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ABSTRACT

NONLOCAL DEBYE-HUCKEL EQUATIONS AND
NONLOCAL LINEARIZED POISSON-BOLTZMANN EQUATIONS
FOR ELECTROSTATICS OF ELECTROLYTES

by

Yi Jiang

The University of Wisconsin-Milwaukee, 2016
Under the Supervision of Professor Dexuan Xie

Dielectric continuum models have been widely applied to the study of aqueous electrolytes
since the early work done by Debye and Hiickel in 1910s. Traditionally, they treat the water
solvent as a simple dielectric medium with a permittivity constant without considering any
correlation among water molecules. In the first part of this thesis, a nonlocal dielectric
continuum model is proposed for predicting the electrostatics of electrolytes caused by any
external charges. This model can be regarded as an extension of the traditional Debye-
Hiickel equation. For this reason, it is called the nonlocal Debye-Hiickel equation. As one
important application, this dissertation considers the case of an ionic solution with fixed
charges from the atoms of a biomolecule. To avoid the singularities caused by the fixed
atomic charges in Dirac-delta distribution, a solution decomposition scheme is constructed
such that the Debye-Hiickel equation is split into two equations: one with the analytical
solution and the other one becoming well defined without any singularity. Hence, the study
of the Debye-Hiickel equation is simplified remarkably. Furthermore, a linearized nonlocal
Debye-Hiickel equation is proposed and thoroughly studied. Its analytic solution is found in
algebraic expressions.

In the second part of this dissertation, two linearized nonlocal Poisson-Boltzmann equa-
tions (PBE) are proposed by using new linearization schemes. The third part of this dis-

sertation reports the finite element algorithms and software packages for solving both the
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nonlocal Debye-Hiickel equation and the new linearized nonlocal PBE model. Numerical re-
sults validate the analytical solution of the nonlocal Debye-Hiickel equation and the program

packages, which are expected to be valuable in many electrolyte applications.
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Chapter 1

Introduction

An aqueous electrolyte is a water solution containing charged chemical substance, which can
induce an electric field. It is very common to see in the natural, and plays an important role
in the study of many physical/chemical problems, especially with biomolecules involved. In
principle, there are two different mathematical approaches to develop aqueous electrolyte
models: the explicit solvent approach and the implicit solvent approach. In the explicit sol-
vent approach, all the atoms are described explicitly. In particular, for a biomolecular system
immersed in an aqueous electrolyte, each atom is represented by six unknown functions for
its position and momentum. The Newton’s second Law can then be used to determine the
structural configuration, in the form of a large scale system of ordinary differential equations
(c.f. [1, 2, 3]):

r=(ry,.,r,) with r; being the position of atom 4,

where N is the total number of atoms, which is the sum of the number N,, of water molecules
and the number N, of atoms from a protein. However, since V,, can be very large, the size N
of this MD system can be huge, causing challenge in calculation and memory storage during
a MD implementation for a large molecular system. This limits the application of MD to a
realistic biomolecular system.

To overcome this difficulty, several implicit solvent approaches have been proposed [4, 5,
6,7,8,9, 10, 11]. It has been known that the electrostatic force is the dominate force for MD
implementation [2, 12]. Hence, calculation on electrostatics plays a very important role in the
study of structures, dynamics, interactions and functions of electrolytes [13, 14, 15, 16, 17].

In MD, it is done by using Coulomb’s law for each pair among all charged atoms. This



scheme is simple but very expansive since all the atoms of this system have to be considered
explicitly. On the other hand, based on the implicit solvent approach, Maxwell’s equations
(cf. [18]) can be used to calculate the electrostatics so that the effect of ionic solvent can be
considered implicitly. Consequently, the total number of unknowns can be sharply reduced
in MD implementation.

In the implicit solvent approach, a domain of water is treated as a uniform dielectric
medium. When exposed to an external electrostatic field, the intra- and inter-molecular
structure of water molecules will be affected, and in turn, an induced field will react to
the external one. This phenomenon is known as the electric polarizations, and the induced
field is called the polarization field. Traditionally, polarization effects of water molecules are
assumed to be isotropic and local, in the sense that the strength of the polarization field is
determined by the strength of the external electric field according to a constant factor, and
point-by-point over the whole water domain.

The implicit solvent approach has attracted more and more attentions and has been used
in the development of mathematical models for studying many dielectric systems, [19, 20, 21].
However, a lot of important characteristics of water structure are ignored in this simple
treatment, such as their intermolecular correlations and network structures, which are usually
referred to as the nonlocal solvent properties. It has been found that the polarization effects
of water molecules are very complicated due to these nonlocal intermolecular interactions
(22, 23, 24, 25]. To investigate them, about thirty years ago, Kornyshev and Vorotyntsev
proposed and studied a nonlocal solvent model [26, 27]. Since then, a lot of efforts had been
done to study and extend the nonlocal model, and to validate by many experiments that a
nonlocal model could provide better predictions than the corresponding conventional local
model in biophysical applications.

Another important topic in the model development for aqueous electrolytes is how to es-
timate the ionic charge density in a solvent domain. Due to the fact that ions are extremely
small and able to move almost freely in the solvent, it is very difficult to determine the loca-
tion of a specific ion, if not impossible. Hence, one usually turns to look for the concentration
functions of ions through thermostatisitical theories, where the fast degree of freedoms of
ions are averaged by statistical ensembles. In the context of continuum solvent approach,

Boltzmann distribution has been commonly used to estimate the solvent charge density, re-



sulting in a popular dielectric continuum model, the nonlinear Poisson-Boltzmann equation
(PBE) [8, 28, 29, 30, 31, 32, 33]. PBE is a second order partial differential equation (PDE)
that can be regarded as a specific form of the one of the Maxwell’s equations. In PBE, the
ionic concentration function of each species is described as an exponential function, which
is highly nonlinear in mathematics. Hence, its analytical solution may be acquired only
in very few cases with symmetrical geometries. As a compromised to avoid this difficulty,
traditionally, PBE was approximated by a linearized equation that an analytical solution
can be found. This kind of techniques can be traced back to the work of Debye and Hiickel
almost a century ago [34]. Due to this reason, a model constructed by such techniques is
often referred to the Debye-Hiickel equation. Nowadays, computational methods become
more popular in the study of PBE because of the progresses of numerical algorithms and
computer hardwares [35, 36, 37, 38, 39, 40, 41, 33, 42]. So far, many fast and robust program
software packages were developed and distributed in public domain, based on the finite ele-
ment, finite different, finite volume and boundary element methods, such as such as APBS
[43], Delphi [44, 45], PBEQ [46], PBSA [47], MIPBP [48] and SDPBS [49]. After being
studied for several decades, the PBE model is still a hot spot in the fields of biochemistry,
biophysics, bioengineering and mathematical biology.

In this dissertation, we studied electrostatics of aqueous electrolyte in a framework that
combines the nonlocal solvent approach and the PBE approach. We proposed several new
nonlocal dielectric continuum models in integral-differential equation forms, and reformulate
them into systems of partial differential equations, such that their solution can be found more
easily, by either an analytical or a numerical method. We also developed a finite element
program package to solve the new models. This program package is expected to be valuable
in the studies of aqueous electrolyte properties in real applications, such as electric double
layer problems and biomolecular simulations.

The remaining part of this dissertation is organized as follows: Chapter 2 introduces some
basic knowledges required in the modeling of biomolecular dielectric systems. In Chapter 3,
a nonlocal Debye-Hiickel equation was thoroughly studied, and its analytical solution was
found. In Chapter 4, we propose two linearized nonlocal Poisson-Boltzmann equations by
using new linearization schemes, and solve them numerically. In Chapter 5, we present some

numerical results obtained by using our software program package which is developed based



on theoretical and algorithmic analysis in the previous chapters. At last, some conclusions

are given in Chapter 6.



Chapter 2

Preliminary Knowledge

In this chapter, we introduce some fundamental knowledge that serves as the basis for study-
ing electrostatics and nonlocal solvent effects. They include the Maxwell equations, the Pois-
son and Poisson-Boltzmann equations, the nonlocal dielectric theory and modeling scheme.

We will also discuss the physical unit system used in this dissertation.

2.1 Basic theory for dielectric continuum modeling

Maxwell’s equations have been widely used to study electromagnetic phenomena and have
being a fundamental basis for classical Electromagnetics. They describe how electric and
magnetic fields to be induced by charge and current, and to interact each other. These
equations are named after the Scottish physicist James Clerk Maxwell who first found them
in the 19th Century. In differential equation form, they can be written as the follows:

/

p (Gauss’s law),
8D S
VxH-—=1J (Ampere’s circuital law),
gﬁ (2.1.1)
VxE+ E 0 (Faraday’s law of induction),
0 (Gauss’s law for magnetism),

\
where E is the electric field, D is the electric displacement field, p is the charge density in the
space, H is the magnetic field, B is the magnetic flux density, and J is the current density.
Here, the gradient operator V is defined as
g 0 0

Vo=, =, = 2.1.2

(ax7 ay? az) ) ( )
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where (z,y, z) denotes the spatial coordinates of a point in space R3.

In an electro-magnetic system, the displacement field D can be explained as the electric
influence to the environment induced by explicit charges in the system (such as charged
atoms). On the other hand, the overall electric effect is usually reflected by the electric field
E. It is generated by not only the explicit charges but also the implicit charges (such as
induced charges on a dielectric interface due to polarizations). In vacuum, D and E satisfy

a simple proportion relation:
D = ¢E, (2.1.3)

where €; denotes the vacuum permittivity.

In Maxwell’s equations, all electro-magnetic quantities are functions of spatial variable
r = (z,y, z) and temporal variable . Sometimes, in an electro-magnetic system, the electric
field E can reach a stable status in the sense that it does not change with respect to time.
In this case, E becomes to a vector function that only depends on the spatial variable r, and

there exists a scalar potential function ® such that
E(r) = —V®(r), r € R®. (2.1.4)

This kind of electric field E is usually referred to as the electrostatic field and ® is called the
electrostatic potential. In an electrostatic system, there does not exist any electric current J,
or magnetic field H, and the magnetic flux B is vanished. Consequently, the only nontrivial

equation in (2.1.1) is the Gauss Law:
V-D(r) = p(r). (2.1.5)

Note that by (2.1.3) and (2.1.4), (2.1.5) can be equivalently written as

1
V-E(r) = e—p(r), (2.1.6)

0

or as a Poisson equation .
— A®(r) = —p(r), (2.1.7)

€0

where A denotes the Laplace operator that is defined by
0? 0? 0?

A=V -V=—od 2.1.8
VeV 0$2+8y2+822 ( )



Equations (2.1.3), (2.1.6) and (2.1.7) perfectly describe the relations among the charge
distribution p, displacements field D, electric field E and electrostatic potential ® in an
electrostatic system, but they are only valid in a vacuum. For a system involving a dielectric
medium, the polarization effects must be considered. In principle, this effect is explained as
the comprehensive reactions of the dielectric medium to the external electrostatic field. In
Physics, the polarization effect can be modeled by assuming that there exists a polarization
field P such that

D(r) = ¢oE(r) + P(r). (2.1.9)

There are many different ways to specify the mathematical form of a polarization field,
depending on different description on the dielectric property of the medium. Tradition-
ally, one usually assumes that the polarization filed P responds to the electrostatic field E

proportionally at each spatial position r:
P(r) = eox(r)E(r), (2.1.10)

where y is the electric susceptibility function that measures the degree of polarization of a
dielectric medium in response to the source electrostatic field.
By (2.1.10), we can rewrite (2.1.9) into

D(r) = eo(1 + x(r)E(r) = coe(r)E(r), (2.1.11)

where €(r) = 1 + x(r) is called the relative dielectric function of the medium. Applying
(2.1.4) and (2.1.11) to (2.1.5), we get the Poisson dielectric equation:
1
— V- (e(r)VO(r)) = —p(r), r € R? (2.1.12)
€o
which gives the electrostatic potential ® for the electric field E induced by the charge density
p in a dielectric medium with the relative dielectric function e.
(2.1.12) is the fundamental framework of the classic electrostatics. As a special case, we

introduce the Poisson-Boltzmann equation in the next section.

2.2 Poisson-Boltzmann equation

The origin of the Poisson-Boltzmann equation (PBE) can be traced back to the independent

works of Louis Gouy [50] and David Chapman [51], respectively. Due to this reason, it is also
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often referred to as the Gouy-Chapmann theory. It was designed to predict the electrostatic
potential distributions in a dielectric system in which a solid charged object is contacted with
or immersed in an electrolyte. According to this theory, the ions dissolved in the solvent
distribute more likely in a diffusion way because of their thermal activities. In particular, the
local concentration of an ionic species is determined by the energy that is required to bring
an ion of that type to the location from an infinitely far distance. The resulting formula
for calculating ionic concentrations was found satisfying an exponential form and is usually
referred to as the Boltzmann distribution in the literature.

Mathematically, the Poisson-Boltzmann equation can be described as a second order
nonlinear partial differential equation satisfying two continuity interface conditions. Suppose
the whole space R? is split as

R* = D,UD,UT, (2.2.1)

where D, is a bounded domain that holds a protein or other biomolecule, such as a lipid or
nucleic acid, Dy is the solvent domain, filled with an ionic solution, and I' is the interface
between D, and D, which is usually set as a surface of the protein. Based on the implicit
solvent approach, both D, and D, are treated as two uniform dielectric continuum mediums
with dielectric constants €, and €, respectively.

Under the settings as above, PBE can be derived from the classic Poisson dielectric model
(2.1.12) when we set the dielectric function €(r) and charge density p as piecewise functions

in the following forms:

€, TED,,
e(r) = P b (2.2.2)
€s, T € Dy,
and
Tp
€e Z 2O, in D,
p(r) = n (2.2.3)
_ ,ecq)(f‘)
€c Z ZZMZG Zi kpT in DS,
i=1
where we have assumed D, contains n ionic spices with charge numbers Z; forv =1,2,...,n,

e. denotes the elementary charge, kg is the Boltzmann constant, 7" is the temperature, M;
denotes the bulk concentration of spices ¢. Here, a molecular structure of the protein with

n, atoms has been given in a way that each atom is regarded as a solid ball with its atomic



charge concentrated at the center. z; and r; denote the charge number and position of atom
J, for j =1,2,... n,, respectively, and ¢,; denotes the Dirac delta distribution at r;.

As shown in (2.2.3), the charge densities in PBE are piecewisely defined in the solution
domain D, and the solvent domain Dy, respectively. In D), atomic charges of the biomolecule
are treated as a group of points without volume, and with fixed locations and explicit charge
quantities. In Mathematics, they are expressed as a sum of Dirac delta distributions. On
the other hand, in the solvent domain D, the charge density function is defined through the

ionic concentration functions of all species of ions

p(r) =e, Z Zici(r). (2.2.4)

Further, for the 7th species, its concentration function satisfies the following Boltzmann

distribution
_ec®(r)

ci(r) = Mye % FnT (2.2.5)

In the classic electric theory, both ® and D are assumed to be continuous along the
outward normal direction of D,. That is, on the interface I', we have the potential continuity

condition,
P(s™) = &(sT), sel, (2.2.6)

D(s") - n(s) = D(s") - n(s), sel. (2.2.7)

Here, n(s) represents the outward normal direction at s on I', and ®(s™) denotes the limit
value of ® when it approaches to the point s € I' along its outward normal direction n(s)

from outside. Namely, we define

Pd(st) = Vl_i)r(l)l_‘r ®(s +vn(s)). (2.2.8)

By using (2.1.4), (2.1.11) and (2.2.2), the flux continuity condition (2.2.7) can be equiv-

alently written as

0P(s™) 0P (s™)

€p on(s) = € an(s) (2.2.9)
where the directional derivative O®(s*)/dn(s) is defined by
0%(s*) _ +

10



Substituting (2.2.2) and (2.2.3) into the Poisson dielectric model (2.1.12), and using the
interface condition (2.2.6) and (2.2.9), we can obtain the Poisson-Boltzmann equation as the

following second order nonlinear partial differential equation interface problem:

Co &
—e,Ad(r) = . Z 2;0x; re D,
j=1 (2.2.11)

ec®(r)

—€;Ad(r) — :_;Z ZiMie 7T =0, re D,
=1

satisfying the interface conditions

O(s7) = 0(s™), Epa;l((ss_)) = es(;fls(g, scT. (2.2.12)

Moreover, according to the fact that the electrostatic potential ® vanishes when far away

from the biomolecule, we have the following boundary condition
O(r) — 0 as |r| — oo. (2.2.13)

After being studied for several decades, the Poisson-Boltzmann equation is still a hot
spot to study in many research areas, and it has been proved to be very successful in many
applications, such as protein structure predictions [52, 53, 54, 55], free energy and pK,
calculations [56, 57, 58, 59, 60, 61, 62], ion channel problems [63, 64, 40], and rational drug
design [65, 66, 67].

2.3 Nonlocal dielectric effects of water solvent

In the traditional dielectric continuum models, such as PBE, people do not consider any
effect of interactions among water molecules in an aqueous electrolyte. As a result, this
treatment usually induces a spatial point-to-point correspondence between the electrostatic
field E and the displacement field D, such as (2.1.11). For this reason, these models are
called being of local.

In practice, when exposed in an external electric field, water molecules will behave more
likely as electric dipole moments because of the unevenly distributed ion cloud around the
hydrogen and oxygen atoms. These dipole moments interact with each other, as being

attracted, repelled or twisted. This phenomenon is called the spatial nonlocal dielectric

11



property. It would force the water molecules in an aqueous electrolyte to form a network
structure, especially in the area with a strong electric field. In a word, water molecules not
only response the electrostatic field due to the external source charges, but also affect each
others because of their internal induced charges. Hence, the polarization effect of an aqueous
electrolyte essentially depends on the electrostatic field among the whole space, directly or

indirectly.

2.4 A basic nonlocal dielectric theory

The earliest attempts to investigate the nonlocal dielectric effects via mathematical methods
can be traced back to the pioneer works of Kornyshev and Vorotyntsev about forty years ago
[26, 27]. In their papers, the electrostatic nonlocal polarization effects of water molecules
were modeled as an integral over the whole solvent domain, and coupled into the framework
of Poisson’s equation.

In Mathematics, the nonlocal interaction between D and E can be discussed in a frame-
work of operator equations. Suppose the whole space R? is filled with water, the nonlocal
polarization effect of water molecules can be described through the following operator equa-

tion which maps an electrostatic field function E to a polarization field function P:
P =¢X(E), (2.4.1)

where X : U — V is an operator, and U and V denote two appropriate vector function
spaces.

(2.4.1) is a generalization of the classic local response of P to E in (2.1.10). Here, X
plays a role as the simple proportional constant factor y does in (2.1.10), but X" is expected
to reflect the property that the value of P at each position r will be affected by the values

of E all over the space. Mathematically, it may be defined as an integral:
P / A BE)dY,  Vre R (2.4.2)
R3

where x(r,r’) is called the susceptibility function.
In Physics, x(r,r’) describes the electrostatic correspondence between two water molecules
locating at position r and r’; respectively. Ideally, the value of x(r,r’) is determined by the

status of these two water molecules, including their distance, relative angles and internal
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structures. However, it would be extremely difficult to investigate x if all these factor are
taken into account. To simplify the discussion, all water molecules are usually assumed to
be isotropical and distributed uniformly over the solvent domain, such that the value of

function y depends only on the difference r — r':
x(r,r') = x(r —r'). (2.4.3)
Accordingly, (2.4.2) becomes a convolution
P = ¢ /3 x(r —r)E()dr, vre R’ (2.4.4)
R

with y denoting the convolution kernel function.

In principle, there are many different kinds of nonlocal polarizations, and one specific
type determines one specific form of the kernel function xy. Among them, there is a well-
known and thoroughly investigated model, named the Fourier-Lorenztian model, which can
be defined via a Lorentzian function in the frequency space under the Fourier transform (cf.

(68, 69, 70]):

Xs — Xoo
1+ A2k2
where y, and Y, are the susceptibilities of water molecules for static and optical cases,

X(k) = Xoo + (2.4.5)

respectively, A is usually explained as the nonlocal correlation length which indicates the
range that the intermolecular interactions between each pair of water molecules is significant,
and k denotes the norm of the frequency space variable k. By inverse the Fourier transform,
the expression of x in the spatial space can be found as:

o=/
AT

where r denotes the norm of spatial variable r, and 0 is the Dirac Delta distribution at r.

X(7) = Xoo0r + (Xs = Xoo) (2.4.6)

Based on all above arguments, we now can induce a specific nonlocal relation between
the displacement field D and the electric field E as
D(r) =¢E(r) + P(r)
=¢oE(r) + ¢ X (E)(r)

e—\r—r’\/)\ , )
:EOE(r) + 6o (XOOE(r) + (Xs - Xoo) /VR3 mE(I‘ )dr) (247)

€—|r—r’|/)\
= <E s — €oo —— —E(r)dr’ R3
eo(e (r) + (es —€ )/]1%34#)\2“_1‘/‘ (r)r), re R
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where we have defined
€00 = 1+ Xoo (2.4.8)

as a new dielectric parameter of water medium that corresponds to the limit case when water
molecules vibrate in high frequency.

For clarification, we conclude our results in the following proposition:

Proposition 2.4.1. Under the effects of nonlocal solvent polarizations, the displacement

field D interacts with the electrostatic field E according to the operator equation:
D = ¢£&(E), (2.4.9)

where £ : U — V is an operator for two appropriate vector function spaces U and V, which
reflects the nonlocal effects.

As a special case, operator £ can be defined by the Fourier-Lorentzian model, such that

o—lr—11/A
D(r) = E — ————E(r')dr’ R?. 2.4.1
(r) =€ (eoo (r) + (€5 — €x0) /R3 ys VI (r )dr) : r e ( 0)

Usually, people are more interested in the electrostatic potential ®. Thus, substituting
(2.4.10) into the Gauss law (2.1.5), and use the fact E = —V®, we get the following nonlocal

dielectric Poisson equation:

ef\rfr’\/)\

-V (eooVCI)(r) + (€5 — €c0) /R3 qu)(r’)dr’) = —p. (2.4.11)

2.5 Solution decomposition techniques

Solution decomposition techniques are commonly used in searching for the solution of the
Poisson equation and its variants. To show the basic principle, we define a Poisson-like

equation written in the operator form as follows
L(®)=p in Q, (2.5.1)
subject to the boundary condition

B(®) =g on 0, (2.5.2)

14



where p is the charge density in the domain €2, L and B denote two operators, and g is a

boundary value function. We would like to decompose the solution ® into n components:
O=0 +Dy+--- 4+ Dy, (2.5.3)
Accordingly, L(®) and p are split as
L(®) = Li(®1, Dy, ..., D,) + Lo(Py, Do, .., D) + L (Py, Do, ..., D), (2.5.4)

and

p=p1+p2+--+pn, (2.5.5)
such that these components satisfy the following system of equations:
( Ll(q)la (I)Q, Ce ,(I)n) = pP1,

LQ(CI)l, Cbg, RN 7q)n) = P2,
(2.5.6)

L Ln((bl, (I)Q, . ,(I)n) = Pn-

For each of the above equations, its boundary or interface conditions shall be constructed
from the original condition B(®) = g. We expect that a solution of the above system can
be found more easily in comparison to the case of solving the original equation.

Several solution decomposition techniques have been proposed in case of Poisson-Boltzmann
equation. By them, the decomposition of a PBE solution can be restricted to a subdomain
(D, or Dy) or applied to the whole space. Usually, the solution of PBE is split into two or
three components, one of which is a function with known algebraic formula that catches all
singularities induced by Dirac delta distributions. As an example, in the following, we present
a decomposition scheme of PBE that was proposed in [33] (theorem 3.1). Other different
solution decomposition technique used for solving PBE can be found in [36, 71, 72, 73].

Proposition 2.5.1. The solution ® of (2.2.11) can be decomposed into three parts:
O=G+V+ P, (2.5.7)

where G is defined as

(2.5.8)



U satisfies the following linear interface problem

(

A¥(r) =0, re D,U D,
U (s7) =€, ¥(sh), seTl,
oV(s™) oV (st) 0G(s) (2.5.9)
= — r
“anis) ~ “an@) & Dane) ST
\ U(r) — 0, as |r| =0,
and @ satisfies the following nonlinear interface problem
( —e,AD(r) =0, reD,,
—e,AD(r) — ZE Z ZiMie*Zi(G(r)”'(r)*i’(r)) =0, reD,,
€okpT = D) 265" (2.5.10)
~ ~ s~ S
O(s7) = €e,D(sT =€ r
EP (S ) € (S )7 Ep an(s) € an(s> ) S € )
d(r) — 0, as |r| — 0.

\

Comparing to the original PBE, we can obtain the following advantages by using the

decomposition formula of (2.5.7):

e All the singularities are taken out from the PBE solution to form function G whose

analytical expression is known.

e The jump flux interface condition occurs only in the linear problem for solving W,

such that the nonlinear problem for solving ® has a simpler continuous flux interface

condition.

e The three components of ® have a clear physical explanation:

1. G is the potential induced by the explicit fixed charges from the protein.

2. W is the electrostatic potential induced by the implicit surface charge due to the

dielectric jump across the interface I'.

3. @ is the electrostatic potential induced by the charges of ions in the solvent.

e The solution decomposition leads to an efficient algorithm for finding the solution ®

as follows:

1. Calculate G by (2.5.8).
16



2. Solve ¥ by (2.5.9).
3. Solve ® by (2.5.10).
4. Obtain ® = G+ ¥ + ®.

2.6 Physical parameters and units

There exist different physical unit systems to describe various models. In this thesis, we only

consider the equations under the SI unit system [74], in which the electrostatic potential, ®,

and its components are measured in Volts. For clarity, we list all the parameters of PBE in

Table 2.1, along with their physical meanings and units.

Table 2.1: Magnitudes & Units of PBE parameters in SI unit system

Concepts Units(abbr.) Magnitudes
€p  Permittivity of vacuum Farad/Meter(F/m) 8.854187817 x 107!2
e Elementary charge Coulomb(C) 1.602176565 x 10~1°
T Absolute temperature Kelvin(K) 298.15

kp  Boltzmann constant  Joule/Kelvin(J/K) 1.380648813 x 10723

Besides, the related dimensionless physical constants are listed shown in Table 2.2.

Table 2.2: Physical Constants

Concepts Magnitudes
¢, Dielectric constant of protein in D, 2.0
€;  Dielectric constant of water in D, 78.5
N, Alvogadro’s constant 6.0220450 x 1023

To simplify calculation, we can transfer PBE to a dimensionless form. The basic principle

is to multiply the electrostatic potential, ® by the constant e./kgT, such that the product

e.®/kpT takes no dimension. Same manipulations can be applied to the components of ®,

such as G, ¥ and ® induced from the decomposition scheme as shown in Proposition 2.5.1.

If we keep the same notation, i.e.,

(& e
o — P, -

€c
2.6.1
T T G— G (2.6.1)

v - v
) kBT )
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then, the Poisson equation (2.6.2) is written in the dimensionless form:

€c
EOkJBT

— V- (e(r)VO(r)) = p(r), r € R (2.6.2)

and the Poisson-Boltzmann equation (2.2.11) has the dimensionless form:

—EPA(I) EOI{ZBT Z Z] rjs rc Dp,

—e;AD(r) +

(2.6.3)

Z;Mie%*®) =0, re D,

EokBT Z

Note that the new interface conditions have the same forms as the ones given in (2.2.12).
Usually, this dimensionless setting can simplify the study and solution of the Poisson

equation and PBE. In the rest of the paper, we will restrict our discussions to their dimen-

sionless forms.
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Chapter 3

Nonlocal Debye-Hiickel Equations

The classic Debye-Hiickel equation is a continuum model for investigating electrostatic prop-
erties of ionic solution. It was first proposed by Peter Debye and Erich Hiickel for calculating
the activity coefficient of ionic solutions [34]. In their thesis, they pointed out that dissolved
ions in a solution do not distribute ideally when exposed to an external electrostatic field,
due to the electric interactions among them. Mathematically, the Debye-Hiickel equation is
usually described as a second order linear partial differential equation. As a quick review, we
will first follow the Poisson-Boltzmann theory to derive a nonlinear Debye-Hiickel equation.
We then will couple it with the nonlocal dielectric properties to propose and investigate

several nonlocal Debye-Hiickel equations.

3.1 A nonlinear Debye-Hiickel equation

Let the whole space R3 be filled with an ionic solution containing n ionic species, and be
treated as one continuum medium with the dielectric constant e€5. Two charge density func-
tions, py and p,,, are given to denote the fixed charges and ionic mobile charges, respectively,

such that the total charge density function p is given by

p =P+ P (3.1.1)

Hence, by (2.1.12), the electrostatic potential, ®, can be determined by Poisson’s equation
in the dimensionless form:
€c
— € AdD(r) = (pr(r) + pm(r)), r € R3 (3.1.2)
€OI{BT
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Usually, it is easy to get py in many real applications, but how to estimate p,, is chal-

lenging, which remains a research topic by itself. In this section, we assume that there exist

ionic concentration functions, ¢;, for i = 1,2, ..., n, such that
€2 <
m — ¢ Z,L 7 5 313
ple) = 5 D il (313)

where e, is the elementary charge, and Z; is the charge number of the i-th ionic species.
To simplify calculation, we apply a solution decomposition technique to (3.1.2) to split
® as
b=G+ 7, (3.1.4)

where G and ¥ are the solutions of the following two equations, respectively:

Eok’BT (315)
G(r) =0 as |r| — oo,
and . n
e
—e,AVU(r) = —=< Zici(r), reR3,
U(r)—0 as |r| — oo.

Since G is determined by ps only, it is independent of c. Hence, we only need to consider
the equation (3.1.6) to search for the optimal electrostatic potential ®.
For simplicity, we restrict our discussion on a bounded domain §2 satisfying the following

conditions:
1. Q is large enough such that it contains all the fixed charges.

2. & satisfies a homogeneous Dirichlet boundary condition, ®|sq = 0, where 092 denotes
the boundary of 2.

An inhomogeneous boundary condition can be discussed similarly as what was done in [75].

Let ¢ = (c1,c¢a,...,¢,). According to the Poisson-Boltzmann theory, we determine an
optimal ¢ as a solution of the following partial differential equation constrained minimization
problem:

cer\?\ll/réUF(c’ ) (3.1.7)
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subject to Poisson’s equation

2 n
e
—e, AV (r) = < Zici(r), req,
(x) eok:BT; (x) (3.1.8)
U(s) = —G(s), s € 012,

where V' and U denote two appropriate function spaces, F' is an energy functional defined
by
F(c,¥) = Fes(c,¥) + Fia(c) + Fa(c). (3.1.9)

Here, the electrostatic energy term F,, is defined by

Fou(e, W) = Zf/ﬂpf() dr+""B—TZZ/ Gr)+ U()]dr,  (3.1.10)

the idea gas energy term Fjy is defined by

Fic) = kBTZ /Q ci(r)[In(e;(r)A?) — 1]dr, (3.1.11)

and the Gibbs free energy term F is defined by

ZN@/z r, (3.1.12)

where A; and p; are the de Broglie wavelength and the chemistry potential of the i-th ionic
species, respectively.
Usually, the fixed charges are assumed to be a set of point charges from a structure of a

protein molecule. In this case, ps is defined by

pr=recY 20, (3.1.13)
j=1

where z; and r; denote the charge number and position of atom j, and n, is the number of
all atoms of the protein. For the above pf, the analytic solution of (3.1.5) can be found in

the formula:

G(r) = (3.1.14)

>
Amege kT P v —r;|
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Next we consider the solution existence and uniqueness of (3.1.8). Let C'(Q2) and C*(Q)
denote the function spaces for continuous and second-order continuously differentiable func-
tions defined on 2, respectively. We assume ¢; € C(QQ) for ¢ = 1,2,...,n. Since the
linear operator A : C%(Q) — C(Q) is positive, continuous, and self-adjoint, its inverse
A7 C(Q) — C%*(Q) exists. Thus, ¥ can be expressed in the operator form:

2

e n
\II = — < ZiAil i 11
oo 2o 28710 (3.1.15)

Because of (3.1.15), we can regard ¥ as a function of ionic concentrations functions ¢, denoted
as W = U(c). Hence, by (3.1.9), we can define a function of ¢, f(c), as

f(e) = F(e, (c)). (3.1.16)

Let f’(c) and f”(c) denote the first and second Fréchet differentials of f at ¢, which are

respectively defined as

— Jf(c)
/
=) — U d iWj,
f(e)v ; Jc, v an Z 8030021) ;
where v = (’Ul,’Ug, ooy un) and w = (wy, wa, .. ., wy,) with v, w; € L*(Q) for 4,7 =1,2,.
and af (c and c) denote the first and second order partial derivatives of f, respectlvely

Followmg What was done in [42], we can show that the energy functional f is strictly
convex so that the minimization problem (3.1.7) has a unique local minimizer, which is also

the global minimizer. For clarity, we collect some important results as follows:

1. The first and second Fréchet derivatives f’ and f” can be found in the forms:

f'(c)v = Z /Q[ZikBT(I)(r) + kT In(c;(r)A2) — p]vi(r)dr,
and

() (v,w) = kBTZ ZZJeC/L Yo (r)w; (v )dr+kBTZ/ —vw;dr,

i,7=1

for any v,w € V. Here, the operator L : U — L?*(f2) is defined as follows:
(Lu,v)r2q) = es/ Vu - Vudr, Vu,v € U. (3.1.17)
Q
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2. The second derivative f”(c) is positive definite. Thus, f is strictly convex and has a

unique local minimal point ¢* = (¢}, 3, ..., ¢,

’rTn

), which is also the global minimal point.

3. The minimizer ¢* can be found by the following first order optimization condition

F(¢) =0. (3.1.18)

4. By solving (3.1.18), each ¢} can be represented in the Boltzmann distribution:
ci(r) = Me %% i =1,2,...n, (3.1.19)

where the constant M; = A; et/ that is often explained as the average concentra-
tion of the ith species of ions. Correspondingly, the mobile charge density function p,,
has the following form
p(r) =€ Y Zic}(r) = e,y  ZiMe 7). (3.1.20)
i=1 i=1

5. By (3.1.4), the optimal electrostatic potential is obtained by
o = U(c") + G. (3.1.21)
Substituting the Boltzmann distribution (3.1.19) into (3.1.6), we can get a nonlinear
Debye-Hiickel equation as follows:

2
€

n 2 Tp
ZZM,Le*Z'Lq)(r) — L Z'5r~, - Q’
cokpT ; eokpT ; T (3.1.22)

d(s) =0, s € 09).

—e,Ad(r) —

We conclude the above arguments in the following theorem:

Theorem 3.1.1. The minimization problem (3.1.7) is equivalent to the nonlinear Debye-

Hiickel equation (3.1.22), with the minimizer ¢; being given in (3.1.19).

As a typical case, for a symmetric 1:1 monovalent ionic solution, such as NaCl aqueous
solution, we haven =2, 7, = 1, Zy = —1, and M; = My = M, where M denotes a given bulk
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concentration of the salt dissolved in the solution. In this case, the nonlinear Debye-Hiickel

equation becomes
2 2 "p
2Me: e

inh (®(r)) = —* O, R?
o Snh (@) = —¢ > 20, TERS

meh() + (3.1.23)

j=1

d(s) =0, s € 092.

In the case that the potential magnitude |®| is sufficiently close to zero, the hyperbolic
term in (3.1.23) may be approximated by:

sinh (®(r)) ~ ®(r). (3.1.24)

Consequently, (3.1.23) is simplified to the traditional Debye-Hiickel equation:
2Me? 2 &

“P(r) = —= 2;0p., T €R3,
eokpT cokp 2_ 7%, (3.1.25)

=1

—e,AD(r) +

d(s) =0, s € 09.

It is well known that the solution of the above equation has the following form:

—kK|r—r;|

62 i e
d(r) = ¢ Vr € R3 , 3.1.26
(x) dmegekpT ]21 r—r;|’ reR, r#T, ( )

| 2Me?
= < 1.2
& EOESk?BT (3 7)

which is called the inverse Debye length.

where the constant x is defined by

3.2 A nonlocal Debye-Hiickel equation

In this section, we derive a nonlocal Debye-Hiickel equation from the basic nonlocal dielectric
Poisson equation (2.4.11).

Clearly, the dimensionless form of (2.4.11) can be obtained as follows:

~6xAD(r) + (6, — €x)V - [ Qa(r — ) VOE)dr' = —“—p
R3 eokpT

O(r) —» 0 as |r| — oo,
(3.2.1)

(r), reR’,
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where (), is defined as a Poisson kernel:

1

E———— 0. 3.2.2

Qx(r)

Similar to the case of the traditional Debye-Hiickel equation, we defined the charge density

p by
p(r) =ps(r) + pm(r)

Tp

- 3.2.3
=€, Z zjér]. + e. Z ZZ‘MZ‘G_Ziq)(r). ( )

j=1 i=1
Applying the above p into (3.2.1), we get the nonlinear nonlocal Debye-Hiickel equation:
(

— e AD(r)+ (65 — €0)V - [ Qu(r — 1 )VO(r')dr’

]R3

e+ e < 3.2.4
__c ZiMe %% — _—¢ O (3.2.4)
EQI{Z T ; ¢ Eoka ; % a7

B

O(r) — 0 as |r| — oo.

\

For the typical 1:1 ionic solution, the above equation can be simplified as

( —€AD(r) + (65 — €0)V - [ Qx(r — ' )VO(r')dr’
R3
2Me? 2 &
¢ ginh(®(r)) = —° 5. R3 (3.2.5)
+€OkBT Sin ( (I')) E()kBT ; 2351‘37 rec )
{ O(r) — 0 as |r| — oo.

In the case that |®(r)| is small enough, the above nonlinear equation can be linearized

into
(e AD(r) + (e — )V - / Ox(r — 1) VO(r')dr
R3
2Me? o~
c @ — c .(srv R?’ (326)
+60/€BT (r) €okp jZIZJ 7 reR
L d(r) — 0 as |r| — oo.

Clearly, when €., approaches to €, (3.2.6) reduces to the traditional Debye-Hiickel equation
(3.1.25). Due to this reason, we will call (3.2.6) the nonlocal Debye-Hiickel equation for
clarity:.
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3.3 Derivation of analytical solutions

In this section, we present the analytic solution of the nonlocal Debye-Hiickel equation
(3.2.6). By the superposition principal, we only need to calculate the fundamental solution

of the following problem:

—€AD(T) + (€, — €x0)V - [ Qa(r — T )VO(r)dr + F?®(r) = J, r € R3,

R3
O(r) — 0, as |r| — oo,
(3.3.1)
where k is defined by
2Me?
R = \€sk = <. 3.3.2
" \/E_KV EQkBT ( )

First, we notice that @), is the fundamental solution of the following partial differential

equation:

— /\2AQ)\ + Q) =0. (333)

Taking convolutions with ® on both sides, and using the multiplication property of convo-

lution, we get
—NAQr*D)+QyxD =D (3.3.4)

Regarding @ * ® as an auxiliary function, the above can be written as

— NAu+u—® =0, (3.3.5)
and (3.3.1) can be reformulated as
— € AD(T) + (€5 — €00) Au(r) + B*®(r) = 6, (3.3.6)
and further into
e AD(r) + & ;;"0 (u(r) — B(r)) + 72d(r) = 6. (3.3.7)

Combining (3.3.5) and (3.3.7), we get a system of partial differential equations with

respect to the unknown functions ® and u as follows:

—€AD (1) + (o + £ D(r) — alu( )=10, reR3,
~ N Au(r) + u( ) —®(r) = r € R3, (3.3.8)
®(r) — 0,u(r) — 0 as |r| — oo,
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where
€s — €xo

\2
Due to the property of spherical symmetry, it is easy to see that the solutions ® and

a1 =

u must be radial functions in the sense that ®(r) = ®(|r|) and u(r) = u(|r|). Denoting
r = |r|, and changing the variable r = (x,y, z) into the spherical coordinates (r,0,y), we

can reformulate (3.3.8) as the following second order ODE system:

—em%(ﬂb(r)) + (o + &) (r®(r)) — ar(ru(r)) =0, r >0,

32 L ru(r) + ru(r) — rb(r) =0, "0, (3.3.9)
O(r) — 0,u(r) —0 as r — oo.

Setting ®(r) = r®(r) and u(r) = ru(r), the above ODE system becomes

2

) - (3.3.10)

or equivalently, in the matrix form

d2 (i) a; —ag (i)
SOl e

where ay, as, and b are defined by

o + R? Q 1
ay = s ag = —, b= ﬁ
€0 €0

By direct calculations, the two eigenvalues of the coefficient matrix
ap —az
—b b

1 1
wy = §(a1+b—|—c), W2 = E(al—i_b_c)a (3.3.12)

can be found respectively as

and their corresponding eigenvectors (; and (s are:

@:(1>, <2:(1), 5313
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where ¢, 11, and 75 are defined by

1 1
Cc = \/(al—b)2+4a2b, TIZQ—CLQ(CLl—b—C), T2I2—a2<a1—b+0).

Substituting the original notations to the above expressions, we get

o R2N2 e, + € e R2A2 e, — €&
e 2e N2 P 26,02 (3.3.14)
_R2A2+es—2€oo—£ _R2A2+es—2€oo+§ o
e 2(€s — €x0) R 2(€s — €x0) 7
where ¢ is defined by
€ =V (R2A2 + €,)2 — de \2R2. (3.3.15)

Lemma 3.3.1. Ife; > e, then the eigenvalues wy and wy defined in (3.3.12) are two positive

real numbers.

Proof. Because aq,as and b are positive, ¢ is a positive real number, thus w; is positive. To
prove ws > 0, by the equivalent form (3.3.14), it is sufficient to show that the numerator
K2A% + e, — € is positive. We first show that £ is real: Suppose €, > €., (which is reasonable
in physics, e.g., when the solvent is water, under the room temperature, one has ¢, ~ 80 and

€0 &~ 1.8), the radicand of £ can be factorized as
(RPN + €5)7 — 4esoNR? = (65 + BN + 20Rv/exo ) (€5 + RPA® — 20k /e ),
it is easy to see that the first factor is positive, and the second factor satisfies

€5+ RPN — 2MR\/feoo > €00 + RPN — 20R\/eoo = (Veoo — FN)? > 0,

hence £ = /(R2\? + €5)2 — 4ex A2R? is real. Further, note that
(REN2 4 €)% > (R2A? + €,)? — de RPN = €2

thus
REN2 e, > €,

which implies that the numerator of ws is positive. O

Based on the results of Lemma 3.3.1, we have
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Theorem 3.3.2. The fundamental solution of PDE system (3.3.8) has the form

- e—mlr| T e nzlrl
q)(r) :47T€OO<7_22 — Tl) |I‘| + 47TEOO<711 - 7_2) |I'| ?
(3.3.16)
(x) T1To e—mlrl T1To emlrl
u(r) =
Amese(Ty — 1) || dme(m — 7o) ||
where
1 [R2A2 +¢e,+¢ I [REN2 46— ¢
Y sl B AL L = Sy = —4 | —— 5> 3.3.17
n wi A 2€00 S w2 A 2€00 ( )

Proof. According to Lemma 3.3.1, n; and 7, are two positive real numbers. Based on the

classic ODE theory, the general solution of (3.3.11) can be written in the form

O(r) =cre™™" + coe” ™" + c3e™" 4 che™,

u(r) =c1me” ™" + compe” ™" + cyme™” + cymoe™’,

which implies that the general solutions of (3.3.9) has the following form

6—771T 6_772r 67717‘ 67727"
O(r) =c1 + e +e3— + e—, (3.3.18)
r r r r
677]17‘ 677727‘ 67717‘ 67727.
+ CaTo + c37 + a7 . (3.3.19)

u(r) =c1m

where ¢1, ¢9, c3 and ¢4 denote four constants to be determined.
By the boundary conditions ®(r) — 0 and u(r) — 0 as r — oo, it is easy to get that
c3 = 0,c4 = 0. To determine the values of ¢; and ¢y, two more conditions are needed.

Because u is a smooth function in the whole space, we have

lim ru(r) =0, (3.3.20)
r—0
from which we can obtain
C1T1 + CoTo = 0. (3321)

The second condition can be obtained by integrating the both sides of the first equation of
(3.3.8) over a small ball B. =: {r||r| < €} centering at the origin with radius e.

— oo /B A®(r)dr + (o + R?) /B ®(r)dr — ay /B u(r)dr = 1. (3.3.22)
29



Here the property of the Dirac delta distribution ¢ has been used to get the right hand side
of the above equation equal to 1.
Note that for a point s = (z,y,2) on the boundary of B,, its outward normal vector

n(s) = 1(z,y, z) where 2 + y? + 2% = €. By the divergence theorem [18], we have

1
/ Ad(r)dr = Vo(s) - n(s)ds = —/ (®yz + Py + @,.2)ds
€
‘ 0B« 0o (r) N (fgz ) 494 (3.3.23)
r
:/ ds:/ / e sin¢62d¢d9:47r62 ¢ .
o, dr 0 o dr dr
We then can calculate
dd(e) d e~mr N e~ "mr
=—|lc c
dr ar \'' oy oy e
e e~ MT e _ o—MIT e~ TR2T e _ o= T2T
2(01 e Z ¢ + o 12¢ Z ¢ ) (3.3.24)
T r e
e~ € _ o—T1E e~ TREc _ p—T2€E
e i el i
€ €

Hence, the first term of (3.3.22) can be evaluated as
— eoo/ AD(r)dr = —4rmesfcr(—me "% — €M) + co(—mee” ™€ — e ™). (3.3.25)

Taking the limit as e approaches to zero on both sides of (3.3.25), we get

e—0

lim{ — 600/ A@(r)dr} = dmeso(c1 + 2).
Be

For the second term of (3.3.22), we have
—mlr| —n2]r|
/ O(r)dr = / (cle + 626 ) dr
B B. | |
2m T € e—mr 2m ™ € o~ Mm2r
= / / / r? sin ¢pdrdedd + c, / / / r? sin ¢pdrdodd
o Jo Jo T o Jo Jo T

247'('61/ Te_’“"“dr+47ch/ re "?"dr.
0 0

Because the integrands are smooth functions, the above two integrals approach to 0 as €

approaches zero. This gives
lim [ ®(r)dr = 0.

e—0 B.
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Similarly, we can show that

lim [ wu(r)dr =0.
e—0 B.

Hence, letting e approach to zero on the both sides of (3.3.22), we obtain the following

equation as the second condition.
Amens(c1 + o) = 1. (3.3.26)

Combining (3.3.21) with (3.3.26) we get:

C1T1 + CoTo = 0,
(3.3.27)
Amens(c1 + c2) = 1.
Solving the above algebraic system, we can find the values of ¢; and ¢, as follows:
C1 = L Cy = n (3328)

Amese(mo —11) den (T — T2)
At last, according to (3.3.18), we substitute ¢; and ¢y by their values defined in (3.3.28),
and use the fact ¢ = ¢4 = 0, the fundamental solution of the ODE system (3.3.9) is found

in the form of (3.3.16). O

The analytical solution of the nonlocal Debye-Hiickel equation (3.3.9) can be obtained
by applying the superposition principle with respect to the multiple delta distribution {0, }.

For clarity, we conclude our main results of this chapter as the following theorem.

Theorem 3.3.3. The analytic solution of the nonlocal Debye-Hiickel equation (3.2.6) has
the form

Tip Tp _ _
QT e~ mlr—r;l T e=m2lr—r;l
T R UL B
A€o (T2 — 1) = lr—r;|  4men(mi — T2) = lr —rj|
Tp
_ @ % (rae IRl — gy el
A€o (T2 — T1) Z v — 1, 72¢ e ’
. (3.3.29)
047'17'2 e —mlr= rJI T1To z e—n2|r—rj|
u(r) = Amens (s — 11) Zz Ir —r;| 47‘(’600(7'1 —Ty) ;Zj Ir —r;|
AT1T2 Z (emmi=ril — gmmle=rl)
47reoo Ty —T1) lr — r]|

where v € R® and r # v for j =1,2,...,n,.
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The nonlocal Debye-Hiickel equation can be regarded as an extension of the traditional

Debye-Hiickel equation. The following corollary shows that the former can reduce to the

latter as a limit case.

Corollary 3.3.4. If k2\? > ¢, the solution of the nonlocal Debye-Hiickel equation (3.2.6)

includes the solution of the traditional Debye-Hiickel equation (3.1.25) as a special case.

Proof. We consider the limit case when €., approaches to e;. By (3.3.14) and (3.3.15),

lim £ = lim \/(RQ)\z +€6)2 — de N2R2 = R2A? — ¢,

€co—PE€s €oo—€s
and
_ RPN e+ & R? _ RPN e, —¢ 1
lim w; = lim — Y = lim wy; = lim — G =
€oo—7€s €oo—7€s 2600)\ 63 €oco—7€s €co—7€s 2600)\ )\
. ORI 46, — 26 — € , o RN 4 e, — 260 + €
lim 7, = lim =1, lim 7 = lim = o0,
€co—E€s €oo—Es 2(68 — 600) €oo—E€s €oo—7€s 2(65 - EOO)
we get
. ) I . ) 1
lim 7 = lim w; = , lim 7, = lim Jw, = —.
€oo—€s €Eco—€Es A /65 €oo—€s €Eco—€s A
Therefore, when €., approaches to €, the solution ® of the nonlocal Debye-Hiickel equation
becomes
lim ®(r)
€oo—7€s
. QT L el Ty 2 el
= lim —4 E Zj + A E e T ——
coo—es \ A€o (T2 — 1) = Ir — ;| Teoo(T1 — T2) ‘= Ir — ;|
8% "p 6—771|f‘—1'j| OCT]_ "p 6_772|r_rj| (3330)
= lim E 2 + 1 g 2j——r
oo \ Ame < — :—;) st It — Teoo(T1 — T2) = v —ry]
np B
« Zj e rj\7

which is exactly the solution of the local Debye-Hiickel equation as shown in (3.1.26). Mean-
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while, the auxiliary function u becomes:

lim w(r)
€co—Es
Tp
— | QAT1T2 2 —mlr—r;| _ —nelr—r;]|
im e e
coores AT (T2 — T1) <= |1 — 1]
]:
. O{Tl Np Z] B ‘r_r.‘ _ \r—r-\ (3331)
= lim E| |(e’71 il — e J)
€co—Es T - r—r;
4me ( — 72) =1 J
np )
R <e—¢%\r—rﬂ _e—iwr—m)‘
Ames ~~ |r — 1|
J=1
O

3.4 A solution decomposition scheme

The Dirac delta distributions bring strong singularities in the nonlocal Debye-Huckel equa-
tions, which induces difficulties in analyzing and solving these equations. In this section,
similar to the case of PBE, we propose a solution decomposition scheme to deal with this
issue.

Clearly, setting u = ® % @), we can formulate (3.2.5) as a system of two PDEs:

( s — too 2M 2
— € AD(r) + ‘ )\26 <<I>(r) — u(r)) + eokBeT sinh (®(r))
2 Tp
e
__ & s R?
eokpT ; gl reE (3.4.1)
~ M Au(r) + u(r) — ®(r) = 0, r € R?,
{ O(r) — 0 as |r| = oo.

We decompose the solution ® and u of (3.4.1) as follows

O(r) = U(r) + G(r), and  u=up+ ug, (3.4.2)
where (G is given as
O = 2
G(r) = § 2 3.4.3
() ATeE e ‘= v — 1] ( )
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uy = G * @, which can be found as [76]:

o "'p 1 — e_lr_rj‘/)‘
= — —————— 3.44
)= g S 3..)

and Uy = W % Q)\.
From (3.4.1), it can be found that W and u; satisfy the following PDE system

( —e AU (r) + “ (U (r) — i (v))
+e20]l\<i€T sinh (¥(r) + G(r)) = 577 (G) — wolr)). re B (3.4.5)
~NAu (1) + ui(r) — ¥(r) =0, r € R3,
\ U(r) — 0,u;(r) — 0 as |r| — oo.

As a linear case of (3.4.5), we find that ¥ and u; satisfy the following system of linear

PDEs:
—eo AU(r) + (ag + B U (1) — aquy(r)

= —(aq + &HG(r) + ayup(r), r ¢ R3, (3.4.6)
—)\2Au1(r) + ul(r) - \I/(I') = 0, rc Rg, o
U(r) -0, wu(r)—0 as |r| — oo.

Using the analytical expression of ® and u given in (3.3.29), we can obtain the analytical

expressions of ¥ and u; as follows:

¢ Np — —r; - —r;
o Ty e Ml eIl 1
U(r) = E zj< 2 +— - )
4mey, 4 Ty — T |r— 1] T — Ty | — 1y r — 1)

J=1

np _ . _ s
7—26 771\1" r]l _ 7—16 772‘1' r]‘ _ (7‘2 _ 7-1)
>4 ,
)
1 j=1

o
Amene (T — T1) 4= v —
"'p

o T1To e_nl‘r_rﬂ T1To e_UQ‘r_rj‘ 1 — 6_‘r_rj|/>‘
u(r) = >z +

 Armes

g To—T7 [r—rj] T =7 |r—r1y a lr — 1]
(6] i 7'17'2(6_771‘1'_13‘ — 6_772‘1'_1'1") — (7-2 — 7'1)(1 — €—|I‘—I‘j|/>\)
=) z; :
\ A€o (T2 — 1) = ! lr —r,]

(3.4.7)

Remark 3.4.1. Clearly, ¥ and u; have potential singular terms at r = r; in their terms

az; e~ mlrril o emmleril (7 7))

U, =
A€o (To — T1) |r — ;]

34

)



and
az; Tng(e_m‘r_ri‘ — 6—772|I‘—I‘i|) — (7'2 — ’7'1)(1 — €—|r—ri|/)\)

 Admeo(To —T1) v — ]

Uy 4

)

By L’Hopital’s law, their limits can be found as follows:

1‘ 7-26_771|r| — 7—16_772‘1" — (7‘2 — 7—1)
11m
[r—r;|—0 |I‘|

I 3 —nr —n2ir| _
= lim —mne M 4 e = 1y —

|r—r;|—0
and
T2 = ) — (ry — ) (1= e
[r—r;|—0 ’I‘|
= lim (7172(_,716—m|r| + ety ﬂe—lrw)
|[r—r;|—0 A
T2 —T
=T17To(n2 — M) — N
Hence,
lim  W,(r) = az;i(Tine — Tam)
lr—ri|=0 4ene (o — 1)
and
. az; T2 —T1
1 i(r)= ——— —m) — ) 3.4.8
|r—g1|q—>0 ui(r) A€o (T2 — 1) (7172(772 ) A ) ( )
This shows that the singular points r; for : = 1,2, ..., n of ¥ and u; are removable.
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Chapter 4

Nonlocal Linearized
Poisson-Boltzmann Equations

As introduced in Chapter 2, Poisson-Boltzmann equation can be used to predict the electro-
static potential distributions in a dielectric system in which a biomolecule is immersed in an
electrolyte. However, the classic PB theory ignores all interactions among solvent molecules,
and may cause a significant inaccuracy in the area that is exposed to a strong electrostatic
field. In this chapter, we will investigate several electrostatics dielectric models that com-
bine the PB theory and the nonlocal dielectric modeling scheme, as well as linearization

techniques.

4.1 A nonlocal nonlinear Poisson-Boltzmann equation

First, we derive a nonlocal linear Poisson-Boltzmann equation based on the traditional lin-
earization approach.
Here, we use the same setting as the one for PBE, as given in section 2.2. That is, the

whole space R? is composed of two open domains D,, D, and their interface T".
R®*=D,UD,UT, (4.1.1)

such that D, is surrounded by Dj.
The solute domain D), is supposed to hold a protein composed of n, atoms as fixed point
charges. The j-th atom centers at r; and carries z;e. charge quantities. Besides, D, and is

regarded as a uniform dielectric material with dielectric constant €,. In D, the electrostatic
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potential ® satisfies the Poisson equation:

— 6,AD(r) = ¢

2 p
£ 2:0p., rebD, 4.1.2
GOkBT; J=r; p ( )

On the other hand, there are n species of ions dissolved in the solvent domain D,. The

electrostatic potential ® satisfies the following nonlocal Poisson equation:

ef\rfr’\/)\

-V (eooVCI)(r) + (es — GOO)V/

rs ATA2|r — 1|

@(r’)dr’)

2o (4.1.3)
= > ZiMe 70, re D,
=1

eokp

Similar to the case of PBE, the interface conditions of the above equation can be induced
due to the fact that the electrostatic potential ® and the flux of the displacement field D

are continuous across I'.

lim ®(s — un(s)) = lim ®(s + un(s)), sel, (4.1.4)
u—0+t u—0t
and
lim D(s — un(s)) -n(s) = lim D(s + un(s)) - n(s), sel, (4.1.5)
u—0+t u—0+t

where n(s) is the outward unit normal vector at s on the interface I'.

Note that

lim D(s — un(s)) -n(s) = lim ¢,V®(s — un(s)) - n(s), (4.1.6)

p—0t+ p—0t+
and

lim D(s + pn(s)) - n(s)

u—0+
. o - o lsim(s)=r'|/2 o (4.1.7)
= lim, (600 (s+pn(s)) + (€5 — €x) o N2 + pn(s) — v (r') r) -n(s).
Hence, by (4.1.5), the nonlocal flux continuity condition can be obtained as follows:
O(s™ (st o +
00(s) _ oB(s") 2@« Q)(s) s

» on(s) o on(s) + (6 = o) on(s)
Here, the convolution kernel @), is defined in (3.2.2).
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For clarity, we now write the nonlocal nonlinear Poisson-Boltzmann equation as the

following interface problem:

r 9 np
ec
—6,AD(r) = P ]Z:;zjérj, recD,,
-V (eOOVCD(r) + (€5 — €x0) V(@1 * <I>)(r)>
2 n
__Ce Mo~ %i®)
coksT ; ZiMie =0, re D, (4.1.9)
B(s™) = &(sh), sel,
IP(s™) 0P (s™) AP *Qy)(sT)
- . r
? on(s) oo on(s) T (e~ ) on(s) seb
O(r) — 0 as |r| = oo.

\

In particular, for the typical 1:1 symmetric ionic solution case (n = 2,M; = My =
M,z =1 and 2z, = —1), the second equation of (4.1.9) for the solvent domain Dy can be
simplified into

2

~V. <EOOV(I>(r) + (e, — €)YV (Q * cp)(r)) + i]l‘i e} sinh(®(r)) =0 re D, (4.1.10)

As the traditional local PBE, we can also apply a decomposition scheme to split the
solution of the nonlocal PBE into three components. In fact, we have the following theorem
(see [33]):

Theorem 4.1.1. The solutions ® and u of the nonlocal Poisson Boltzmann model (4.1.9)

have the following splitting formulas:

O(r) = O(r) + U(r) + G(r), (4.1.11)
where G 1s defined by
G(r) = S reR? (4.1.12)
N 47T60€pkBT 1 |I’ — I‘j|’ ’ o
U satisfies
AV(r) =0, rebD,,
V. (ewv\y(r) 4 (65 — €)YV (O % W)(r)) (4.1.13)

= (Eoo - GS)A(QA * G)(I‘), r € D,
38



with boundary conditions
U(r) — 0 as |r| — oo,
and interface conditions
U(s™) = U(sh), serl,
JU(sT)  Ou(s) 0(Qx  W)(s)

“omE) amis) T g
O(Qx x G)(s)

(6 —€) on(s) T (oo — ) on(s)’ sel’
and @ satisfies the following nonlinear equation
Ad(r) =0, re D,
V- (o VB() + (e, — ) V(Qx + D)(r) )
— EOZiT Z:Z M Peesl®HU@+Gm] 1 e po
with boundary conditions
P(r) — 0 as |r| = oo,
and interface conditions
d(s7) = O(s), sel,
epég%(ss)) = emajrfF;) + (€5 €w>8(Q$;(;};)(s)’ sel.

4.2 Linearizations

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)

The highly nonlinear Boltzmann term > M;e=%®®) for ionic concentrations has been

used to construct several dielectric continuum models including PBE, our nonlinear Debye-

Hiickel equation, and our nonlocal PBE, but it induces difficulties in numerical calculations

and theoretical analysis. Due to this reason, it is often linearized to yield simplified linear

models.

4.2.1 Traditional approach

Traditionally, the Boltzmann term is linearized by using the taylor expansion of exponential

function f(z) =e”, at x = 0:
2 "

x
=14+ +—+---4+—4+.-.
2! n!
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If the magnitude |x| is sufficiently small, e* can be approximated as
e"~1+x for lz| < 1. (4.2.1)

Note that Z;®(r) is a real number at each position r € D,. If |Z;®(r)| < 1, then by

(4.2.1), the Boltzmann term has the linearization approximation
n
Z ZiMieiziq)(r)
i=1

~ i ZiM;(1 — Z;®(r))

i=1

. " (4.2.2)
= ZiM; =Y Z}M;®(x)
i=1 i=1
=— Y Z’M;®(r).
i=1
Here we have assumed that the ionic solution is electroneutral:
> ZiM; =0, (4.2.3)
i=1
In particular, for the symmetric 1 : 1 ionic solution, we have My = My = M, Z; = 1 and
Zy = —1, the linearization can be performed as
2
> ZiMe 7 = 2M sinh(®(r)) ~ 2M(x). (4.2.4)

=1

Applying (4.2.2) to the second equation of (4.1.9), we can get a nonlocal linearized

Poisson-Boltzmann equation as follows:

2 "p
e
—6AD(r) = —<— " 20, D,,
epAD(r) cokpT - ZjOr; relbp
2 n
e
—V - (ex VP s — €oo ) & Z2M;®(r) = 0, D,.
V- (e V200) + (6 ) V@ * D)) + 5 > ZM) =0, re

(4.2.5)
The above equation satisfies the interface conditions and the boundary conditions in the

same form of (4.1.9).
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Inevitably, this linearization will introduce errors in searching for the electrostatic po-
tential ®. To keep an acceptable accuracy, the potential magnitude |®(r)| must be small
enough for all r in the solvent domain D,. In practice, this usually indicates that the ionic

strength of solution is low enough.

4.2.2 A new linearization scheme

To improve the accuracy of the linear model (4.2.5), in this section, we introduce a new linear
model using the solution splitting formula given in Theorem 4.1.1. According to this solution
decomposition, we can first calculate G by using formula (4.1.12), and find ¥ by solving a
linear problem (4.1.13). We then can use G and ¥ as given functions when we calculate ®
by solving the nonlinear problem (4.1.16). Hence, instead of linearizing the Boltzmann term
with respect to ®, we can linearize (4.1.16) with respect to the component ®. This solution
decomposition scheme motivates us to propose a new strategy for linearizing the nonlocal
PBE.

Proposition 4.2.1. In the same settings as Theorem (4.1.1), suppose G and ¥V are pre-

calculated, and |®| is small enough, the Boltzmann term can be linearized by

zn: ZiMie %% ~ A (r) 4+ By (r)®(r)  re D,, (4.2.6)
where function A; anzi—lBl are defined by
Ay(r) = Zn: Z; M;e~%1GE+v )] (4.2.7)
i=1
and .
Bi(r) =)  —Z7 M #lE v (4.2.8)
i=1
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Proof. The proof is straight forward. By ® = G 4+ U + @, we have

zn: ZiMiG_ZiCD(r)
i=1

=3 ZiMemHE ¥ 30) (4.2.9)

=1
= Zi My BIOE 0] = 230)
i=1

If |(r)| < 1 for all r € D,, then for each i, we can approximate e=Z®®) by

e 70 & (1 - Z,8(r)). (4.2.10)
Accordingly,
S My B0+ ¥ 0] =20
i=1
~ Y ZMie ZCETN(1 - Z:3(r))
i=1 (4.2.11)
=3 ( 7 Mie—zi[(:(r)wr)]) =S ( 72 Mie—zmar)wun) &(r)
i=1 i=1
—Ay(r) + By(r)®(r).
This proves the proposition. O

Remark 4.2.2. For the symmetric 1:1 symmetric ionic solution, the linearization can be
performed as
sinh(®(r))
=sinh(G(r) + ¥(r) + O(r)) (4.2.12)
~ sinh(G(r) + ¥(r)) + cosh(G(r) + ¥(r))d(r), Vr € D;.
Applying (4.2.6) into the second equation of (4.1.16), we get a new linear nonlocal
Poisson-Boltzmann equation defined via solution solution decomposition ® = G + ¥ + P,
where G is defined in (4.1.12), W is the solution of (4.1.13), and @ is a solution of the linear

problem

—e,AD(r) =0, rc D,
-V (eoové(r) + (€ = €0) V(Qr QT>)(r)> (4.2.13)
e? - el
_eok‘BTBl(r)q)(r) B E()/{?BTAI(I‘)7 r €D,
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subject to the interface conditions

P(s7) = d(s), sel,
0P(s™) _ 0% (s™) (P Qy)(sT) (4.2.14)
“onG) o) T om0 S
and the boundary conditions
O(r) >0 as [r] = oo (4.2.15)

In the above new linear model, to ensure the linearization would not introduce significant
disturbance to the original nonlinear equation, the magnitude |®| needs to be sufficiently
close to zero in the solvent domain Dy everywhere. Unfortunately, this condition may still
not be satisfied in most real applications when the ionic strength is not weak enough. On
the other hand, Proposition 4.2.1 reveals a fundamental principle: A linearization can only
apply to a (component of a) function whose magnitude is close enough to zero. To improve

Scheme A, we propose another linearization scheme as follows.

Proposition 4.2.3. Suppose G and V are pre-calculated. If there exists a given function
W such that |®(r) — W(r)| is sufficiently close to zero, then the Boltzmann term can be

linearized by

zn:ZZ'MZ‘G_ZiCD(r)
=1

(4.2.16)
~ Ay(r) — Bg(r)@(r)
where .
Ay(r) =Y (14 ZiW(x)) ZiMe ZCETHETW], (4.2.17)
=1
and .
By(r) =Y —ZMjem #C0IRY W] (4.2.18)
i=1

Proof. The proof is similar as the one of Proposition 4.2.1, the linearization was applied at
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the third step in the following derivations
Z ZiMieiziq)(r)
i=1

_ Z 7. M~ G+ U)W ()W (1) +0(r)]

=1

= Z Z;M;e % [G(r)+ T (r)+W (r)] o= Zi(D(r) =W (r))

o (4.2.19)
2 Z Z;Me~ 26O+ ¥+ W ()] (1 — Z;(®(r) — W(r)))
= i ((1 + ZZ-W(r))ZZ-MZ»e‘Zi[G(r)”’(r)*W(r”
a _ Z2Mjem ZlGO) )+W(r>@(r)>
=Ay(r) + By(r)®(r)  Vr e D,
O
Remark 4.2.4. For the 1:1 ionic solution, the linearization can be performed as
sinh(®(r))
=sinh(G(r) + ¥(r) + W(r) = W(r) + &(r))
= h((G(r) U(r) + W(r)) + (&(r) — W(r))) (42,20
~sinh(G(r) + ¥(r) + W (r)) + cosh(G(r) + ¥(r) + W (r))(d(r) — W (r) -
=sinh(G(r) + ¥(r) + W(r)) — cosh(G(r) + ¥(r) + W(r))W (r)
+ cosh(G(r) + ¥(r) + W (r))d(r), Vr € D;.

According to Proposition 4.2.3, we get the following linear equation for solving ®:

—e,AD(r) =0, r € D,,
-V (emvé(r) + (€ — €00) V(Qx * @)(r)) (4.2.21)
—EOkBTBz( r)®(r) = Ap(r), re D,

with the same interface conditions (4.2.14) and boundary conditions (4.2.15) as in Proposi-
tion 4.2.1.
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Remark 4.2.5. To ensure that Proposition 4.2.3 would work, a pre-determined function W
is needed, which is expected to be an good approximation to ® in the solvent domain. Al-
though this looks an extravagant demand at the first glance, this scheme may still be valuable
in many biomolecular dielectric application problems, in which cases a good approximation

W may be constructed by some other simpler model results or from experimental data.

The above arguments provide an outline to solve the linearized nonlocal PBEs by new

linearization schemes, we conclude it as the following algorithm.
Algorithm 4.2.6. Solve linearized nonlocal PBE by new linearization schemes
1. Calculate G by (4.1.12).
2. Solve ¥ by (4.1.13), where G is used as a known function.
3. Solve ® by (4.2.13) or by (4.2.21), where G and ¥ are used as two known functions.

4. Obtain ® =G + U + .

4.3 Numerical algorithms

In this section, we propose a numerical algorithm to solve the new linear nonlocal PBE by
using the finite element method, and discuss some technique details in developing a program
software package. Traditionally, the Poisson-Boltzmann equation is usually solved by using
the finite difference method or its variants, due to its high efficiency. Two main reasons for

us to choose the finite element method here are

1. The nonlocal PBE and its linearizations have strong singularities induced by the point
charge terms. In Mathematics, these equations are only well-defined in their varia-
tional forms, and the finite element method is naturally designed to solve variational

problems.

2. In many application problems involving PBE and nonlocal PBE, the object is one or
multiple biomolecules with very a complicated three-dimensional geometrical shape.
The classic finite different method usually ignores the interface condition defined on

the biomolecular surface, which may introduce a significant error. On the other hand,
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the finite element method does not have this difficulty. Because all interface conditions

can be naturally included if the finite element space is chosen appropriately.

4.3.1 Reformulation into PDE systems

First, notice that if we program directly according to Algorithm (4.2.6) by the standard
finite element method, the convolution terms @, * U and @, * ® would induce dense stiffness
matrices. This may make the programming implementation very hard and increase the com-
putation cost drastically. Therefore, similar as solving the nonlocal Debye-Hiickel equation
in Chapter 3, we apply the reformulation technique to reformulate these integral-differential
equations into pure PDE systems, such that the convolution terms can be removed. In par-
ticular, we regard the convolutions of G, ¥, and ® with kernel function Q, as three auxiliary
functions, respectively. For the convolution of (G, its analytical formula can be found, while
for the other two, two equations can be built and coupled with (4.1.13) and (4.2.13) (or
(4.2.21)) to form two systems of pure partial differential equations. In fact, we have the

following algorithm.

Algorithm 4.3.1. Denoting ug = Q) x G, u; = Qx x V¥, and us = Q) * ®, the solution ® of
the new linear nonlocal PBE (4.1.9) according to Proposition 4.2.1 can be obtained by:

1. Calculate G by

G(r) = A (4.3.1)
B 47T€0€p]€BT ) |I' — I'j|7 o
and ug by
e? L zi(1 — eIy
= ¢ ) 4.3.2
UO(I'> 47T60€pl€BT fi |I‘| ( 3 )
2. Solve ¥ and uy from the following system
AV¥(r) =0, rebD,,
€s — €0 €oo — €5
—enAU(r) + = (lll(r) . ul(r)> - T(G(r) - uo(r)>, re D,
— M Auy (r) 4+ uy(r) — ¥(r) = 0, r € R3,
(4.3.3)
with boundary conditions
u(r) =0, ¥(r)—0 as |r| — oo, (4.3.4)
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and interface conditions

U(s™) = U(sh), sel,
oV(s™)  0v¥(s") Ouy (s)
“ani) ™ on() T ) Tngs) (4.3.5)
Juyp(s) 0G (s
e — ) on(s) e — ) on(s)’ sel
3. Solve ® and us from the following system
( Ad(r) =0, reD,

e AD(r) + ;;‘” <<i>(r) - u2(r))

+ & Z?M.e—Zi[G(r)Jr\P(r)]{I}(r) — i Z-M.e~ZlGm+¥@)] e p (4.3.6)
60]€BT 3 i - i4iVlg ) s
L —)\ZAUQ(I') + UQ(I') - é(l‘) = 0, re RS,
with boundary conditions
uy(r) = 0, @(r) =0 as |r| — oo, (4.3.7)
and interface conditions
d(s7) = d(sh), sel,
P (s™) Od(s™) A (s) (4.3.8)
= — .
“n(s) < anE) ) ongsy S€
4. Obtain the solution by
O(r) = O(r) + U(r) + G(r). (4.3.9)

The solution of (4.2.21) according to Proposition 4.2.3 can be obtained by the same

procedure, only except for replacing (4.3.6) by the following equation when for solving ®:
( ~

Ad(r) =0, re D,
) 2 -
-V <600V(I)(I') + (es — eoo)Vug(r)> + EOZ;T ; Z2 Mo~ ZIG@HEFW IOl (1)
= (14 ZW(x)) Me” ZCEHHETWEL r € D,
i=1
| ~A2Auy(r) + us(r) — B(r) = 0, r € R3,
(4.3.10)

where W is a pre-determined function that is expected to be a good approximation of d in

the solvent domain D,.
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4.3.2 Variational forms

Here, we restrict our discussion to a bounded domain €2 which is large enough to hold D,,
such that
Q=D,UD;UT.

The variational form of a partial differential equation can be obtained by multiplying a
test function on both sides the equation, then taking integrals on €2 and applying Green’s
identities. We denote U and V' as trial function spaces defined on Q, and Uy = {ulu €
U,uloq = 0}, Vo = {v|v € V,v|spq = 0} as the test function spaces.

Proposition 4.3.2. (The variational problem for solving V) Provided G and ug defined by
(4.3.1) and (4.3.2) respectively, find (V,u,) in the product space U x V', such that

€ [ VVU(r) Vou(r)dr+esx [ VU(r)  Vou(r)dr + (e, — €x) / Vuy(r) - Voo (r)dr

+A2 /Q Vuy(r) - Vog(r)dr —|—/Q (u1 (r) — @(r))vz(r)dr

= (€o —€5) | Vup(r) - Vouy(r)dr + (e, — €x) / VG(r) - Vuy(r)dr,

Dy s

s

(4.3.11)
for any vi € Uy and any vy € V.

Proposition 4.3.3. (The variational problems for solving P by Proposition 4.2.1) Provided
G and ug defined by (4.3.1) and (4.3.2) respectively, and suppose U has been solved previously
from (4.3.11). Find (®,uy) in U x V, such that

6 | VO(r)- Vvl(r)dr—i—eoo/ Vo(r) - Vor)dr

D, s

2 n

+(€s — €x0) [ Vuo(r) - Vo (r)dr+ Zc T Z Z2M; | e ZEOTYWIP (r)p, (r)dr
Ds 60 B =1 Ds

= (4.3.12)

—|—/\2/ Vus(r) - va(r)dr—l—/ (us(r) — é(r))vg(r)dr
Q Q
= Z ZzMz/ G_Zi[G(r)—HI[(r)]Ul (r)dr
i=1 s
for any vi € Uy and any vy € V.
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Proposition 4.3.4. (The variational problems for solving ® by Proposition 4.2.3) Provided
G and ug defined by (4.3.1) and (4.3.2) respectively, and suppose ¥ has been solved previously
from wvariational problem (4.3.11). Find (®,us) in U x V, such that

€ /D Vo(r) - Vo (r)drtes / Vo(r) - Vor)dr

+(€5 — €x0) / Vuy(r) - Vo (r)dr+ > ZM; / ¢ ZIOE WG (1), (r)dr
D €okpT “= Ds

—i—)\?/QVuQ(r) : sz(r)dH—/ (ua(r) — é(r))w(r)dr
- Z Z;M; / GOy, (p)dr

(4.3.13)
for any vy € Uy and any vy € Vj.
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Chapter 5

Program Package and Numerical
Results

Software is the realization of numerical theory and algorithm. As an implementation of our
nonlocal Debye-Hiickel equations and nonlocal Poisson-Boltzmann equations, we developed
a software program package to solve these equations. We validated this program package on
some model problems whose analytical solutions are viable. We then use it to solve some
simple applications, which exhibits its potential to be valuable in more practical problems.
All these tests were completed on a Mac Pro workstation with one 3.7 GHz Intel Xeon E5

processor and 64 GB memory.

5.1 Software program package development

According to the numerical algorithms described in Chapter 3 and Chapter 4, we developed
a finite element program package to solve the nonlocal Debye-Hiickel equations and the new
linear nonlocal Poisson-Boltzmann equations. This package is programmed in a combination
of Python, C/C++ and Fortran programming languages. Particularly, it is built based on
the popular finite element library DOLFIN from the FEniCS project [77, 78], which contains
many finite element bases, fast linear solvers and useful technical tools. It provides a platform
for programming PDE variational problems in a concise way, in the mean time, keeps high
efficiency on underlying numerical calculations. To solve biomolecular cases, we created a
mesh generator based on two three-dimensional mesh structure packages: GAMer [79] and

Tetgen [80]. This mesh generator can be easily used, as users only need to prepare a
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protein data bank (PDB) file for a protein structure [81, 82], and input several mesh control
parameters. The generator will automatically identify the protein surface, either according
to an analytic expression or by using a probe rolling ball, and then generate a triangular
mesh that preserves the geometry of the protein surface. This surface mesh will be passed
to Tetgen for filling in cells to create a complete tetrahedral mesh that can be used in finite
element calculations. The whole mesh generation process has been observed being very
efficient and robust when appropriate mesh parameters are chosen. Besides, we programmed
several Fortran subroutines for efficiently calculating G, VG and their convolutions according
to analytical formulas. At last, we wrote all main driver files in Python scripts to provide a
user-friendly interface of our package on the top level. All other language packages have been
converted into Python modules by using SWIG [83] (for C/C++) or F2PY [84] (for Fortran)
such that they can be easily invoked in the driver files.

5.2 Validations on the nonlocal Debye-Hiickel equation

5.2.1 A center point charge case

We first test the nonlocal Debye-Hiickel equation (3.4.1) for one single charge locateing at

the origin, i.e., n, = 1, z; = z. In this case, (3.4.1) reduces to

—€AD(T) + (€5 — €50)V - ) Qx(r — ' )VO(r)dr

2Me? . €226 (5.2.1)
_ ‘e 0 2.
PTG e Sy ok resh
O(s) =0, s € 09.

Using the solution decomposition and reformulation techniques, we will solve ¥ and u,
as the solution of (3.4.6) with G and ug defined by

Gr) = — e & u(r) = (5.2.2)
r = —m— an UplY) = —m—. /R
dmepepkpT 0 4repe,kpT

Denote ¥ and u; as the analytic solutions and V¥, and u;; as numerical solution. We

0= W [y () — U (r) P
T \/ fﬂmf Pdr ’ (5:2:3)

define the relative error by




and an average relative error, E,..;(v) by

Ea(v) = % i <%>2 (5.2.4)

where v, denotes a finite element approximation to v on a mesh with N nodes (degrees of
freedom) and 1/ being the jth node.

In the test, we set domain Q = {r|[r] < 10[A]}, 2 = 1,en0 = 1.8,¢, = 78.54,T =
298.15[K], A = 15[A], and I, = 0.1[mol/L]. A tetrahedral mesh of € used in this test has

2,955 vertices. A cross-section view of the mesh is shown in Figure 5.1:

&‘\!\!

L\

%,4/&4‘%&;%

A=
‘ -y \S‘b\‘ A NN A

Figure 5.1: A cross-section view of the tetrahedral mesh used in the validation test for one
charge case.

We repeat the tests for the finite element product space Uy, x V},, with U, and V), being
the linear, quadratic, and cubic Lagrangian polynomial function spaces, respectively. The

errors of numerical solutions for each case are reported in Table 5.1.

5.2.2 Multiple charges

We also test this model for the case of multiple charges that are extracted from real protein
atomic structures. To avoid the singularity induced by Green’s function G as the right hand
side of (3.4.6) in the assembling process, we use meshes only defining on an exterior domain

) which excluding all protein atoms, thus there are one interior and one exterior boundary
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Un, xV Degree
srderh Ofﬁ@idonm Pl | actal | g (D) | Era(w)
(1, 1) 2955 x 2 6.83E—1 | 2.37TE—2 | 3.86E—2 | 2.06E—3
(2, 2) 23522 x 2 | 1.3TE—1 | 5.71E—-3 | 2.94E-3 | 1.75E—4
(3, 3) 79059 x 2 | 6.73E—-2 | 2.79E—3 | 7.85E—4 | 4.66E—5

Table 5.1: Numeric errors of ¥ and u; by using linear, quadratic and cubic finite element
function spaces for one central charge.

of 0, both of which are applied the true solution boundary conditions in the calculation. All

the model parameters and constants are set the same as the previous case.

We tested three sets of charges from three protein molecules with PDB 1D: 2L.ZX, 1UCS,

and 1AQ5 respectively, Box-Clip views of the meshes used for the tests are shown in Figure

5.2.

(c) 1AQ5

(b) 1UCS

(a) 2LZX

Figure 5.2: Box-Clip views of the three tetrahedral meshes used for numerical validations
for multiple charge cases.

Similar to the one-point charge case, we did tests using the linear, quadratic and cubic
finite element methods. The relative error in the L, norm and the average relative error

FE,.;. The test results are collected in Table 5.2:
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PDB Un, x Vi, | Degree of 1O —Whlley | llua—uinlL, Ea(V) | Bualuw)
(#atoms) | order freedoms ¥z lealz

2LZX (1,1) 33658 x 2 | 1.50E—-3 | 1.49E—-3 | 5.86E—6 | 4.57E—6
(488) (2,2) | 180271 x 2 | 1.58E—4 | 6.55E—5 | 1.6TE—7 | 3.37E—8

(3,3) 819626 x 2 | 1.83E—=5 | 6.19E—6 | 8.54E—-9 | 1.26E-9
1UCS (1,1) 48648 x 2 | 6.23E—3 | 1.38E—-2 | 1.86E—2 | 2.06E—3
(997) (2,2) | 360542 x 2 | 7.80E—4 | 6.7T4E—4 | 1.10E—4 | 6.42E—4

(3,3) 1179153 x 2 | 1.04E—4 | 6.95E—5 | 6.22E—6 | 1.44E—-5
1AQ5 (1,1) 47557 x 2 | 2.14E-3 | 3.01E-3 | 2.26E—-3 | 6.03E—6
(2292) (2,2) 355628 x 2 | 2.09E—4 | 1.96E—4 | 2.05E—4 | 8.11E—8

(3,3) | 1166522 x 2 | 3.59E—5 | 2.05E—5 | 1.70E—-5 | 3.54E—9

Table 5.2: Numeric errors of finite element solutions ¥, and w; j spaces for the three sets
of charges from three proteins (PDB ID: 2LZX, 1UCS, and 1AQ5), respectively.

5.3 Solving new linear nonlocal Poisson-Boltzmann equa-
tions

5.3.1 A nonlocal Born model

To verify our finite element program for solving the new linearized nonlocal Poisson-Boltzmann
equation, we first consider a model problem whose analytical solution is available. Suppose
D, is a ball centering at the origin with radius a, which represents the solute domain. At the
origin, there is one single point charge with charge quantity z. Thus, under these settings,
we get a specific case of the nonlocal Poisson equation (2.4.11) for p = 2. For clarity, we
write this model in (5.3.1) and call it the nonlocal Born ball model. Note that it has been
reformulated in a system of PDEs.

;

—6,Ad(r) = azd, Ir| < a,
e AD(r) + o <<I>(r) (D QQ(r)) 0, |r|>a
D(s™) = 0(s™), s| = a, (5.3.1)

bo(s) o0l | 0@+Q)
? on(s)  ~ On(s) (e~ ) on(s) '

d(r) — 0 as |r| — oo.

|S| = a,
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It has been proved that the solution of the above equation has the following analytical form
85]:

az (% +ep — €5 — (€0 — es)bl) rebD,,
r

O(r) = ¢ AmaGcs (5.3.2)
7 — (e — €4)byeta=lrD D,
pr— (ep — (€ €s)bre ) reb,,
where the constants by, by, and p are defined as
1 /e
= —,/— 5.3.3
/‘L )\ 600 Y ( )
by — aes + )\(e'p — €,)sinh § 7 (5.3.4)
[a\/€x€s + Asinh §] 4 ae, cosh §
and N
by — [0y/€x€s + A€o — €5) — acsle™ + A(e5 — ep). (5.3.5)

[a\/€xc€s + A€o — €5)] sinh § 4 ae, cosh §

In the test, we use {2 as the unit ball centering at the origin, and set a = 0.1,¢, =
2,65 = 78.54, and A = 15, all other parameters are evaluate by their real physical values.
Besides, We use the same mesh as the one used in Section 5.2.1. We also repeat the tests
for Uy, x Vj, set as the product of the linear, quadratic, and cubic Lagrangian polynomial
function spaces, respectively. For each case, we report the absolute and relative Lo errors
of numerical solutions for each case are reported in Table 5.3. Here, the absolute error of a

numerical solution ®;, for the true solution ® is defined as

@), — ®|| = /Q [@,(r) — @(r)]*dr, (5.3.6)

and the relative error is defined as ||®;, — ®||/||®]|.
The numerical results shows that as the finite element order raises from 1 to 3, the relative
error of the numerical solution reduces from the order of 107 to 107%. It validates that our

finite element software is accurate.

5.3.2 Proteins in electrolytes

Here, we solve the new linear nonlocal PBE (by Proposition 4.2.1) for a series of proteins
(identified by their PDB IDs) immerse in ionic solution. For each case, the calculating
domain {2 is set as a ball with the protein locating at its center. The radius of € is three

times large as the one of the circumsphere of protein. In the test, the ionic solution contains
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FEM Error
Order & | [|© — @p| | [|© — @yl/]| 2
1 5.849E—4 4.611E-3
2 4.760E—5 3.752E—4
3 8.250E—6 6.503E—5

Table 5.3: Errors of the numerical solutions of the nonlocal Born model (5.3.1) by using
our finite element software package. The equation is solved in the linear,
quadratic and cubic Lagrangian finite element space, with 2955, 23522 and
79059 unknowns, respectively.

two monovalent ions carrying opposite charges (e.g. NaCl), with the ionic strength set as
0.1 mol/L, the nonlocal correlation length A is set to be 15 A, all other parameters are set
as their real physical values as shown in Table 2.1 and Table 2.2. We collected the central
processor unit (CPU) times for each step in the solution process in Table 5.4.

As we can see from Table 5.4, ¥ and ® can be solved very quickly by our finite element
package, as they can be found in 10 seconds for most cases. On the other hand, mesh
generation and/or calculating function G and its gradient are the two most time costly steps
in the solution process. This test shows that our finite element package is very efficient, but
also suggests the further improvement on mesh generations to reduce the total calculation
cost.

We also compared the solutions of the local linearized PBE, the traditional linearized
nonlocal PBE and the new linearized nonlocal PBE, respectively. We plotted the electro-
static potential on the surface of a protein in Figure 5.3, and on one cross-section plane of
Q) in Figure 5.4, respectively. These figures are plotted by VMD [3], and ParaView [86],
respectively. Color at each point is determined by the value of the electrostatic potential ®,
which is measured in the dimensionless form (i.e., under the unit kgT'/e.). To get a better
visualization experience, ®’s value were truncated to —50 ~ 50 (surface potential view) and
—5 ~ 5 (cross section potential view) as the lower and upper bounds of the coloring scheme,
respectively. In this comparison test, all experimental settings are the same as the previous

one.
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Protein | Mesh CPU time (seconds) and percentage
PDB ID | atoms | vertices | Generate mesh | G, VG, etc. Solve ¥ Solved Total cpu time
2LZX 488 39658 12.6(52.8%) 2.5(10.5%) | 3.1(13.0%) | 2.8(11.8%) 21.1(100%)
1AJJ 513 55451 17.0(50.0%) 3.7(11.0%) | 4.8(14.3%) | 4.5(13.2%) 29.9(100%)
1FXD 811 58876 18.3(47.0%) 6.3(16.1%) | 5.6(14.3%) | 4.7(12.0%) 34.9(100%)
4PTI 892 67701 20.8(37.2%) 8.3(14.9%) | 11.6(20.8%) | 9.4(16.7%) 9.4(100%)
1CID 2783 32968 13.9(42.0%) 11.9(35.9%) | 2.5(7.5%) 2.2(6.6%) 30.5(100%)
2AQ5 6024 62045 27.1(30.0%) | 48.3(53.3%) | 5.7(6.4%) | 4.8(5.2%) 85.9(100%)
1HPT 852 22666 8.7(54.7%) 2.5(15.8%) 1.5(9.6%) 1.4(9.0%) 14.2(100%)
1ISVR 1433 30654 11.4(47.7%) 5.7(24.0%) 2.3(9/6%) | 2.0(8.5%) 21.3(100%)
1A63 2065 38287 16.0(46.0%) 10.3(29.5%) | 3.1(8.8%) 2.6(7.5%) 32.0(100%)
1ATM 2803 34478 14.6(42.1%) | 12.5(36.0%) | 2.8(8.0%) | 2.3(6.7%) 32.2(100%)
1F6W 8243 23923 21.6(41.6%) 25.6(49.2%) | 1.7(3.2%) 1.4(2.7%) 50.2(100%)
1C4K 11439 32690 30.8(35.4%) 49.0(56.4%) | 2.6(3.0%) 2.1(2.4%) 84.5(100%)

Table 5.4: CPU time for solving the new linear nonlocal PBE (Proposition 4.2.1) on twelve
proteins that have number of atoms range from 513 to 11439. Here, we list the
CPU time of each main step in the solution process and their percentages out of
the total time. For most of cases, all calculations including mesh generation can
be finished within one minute, this shows the high efficiency of our finite

element package.
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(a) Linearized PBE (b) Traditional linearized (¢) New linearized nonlocal PBE
nonlocal PBE

Figure 5.3: Electrostatic potential distributions on the surface of a protein (PDB ID:
4PTT) as the solutions of linearized PBE, the traditional linearized nonlocal
PBE, and the new linearized nonlocal PBE (Proposition 4.2.1), respectively.
The figures are colored according to the value of ® at each point on the protein
surface. ®’s value were truncated at —50 and 50 as the lower and upper bounds
of the coloring scheme, as the dimensionless value (i.e., under the unit kg7/e.).
This figure is plotted by VMD.
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Figure 5.4: A cross-section view of the electrostatic potential ® in neighboring area around
a protein (PDB ID: 4PTT) surface in an ionic solution. The pictures are colored
according to the value of ® at each point on the slice-cutting plane. In the
coloring scheme, ®’s value were truncated at —5 and 5 as the lower and upper
bounds (under the unit kg7 /e.). The green domain in the center represents the
protein area on this slice cut. This figure is plotted by ParaView.
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Chapter 6

Conclusions

In this dissertation, a numerical method for investigating electrostatic dielectric properties of
aqueous electrolytes was studied. This method is based on the continuum solvent approach,
and combines the classic Poisson-Boltzmann theory and the nonlocal dielectric modeling
scheme. In this way, a mathematical framework was built for nonlocal electrostatic models,
which is described in an integral-differential equation with respect to the unknown func-
tion @, the electrostatic potential. As two specific cases, this framework was studied in
two different contexts, one for a single solvent domain case and the other for multiple di-
electric domain case, respectively. Correspondingly, two specific nonlocal dielectric models
are proposed respectively: the Debye-Hiickel equation and the nonlocal Poisson-Boltzmann
equation. Both these two equations consider the nonlocal dielectric effect as a convolution
term which describes the nonlocal response between the electric field and the displacement
field. They also assume that the concentration functions of dissolved ions satisfy the non-
linear Boltzmann distributions. To analyze and solve these models, a reformulation scheme
was applied to eliminate the convolution term, such that their are rewritten into a sys-
tem of partial differential equations from the original integral-differential form. Besides, to
overcome the difficulties induces by the Dirac delta singularity, a solution decomposition
technique was used to split the original solution into two or three components such that one
carries all singularities with explicit algebraic formula, and the others satisfy well defined
equations. The nonlocal Debye-Hiickel equations are suitable for a pure solution domain
case, such as the electric double layer problems, which has a simpler mathematical form and

easier to analyze. Particularly, in this thesis, a linearized nonlocal Debye-Hiickel equation
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was thoroughly studied and its analytical solution was found in algebraic form. This result
may be very useful in setting the boundary values for solving nonlinear problems. On the
other hand, the nonlocal Poisson-Boltzmann equations are more complicated due to multiple
domains are involved. But this characteristics makes them especially valuable in applications
involving multiple mediums, such as biomolecules immersed in electrolytes. In this thesis,
we proposed a linearized nonlocal Poisson-Boltzmann by using a new linearization scheme.
This new scheme was developed based on the solution decomposition technique as previously
mentioned. It carefully chooses the component of the unknown function to be linearized,
such that it is expected to induce less disturbance and achieve a better approximation to the
original nonlinear equation than the traditional scheme. It also provides a good initial guess
for solving the full nonlinear equation. As last, based on the theoretic analyses, numerical
algorithms and a finite element software package were developed to solve these models nu-
merically, as well as to validate the analytical solution. According to the data of numerical
tests, this software package is effective and efficient in solving partial differential equations

and finding solutions.
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