr?2
1
xr?2

1A¢(w) 1/}1 w
w

1
Xez)\d) w)Dl <

a:% [ MLW 1/13( ) 9i+2

T

T

m\w

mm

A (w) ¥

2J+2

/,
(i) (

L. z)\¢(w) Dt (

2

N Jj+2
1 2
3
T2

27 +2

N/
23

2J+2

N/
23

Zez)«z&(w)DN

ie (W) pN (1;:@1)) dw‘
i

vt (DV@EDY
DN (§/(w))

8
_ / 1¢eM¢<UJ><
A

W)
()

)™

(w)
eiro(w) pl ( Y1 (w ) ‘
/(w)

27 +2

1 .
N /2 Aww(w)(

ieow) (% ) ) dw ‘

¢ (w)
)]
Z )dw

(

w;w>
P'(w)

7

(w)

Y1 (w)
¢'(w)

=92 J¢(2 ]UJ)

)]



dw (3.56)

. 2it2 | (2—jk),l/)(_k) (Q_jw) w
— ,—5N - iAp(w) J
) / b ( DN (' (w))

272 iAp(w) N
_ .—5N e 2=75)p %) (9=3 )\ dl 357
) (DN<¢'<w>)>k_0( Wit 850
an [P e
<z 3N /Qj 7Dz(¢/(w))(1)dw (3.58)

We know Zgzo(ijk)w§k)(2*jw) < 1 since 277 is a geometric series that converges to 1 and

z/1§k)(2’jw) is bounded because it is continuous on a compact domain.
Now apply Proposition 2.4 and we have

1y (M) S AN Shpe 1272

Then for > 1, we have |I(w)| < min(1,|z|~2V) = [ er*@p(w)dw < min(1,]z|~2V). O
Proposition 3.2. For —1 <z <1 we have |Ai(z)| < 1.
Proof. We wish to show that for —1 < x < 1 we have

i) S 1.

To do this we will follow a similar argument to the previous part. We need to evaluate
Ai(z) == / i@ Hwa) g,
R

Since we are unable to evaluate this integral on it’s own, we will make a substitution to help.
Let
w)+ Y iw) =
JEN

Where ¢ is a C° bump function supported in [-2,2], with ¢ = 1 on [-1,1]. Define

and _
Yji(w) =277 w).

Now to evaluate the integral we will take the limit as n — oo of

/ i(w +mw) dw+2/ i(w? +zw)¢ )



First, we will focus on
/ei(“3+z“’)<p(w)dw.

Note: we will not be making a substitution for A but
d(w) = w® + 2w

which is different from the last part.

\ T

Since, ¢(w) = w? + 2w we have ¢'(w) = 3w? + x hence a critical point exists at w = — for

—1 <z < 1. Since we have a critical pomt when we evaluate the integral we cannot use mtegratlon
by parts, however we know that i@’ +2v) is bounded and so is ©(w). Hence, we have the following,

2, 2
/ ez(w +mw)<p(w)’ dw = / e
—2 —2

S1 (3.60)

i(w+azw)

lp(w)| dw (3.59)

Therefore,

ei(“’sﬂ“’)’ < 1 and |p(w)| is bounded by some constant since it is continuous on a

compact set. Differentiating N times we have,
o (@) _ pr (')
@' (w) 3w? 4+
where | DY ( () ) ’ is continuous on [-2,2] when —1 < z < 1 hence it is bounded by some constant.

3w?2+x
2 ) cp//(w)
/ W pN < >'dw <1.
-2

Therefore we have,
¢ (w)
Next we will look at the second part,zyzofei(ws“‘”“)wj(w)dw. By the previous part, we can

evaluate directly from the j*?4) function. We have the following,

2 ey _ 272 /
(@) _ e (W) vz z¢(w)¢ (W)d 3.61
Z/Z w] ) ¢/( ) 27 /;j QS/(U_)) w ( . )
2i+2 ’
:0—/2j Z“’(w)z,(( ))dw (3.62)
(3.63)
2i+2 /
WLOG, applying this N times = /2j e pN (J((::))) dw (3.64)
27+2 “z)(w
= / DY @) (2 ) (2 i) )dw (3.65)
23
272 w(w) N o
=/2j DY) Z ’zp _Jw)‘dw (3.66)
)i



Since, fo:o (Q’j)k ‘w§k)(2*jw)’ < 1, then

202 Lig(w) N ik | (R) s 2012 ig(w)
5 DY) k=0 (277) ‘wj (2 jw)’da’iilgj DYy (Ldw-

Above we noted that ‘ei(“?’”‘w) ’ < 1. We also have m which is continuous on [27, 2772]

—1 <z <1 hence it is bounded by some constant.
Thus, we have

‘AZ(.’L‘)‘ — /ei(w3+'xw)<p<w)dw—‘rZ/ei(“’S-i_xw)’(/Jj(w)dw
=0

:/2 oi¢(w) pN (SDH(W)>
-2

¢ (w)

P i@ Xkl k) e
+/2j DN(qﬁ’(w))’;J@ ]) ‘¢] (2 jw)’d‘*}

2 1 27 +2 id(w)
< [ | DN (‘0 (w)>‘dw+/ S
[2 ¢ (w) o DN(¢'(w))
Let C € R be some constant. <1+ C +1xC

<1

dw

Proposition 3.3. For z < —1 we have |Ai(z)| < |z 3.

Proof. We wish to show that for x < —1 we have
[ Ai(x)] S |27

To do this we will follow a similar argument to the previous part. We need to evaluate

Ai(x) :=/ei(“’3+“’z)dw.
R

when

Since we are unable to evaluate this integral on it’s own, we will make a substitution to help.

Let
p(w)+ Y i(w) = 1.

jEN

Where ¢ is a C°° bump function supported in [-2,2], with ¢ =1 on [-1,1]. Define

and



Now to evaluate the integral we will take the limit as n — oo of
[ oo+ Y- [y 0.
j=0

First we will take a look at [ €1’ +29) () dw but since 2 < —1 we need to take the absolute value

of x 50 we have [ ei@*+=17©)()dw. Then let A = |x|? such that ¢p(w) = w® — w. We see that
¢'(w) = 3w — 1 so then critical points exists when w = :I:%. Therefore we need to evaluate the

integral on an interval that does not include w = :I:%. We will also split ¢(w) such that

o(w) = ¢(100w) + Y(w) — e(100w).

2
/ei(w3+_‘x|“’)<p(w)dw:/ \x|%eu¢(“)<p(w)dw (3.73)
-2
2 L
_ / 12|32 (o(100w) + () — (100w))dew (3.74)
-2

-2

2 2
= / \x|%e“‘¢(“’)<p(100w)dw +/ |J;\%e“‘¢(“)<p(w) — (100w)dw  (3.75)
-2

-2

2 -
= |x|% (/ e @) (100w) dw +/ ’ M@ (W) — @(IOOw)dw> (3.76)
-2

2
+ |x\% (/ e“‘b(“’)cp(w) — go(l()Ow)dw) (3.77)

Since, no critical points lie in the following integral, |x\% fi (@) p(100w)dw we can use the
argument shown in the proof of Proposition 4.2 and conclude that

2
\xﬁ/ @) o(100w)dw < 1.
-2

However, both f:Q% M@)o (w) — p(100w)dw and fi @) (W) — (100w)dw have critical points
50

so we cannot preform integration by parts and must use a corollary.

We apply Corollary 3.5 to each integral, we have

1 ~% s
L <G [l (=55 )1+ [T Iwldo| N2,
50 L
We have ¢"(w) = 3 > 1, such that & = 2. Since ¢'(w) is bounded by some constant we have

100 < G fle (~55) 1+ [ |so'<w>dw] n (3.78)

10



< CIN? (3.79)

N

<C (\x|%)7 (3.80)
< Clz|"% (3.81)

The for the other integral we have

[T, < Cy,

@+ [ |30'(w)|d4 A,

We have ¢ (w) = 3 > 1, such that k = 2. Since ¢’(w) is bounded by some constant we have

Lt @)+ [ w’(w)dW] A (382)

50
<CN? (3.83)
<C (\:z:|%)_% (3.84)
< Cla|™% (3.85)

Then we have the following,

/ei(“ﬁ**lm‘“)gp(w)dw :/|$|%ei’\¢(“)go(w)dw (3.86)
< lef? (Claf~% + Clal 1) (3.87)
<lal 7w (3.88)

Now we will take a look at N
i(w—|z|w
Z/el(” 1219) 4 (w) dww.
=0

The argument will follow as in the proof of proposition 4.2, since we the two critical points do not
lie in the domain [27,27+2].

Z/:” ¢ (w)dw = W@j” B /:” iew(w)mdw (3.89)
=0— /:M iew(“)mdw (3.90)

(3.91)

WLOG, applying this N times = /2 jM @) pN (%) dw (3.92)

11



= /%“2 W(UJ))) ((2_j)k7/)§k)(2_jw)w) dw (3.93)
P gise) N 4
- / oo @) ’¢§k)(2_]w)‘ dw (3.94)

Since, Z}iv:o (Q*j)k ’wﬁk)(Q’jw)‘ < 1, then for z < —1 we have ei(“3+’3“’)‘ < 1. We also have

m which is continuous on [27,27%2] when x < —1 hence it is bounded by some constant and

contributes to Oy (|x|*%N) so it does not affect our estimate.

Therefore we have |Ai(z)| < |z~ %, as desired. O
Combine the proposition 3.1, proposition 3.2 and proposition 3.3, we can get the following lemma:

Lemma 3.4. ||u(-, )|z < [t 5] w)

Proof.
sl < esssupol [ )i (20 ) ay (395)
1 /1 _
ST <2W> / ’f(y)Ai (xtéy)‘dy (3.96)
St fllaw) (3.97)

When we apply Plancherel’s theorem, we also have the following lemma:

Lemma 3.5.
[[u(t, z)[[2 S| f(@)]]z2-

Now to find the LP estimate which is the optimal estimate, we will apply the Reisz-Thorin Theorem.
1

Po=qo=2,p1 =1,q1 =00, Myg=1and M; =t"3. n:—l—l—%forlﬁpgz

We have the following,

llu(-, )| ze < [le=ull, (3.98)
<1t (t‘%) £z, (3.99)
iy (-1+32)
< () [1£1]20 (3.100)
S (FEFHB) 1l for 1 <p <2 (3.101)

By the dual properties of the LP spaces, the main theorem is proved.

12



4 Future Research Plan

In the future, I am going to investigate the nonlinear Airy equation, namely

O+ B3u=F(u) (t,x) € (0,00) xR
u(0,2) = f(z) =z €R, (4.2)

—
!J;
—_

~—

where F' is a nonlinear function of wu.
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